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. Robust Inference and Modeling of Mean and
. Dispersion for (Generalized Linear Models

3 Abstract

4 Generalized Linear Models (GLMs) are a popular class of regression models when
5 the responses follow a distribution in the exponential family. In real data the variability
6 often deviates from the relation imposed by the exponential family distribution, which
7 results in over- or underdispersion. Dispersion effects may even vary in the data. Such
8 data sets do not follow the traditional GLM distributional assumptions, leading to
9 unreliable inference. Therefore, the family of double exponential distributions has
10 been proposed, which models both the mean and the dispersion as a function of
11 covariates in the GLM framework. Since standard maximum likelihood inference is
12 highly susceptible to the possible presence of outliers, we propose the robust double
13 exponential (RDE) estimator. Asymptotic properties and robustness of the RDE
14 estimator are discussed. A generalized robust quasi-deviance measure is introduced
15 which constitutes the basis for a stable robust test. Simulations for binomial and
16 Poisson models show the excellent performance of the RDE estimator and correspond-
17 ing robust tests. Penalized versions of the RDE estimator are developed for sparse
18 estimation with high-dimensional data and for flexible estimation via generalized
19 additive models (GAMs). Real data applications illustrate the relevance of robust
20 inference for dispersion effects in GLMs and GAMs.

a1 Keywords: Double exponential family, Likelihood ratio test, M-estimator, Influence function,
22 Penalization
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1 Introduction

Generalized Linear Models (GLMs) form a unified way of modeling the mean response when
the responses follow an exponential family distribution (see e.g. McCullagh and Nelder,
1989). In practice, real data often display a larger or smaller variability than expected under
a standard GLM. In these cases the data are said to be over- or underdispersed, respectively.
Such data sets typically invalidate the standard GLM distributional assumptions. Moreover,
dispersion effects may be different for subgroups in the data or depend on a set of covariates.
It is critical to account for dispersion for several reasons. First, correct inference, e.g.
confidence intervals for the mean response, depends on the dispersion (Smyth, 1989; Cai
et al., 2008). Secondly, neglecting dispersion may result in a loss of efficiency and a bias in
the estimation of the regression coefficients in the mean model (Smyth and Verbyla, 1999;
Antoniadis et al., 2016). Thirdly, the dispersion model itself may be the main focus of
interest (Lian et al., 2015).

To model the dispersion in a GLM framework, Efron (1986) proposed the family of
double exponential distributions. It generalizes the single parameter exponential family by
including an additional parameter to model the dispersion. More formally, suppose that
the variable Y follows a one-parameter exponential family with parameter 1 and density
ey (y; 1), denoted by Y ~ EF(u). The variance of Y, which may depend on the parameter
i, is denoted by V' (u). Then, the corresponding double exponential family with parameters
wand 6 > 0 is defined as

Ty 11.0) = (1, 0)0" ey (y; 1) ey (y;y) 7.

A variable Y with a distribution belonging to the double exponential family is denoted
by Y ~ DEF(u,0). Efron (1986) showed that the normalizing constant c(u,#) which
ensures that f(y;p,6) is a density, is approximately equal to 1. In practice, one may
thus approximate f(y; u,6) by f(y; p, #) which is obtained by setting c(u,6) = 1. Efron
(1986) also showed that E[Y] ~ u and Var[Y] ~ %. Hence, the parameter 6 represents

underdispersion when # > 1 and overdispersion when # < 1. Note that when 6 = 1, the
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density f(y; u,6) reduces to ey (y; it). Therefore, the single parameter exponential family is
obtained as a special case.

In a regression context, we assume that Y |x, z ~ DEF(u, 6). The parameters p and 6
thus depend on predictor variables & € RP* and z € RP?, respectively. This leads to the

following combined regression model

— h(2'B) and 6= g(z'). 1)

with A and ¢ monotone functions and 3 and = vectors of length p; and ps, respectively.
Note that we consider functions h and g that are invertible. Moreover, g should be positive
since # > 0. A natural choice for the link function h is to take the same choice as for the
standard GLM in absence of dispersion. For the dispersion model such a natural choice for
the link function is not available (Efron, 1986). A common choice for g is an exponential
function. Other possibilities are the inverse g(¢t) = 1/(1 + ¢) (Lee and Nelder, 2000) or the
logistic-like function g(t) = 1.25/(1 + exp(—t)) of Efron (1986).

Based on a random sample of n observations (y;, x;, 2;), the maximum likelihood
estimates (MLE) for the parameters of the above model are obtained by solving the classical

score equations:

ZU Ui, s i U,@ Yiy Hi, z) _ i Um M; -0 (2>
i=1 (yza iy 0; ) i=1 UO.L 9;

Here, p; = %Mi; 0; = %Hz‘, and Uy, = a%iﬁ (Yi, i, 05), Up, = a%[’ (Yi> piy 0;) with L (y, p, 0)
the log likelihood function corresponding to the double exponential generalized linear model
in (1). Hence, U (y, u,0) is the score function corresponding to the MLE. However, it
is well-known that the maximum likelihood estimator (CDE) and associated inference is
extremely sensitive to model deviations and outliers in the data.

Other approaches to model the mean response and the dispersion simultaneously have
been proposed in the literature. Nelder and Pregibon (1987) proposed the extended quasi-
likelihood framework where the deviance is modeled to account for the dispersion. Lee and

Nelder (1998) proposed a restricted Extended Quasi-Likelihood estimator (CEQL) which
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uses adjusted deviances to reduce the bias when estimating the dispersion parameters with
a relatively large number of mean parameters. Lee and Nelder (2000) showed that extended
quasi-likelihood inference and maximum likelihood inference in double exponential models
lead to identical results. Other proposals in the statistical literature are pseudo likelihood
(Davidian and Carroll, 1987), double generalized linear models (Smyth, 1989) and dispersion
models (Jorgensen, 1987; Jgrgensen, 1997). Comparisons can be found in Nelder and Lee
(1992) and Davidian and Carroll (1988).

The non-robustness of maximum likelihood inference implies that outliers may bias
the parameter estimates and confidence intervals and also hypothesis tests may become
unreliable and/or uninformative. Therefore, various robust alternatives have been proposed
in the context of GLMs, such as Cantoni and Ronchetti (2001), Bergesio and Yohai (2011),
Valdora and Yohai (2014) and Ghosh and Basu (2016). Several contributions focus on
a specific GLM. Robust logistic regression has been studied by Kiinsch et al. (1989),
Morgenthaler (1992), Carroll and Pederson (1993), Bianco and Yohai (1996), Croux and
Haesbroeck (2003), Bondell (2005, 2008) and Hosseinian and Morgenthaler (2011), whereas
the negative binomial case has been studied by Aeberhard et al. (2014, 2017) and Amiguet
et al. (2017). For the Gamma model, robust estimators were proposed by Bianco et al.
(2005) and Cantoni and Ronchetti (2006). To our knowledge, only two robust GLM methods
have focused on modeling the dispersion. Croux et al. (2012) and Neykov et al. (2012)
proposed robustified versions of the extended quasi-likelihood approach. Croux et al. (2012)
introduced robust M-estimators for Generalized Additive Models (GAMs), including GLMs
as a special case. Neykov et al. (2012) exploited the idea of trimming to obtain robust
estimators. However, robust inference for GLMs and robust dispersion tests have not been
considered for these proposals.

In this paper, we present a robust estimator for double exponential family GLMs and
we develop associated tests for robust inference based on these flexible models. The robust
inference allows in particular to test for the presence of dispersion. The proposed method

allows to model both the mean p and dispersion 6 in (1) based on a (possibly different) set



104

105

106

107

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

of predictors & and z and is valid for any double exponential distribution.

The remainder of this paper is structured as follows. Section 2 presents the robust double
exponential estimator in general. We discuss the popular Poisson and binomial models as
particular cases. In Section 3, we construct robust inference for double exponential GLMs
based on robust likelihood ratio techniques. The finite-sample performance of the robust
inference is investigated by means of simulations in Section 4. In Section 5 we illustrate
the methodology on some real data examples. In Section 6 we develop penalized RDE
estimators. We consider both penalties to obtain sparsity in high-dimensional settings and
regularization penalties in the context of flexible smooth estimation via GAMs. Section 7
concludes with a final discussion. Derivations of theoretical results are given in the Appendix

and Supplementary Material which also contains additional results.

2 The Robust Double Exponential (RDE) Estimator

2.1 General double exponential GLMs

The MLE for double exponential GLMs corresponding to the estimating equations (2) is
very sensitive to outlier(s) in both the response and the explanatory variables. Therefore, we
consider a general class of M-estimators of Mallows’ type as a robust alternative. Our robust
double exponential (RDE) estimator is defined as the solution of the following estimating

equations:

" = [ Vg (yi, i, 0:)
Z U (yi, pii, 0;) = Z =0, (3)
i=1 i=1 ‘1/7 (yi, iy 91')

where

qjﬁ(%vﬂiaei) = Vl(yia,ui,ei)wl(wiazi),u;_ala (4>
Uy (yi, i 0) = valyi, i, 05)wa(@i, 2;)0; — as.

The constants a; and as make the estimator Fisher consistent and are given by

1 & 1 &
a = S B, 0)] wi(wj, z;)p;  and  ay = - > B vV, 1y, 0;) wa(mj, 2)6;,
j=1 Jj=1

5
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where the expectations are with respect to the conditional distributions Y; |,z which
follow the double exponential GLM in (1) with mean 4; and dispersion parameter §;. The
RDE estimates can be calculated by using Fisher scoring and alternating between the ,3
and 4 updates as outlined in Appendix 8.2.

The RDE estimator in (3) is an M-estimator with score function ¥ (y, i, #). An important
measure of the robustness of the RDE estimator is its influence function (Huber, 1981;
Hampel et al., 1986). Intuitively, the influence function measures the change in the estimator
when the model is perturbed by an infinitesimal small amount of contamination at location
(y,x,z). Estimators with an unbounded influence function are extremely sensitive to
perturbations in the data because a small amount of contamination can already have an
arbitrarily large effect on the estimator. Therefore, estimators with bounded influence
function are preferred. We now derive the influence function of the RDE estimator and
investigate under which assumptions boundedness is obtained.

The influence function of an M-estimator is given by IF(y, ¥, F) = M (¥, F)~'U(y, u, ),
with M (U, F) = —E [%\IJ(Y, i, 9)] where 7 = (8*,~")" is the parameter vector containing
all the model parameters. For the RDE estimator an expression for M (¥, F') is derived in
the supplementary material. Since the influence function of an M-estimator is proportional
to its score function ¥(y, i, €), choosing a bounded score function leads to a robust RDE
estimator with bounded influence function. Note that the MLE in (2) is an M-estimator
with score function ¥(y, u,0) = U(y, i, #) which generally is unbounded, confirming the
non-robustness of the MLE. To guarantee the boundedness of the score functions Wz and
U.,, bounded functions v (y, i, #) and v2(y, p, 0) are needed to control large deviations in the
response, while the weight functions w (x, z) and wy(x, z) in (4) are needed to downweight
the effect of leverage points in the & and/or z-space.

An intuitively appealing choice for vy (y, p, ) and v(y, i, 0) is

Vl(yuu’:e) = Ul(T>UH7
va(y, . 0) = va(r)U, ()

with r = (y — u)/+/V (1) /0, the scaled Pearson residual of an observation. Here, v;(r) and

6
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vo(r) are weight functions that should downweight the contribution of outlying responses
to the standard score functions U, and Uy in (2). As the form of the score functions U,
and Uy is determined by the likelihood of the specific double exponential model, these
weight functions should be carefully chosen such that they are able to reduce the effect
of potential outliers in the response sufficiently, resulting in an estimator with bounded
influence function, see the examples in Section 2.2. A common choice for these weight
functions is v;(r) = ¥(r)/r; j = 1,2 where ¢(r) diminishes the effect of large residuals.
A popular choice is the Huber function defined as ¥y (r, ¢) = max(—c, min(c, r)) with ¢ a
tuning constant providing a trade-off between efficiency and robustness. Alternatively, the
redescending Tukey bisquare function ¢ (r,c) = ((r/ )’ — 1)2 rI(|r|< ¢) can be used. For
more information, we refer the reader to Rousseeuw and Leroy (2005).

The functions w; (x, z) and we(x, z) are used to downweight potential leverage points and
may be chosen to factor over the arguments. That is, w;(x, 2) = wx(x)wz(z) = we(x, 2) for
example, where wx (x) and wy(z) are often taken to be the inverse of a robustly estimated
Mahalanobis distance. For a p-dimensional variable U this weight function is given by
wy(w) = d(u, fur, Sp) Y2 with d(w, fuy, So) = (w — fog) S5  (u — fiy) where fiy and Sy
are robust location and scatter matrix estimates of U, respectively. These estimates can
be obtained by high-breakdown estimators of location and scatter such as the minimum
covariance determinant (MCD) estimator (Rousseeuw, 1984), S-estimators (Lopuhad, 1989)
or MM-estimators (Tatsuoka and Tyler, 2000), for instance. Alternatively, a hard cutoff rule
may be used. In this case, all observations whose robustly estimated Mahalanobis distance
exceeds a cutoff, e.g. X2 975 Which denotes the 97.5% quantile from a x2-distribution,
are given weight zero while the remaining observations receive weight 1, i.e. wy(u) =
I(d(u, frr, Zv) < X20.975) With I(-) the indicator function.

Note that by taking wi(x, z) = wa(x, z) = 1 and v1(r) = va(r) = 1 in (5), we recover
the standard MLE. Moreover, when there is no dispersion, i.e. all §; = 1, the RDE estimator
simplifies to the robust estimator of Cantoni and Ronchetti (2001), hence our proposal can

be seen as a generalization of their robust estimator for GLMs.
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M-estimators are consistent and asymptotically normally distributed under suitable
conditions. We assume conditions (A1)-(A9) stated in the supplementary material which
correspond to those in Cantoni and Ronchetti (2001) and have previously been studied
by Huber (1981), Clarke (1986) and Bednarski (1993) among others. Let F;, denote the
model distribution corresponding to the double exponential GLM in (1) with parameter

n= (6, 'yt)t. Then, the asymptotic variance of M-estimators at [, is given by
Q= M(¥, Fn>71Q(\Ija Fy) M(Y, Fn)it;

with Q(¥, F,) = E[W(Y, 1, 0)¥(Y, i, 0)"]. For the RDE estimator an expression for the
matrix Q(V, F},) is derived in the supplementary material.
The ratio of the trace of the asymptotic variances of the RDE estimator and the MLE

at the double exponential generalized linear model Fy, yields the asymptotic mean squared

error (AMSE) (Heritier et al., 2009) of the RDE estimator 7

tr (E U, 1, 0U(Y, p, e>t]—1)

AMSE(, F,)) = @ : (6)

This AMSE measures the loss of efficiency of the RDE estimator with respect to the MLE at
the model distribution F;,. In practice, the AMSE can be estimated by replacing F;, by its
empirical counterpart. The AMSE in (6) measures the relative efficiency for estimation of
the complete parameter vector 1. When the focus is mainly on inference for the mean model
regression parameters 3 (given the vector ), then its relative efficiency can be determined
by replacing U and ¥ by Ug and Vg, respectively, in (6). The AMSE can be used to tune
the weight functions in the RDE estimator, i.e. to determine values of the tuning constants,

such that a predetermined efficiency is obtained.

2.2 The RDE estimator for Poisson and binomial models

The double exponential version of two highly popular GLMs, the Poisson and binomial
model, will now be discussed in more detail. Similar arguments hold for other double

exponential GLMs.
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We first consider the case where Y follows a double Poisson distribution, denoted as
Y ~ DEP(u,0). For the corresponding double Poisson GLM, i.e. Y|x,z ~ DEP(y,#@),
the exponential function is chosen for both link functions h and g in (1). Note that the
exponential function is the natural choice for h and it also fulfills the conditions on g. The

score functions for the double Poisson GLM can now easily be derived and are given by

y—p 1 prexp(1)
U, = d Uy =— — In [ ) I(y > 0).

As discussed in the previous section, the weight functions v1(r) and ve(r) in (5) should be
chosen carefully to downweight the effect of outliers. As expected, the choice vy(r) = ¥y (r)/r
suffices to obtain a bounded function vy (y, i, ) for the mean model. However, it can be
seen that the same choice va(1) = 1y (r)/r does not suffice to obtain a bounded function
vo(y, 1, 0) for the dispersion model. Therefore, it is needed to include a faster decreasing
function to make v,(y, 1, 8) bounded. We propose vy(r) = (g (r, ¢)/r)?* and this weight
function will be used in the remainder of the manuscript.

Secondly, we focus on the double binomial distribution, denoted as Y ~ DEB(u, #). The
corresponding one parameter exponential family is Bin(m, u)/m such that y is an element of
{0, 1/m, 2/m, ..., 1}. Note that for a sample y;,i € {1,...,n}, from the double binomial
distribution, it is possible for m to depend on i as well. However, to simplify notation we
drop this dependence in the remainder of the paper without loss of generality. For the
double binomial GLM, i.e. Y|x,z ~ DEB(u, #) we take the natural logit function for the
link function h, while we keep the exponential function for g. The score functions for this

double binomial GLM then become

= <y_M) an :i my n H mil— n 1_—'u
0= iy U= gt () 10y (125 ) 1)

Similarly as in the Poisson case, we need a fast decreasing function such as vy(r) =

(W (r, ¢)/r)? to bound the function vs(y, s, 6) for the dispersion model.
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3 Robust Inference

The notion of deviance is a popular concept to perform inference and model selection in
GLMs. To develop robust inference for double exponential GLMs, we introduce a robust
generalized quasi-deviance to measure the quality of a fit. The generalized quasi-deviance is

defined as
DQM(y7ﬂ'70~7ll’u 6) = _2ZQM(yiaﬂi79~i7,ui70i)7 (7)
=1

where QM(yivﬂia é’ivﬂiy 91) is given by

. fi 1 <& i
QM(yi,/:mem/%@i) :/ V1<yz‘75,9i)w1($z’,zi) ds — o E / E [Vl(Y}‘a Svej)] wl(wj,Zj) ds
314 j=1 7525

0; no b,

7 1 J
+/ V2<yiyﬂiat>w2(miazi>dt_EZ/ E [v2 (Y, 1y, t)] wa(x;, ;) dt.

j=1 "1t

t1;

(8)

Here, the values §y;, 35, 11; and fo; are determined such that v (y;, 315, 6;) = 0, E [11(Y}, 39, 60;)] =

0, vo(ys, pi, t1;) = 0 and E [Vg(Yj, 1, fgj)] = 0, respectively. Hence, they are independent of
fi and 0. The robust generalized quasi-deviance in (7) takes the quality of the fit in both
the mean and dispersion model into account. Indeed, the first two terms in (8) measure the
goodness of fit of the regression model for the mean, i.e. u; = h(xl3) while the last two
terms measure the goodness of fit of the regression model for the dispersion, i.e. 6; = g(zl~).
Note that in absence of dispersion, i.e. § = 1, the last two terms in (8) become zero and
the robust generalized quasi-deviance in (7) reduces to the robust quasi-deviance proposed
by Cantoni and Ronchetti (2001).

The generalized quasi-deviance provides a useful basis for robust inference and model
selection. We focus on the comparison of two nested models M,_, C M, with p — ¢ and p
parameters, respectively. In particular, let us partition the vector n* = (nt, %) into (p — q)
components for 0t and ¢ components for % , then we consider testing the null hypothesis
Hy : m = 0 without loss of generality (after re-arranging the components of n if necessary).

Let 1 denote the RDE estimator of i in the full model, obtained by solving (3). Similarly,

10
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ﬁﬁo) is the RDE estimator of 1; in the reduced model under the null hypothesis. Let ji;, 0;

and ,u(O)

7 Y

050) denote the corresponding quantities in the full and reduced model, respectively.
Based on the robust generalized quasi-deviance in (7), a natural measure for the discrepancy

between the two nested models is given by

A~

AQM :DQM( A(O) 0(0)713’7@) - DQM(yallaéupﬂé)

(9)
—22 [ yznuzaeza,uza z) QM(ym,Uq( )791( )aﬂzaez)]

Note that Agas is independent of 5y;, 595, t1; and fgj. The asymptotic distribution of the

test statistic Agas is given by the following proposition which is proven in Appendix 8.1.

Theorem 1. Assume conditions (A1)-(A9) (see the supplementary material) for distribution
F,, under Hy : my = 0 and that M (Yg, Fy) and M (U, F,)) are symmetric positive definite.
Let 1 and gy respectively denote the number of components of 3 and ~ assumed to be zero

under the null hypothesis.

X’N 2 where

1. Under Hy, Agu is asymptotically distributed as y i, /\ﬁN2 ] LA

the N; and N; are independent standard normal variables. The values )\? > )\g >

> )\5’1 > 0 correspond to the q, positive eigenvalues of the matrix Q) (\Ifﬁ,F@) .
(M_l (\Ilﬁ,FB) Ve (\II'B,F[;)> where M*" is such that Mff MI}), Mi“; =
M;f = MQ"; = 0, using the notation ]\4(111 to denote the M-matriz of Vg restricted to
the first py—q, components. Similarly the values \] > \J > ... > Ay, > 0 correspond to

the g2 positive eigenvalues of the matriz Q (7, F) <M‘1 (W7, F,) — M (U7, F.y)>

2. Consider the sequence of contiguous alternatives Hi, : 1y = n‘1/2A,n1 = with
A = (A, AL)" any vector in R? such that (n{,n‘l/QAt)t still belongs to O (see the
conditions in the supplementary material for the definition of O). Then, the statistic

Agm has asymptotic distribution

<\/7N+ PiAg) ) +Z( NN + (PLA )])2
- Se() S

11

Q1
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with x3(-) a non-central x*-distribution. Here, Pg is a Choleski root ofM;;l (\I/ﬁ, FBo) =
Mooy (P, Fg,) — Mfu) (UP, F,) M1, (WP, Fig,) M12) (¥P, Fg,) and

()
Py (M7 (P, Fg,) Q (0P, Fg,) M~ (WP, Fp,)) ) P = diag (X, 72 ), and sim-

(22)
ilarly for Py .
Note that the eigenvalues )\? . )\f;l and \7, ... ; A, can be calculated by using the expres-
sions for M (W, F') and Q(V, F') in the supplementary material. Part 1 of this proposition
can then be used to obtain p-values for the test based on Agys, see Davies (1980, 1990).
To investigate the robustness of the test, we study the influence of a small amount
of contamination at a particular point on the asymptotic level of the test. We thus
focus on the local stability of the test which is often the main concern at the inference
stage. Following Heritier and Ronchetti (1994), define the sequence of e-contaminations
F., = (1 — \/iﬁ) Fy, + \%G, where G is an arbitrary distribution. The impact of such
e-contamination on likelihood ratio tests based on M-estimators was studied by Cantoni
and Ronchetti (2001), generalizing the work of Heritier and Ronchetti (1994). They showed
that a bounded influence function of the M-estimator of 7)) translates to a bound on the
asymptotic level of the proposed test. Corollary 1, proven in the supplementary material,
shows that this general result is also applicable to the RDE estimator. A similar result can

be obtained for the power of the proposed likelihood ratio test using similar techniques.

Corollary 1. Assume conditions (A1)-(A9) (see the supplementary material), then for
any M -estimator M) with bounded influence function, the asymptotic level of the robust

likelihood ratio test statistic Agn in (9) under point mass contamination is given by

n—o0

. . t
lim a(F.,) = ay + 52ﬁtﬁdiag (Pg IF (y;,ﬂ(g), Fﬂo) IF (y;,B(Q), Fﬁ0> Pé)
(10)

: . . t
+ 22kt diag ( Py IF (33 Ao, Fa) TF (4 @), Fa) ' PL) + o),
where Pg is an orthogonal matriz such that PgDgPs = Q%M%l, OB is the asymptotic

variance ofB and Dg 1is the diagonal matriz with elements /\?, e /\'g1 and similarly for P, .

Corollary 1 shows that when a bounded influence estimator 7)) is used, then also

the effect of contamination on the asymptotic level (and power) of the robust generalized

12
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quasi-deviance test remains bounded. When model comparison or model selection is the
main focus of an analysis, then the tuning constants in the RDE estimator can be chosen
to control the maximal bias on the asymptotic level of the test in a neighborhood of the
model according to (10), as explained in Ronchetti and Trojani (2001) and Cantoni and
Ronchetti (2001).

4 Finite-sample Performance

Extensive simulation results showing the good estimation performance of the RDE estimator
are provided in the supplementary material. Here, we investigate the performance of robust
inference based on Agys. To investigate the level of the test, we consider a model without
dispersion. To this end we generate N = 1000 samples with responses Y | (X, Z) ~ DEP(u, 0)
where p = exp(3 + 0X) and 6 = exp(0), where X is uniformly distributed on the interval
[—0.5,0.5]. We consider the hypothesis test Hy : (51,70) = (0,0) vs Hy : (81,7%) # (0,0).

To investigate the influence of the sample size on the level of this test we compare
the empirical rejection rate to the corresponding nominal level for samples of size n €
{50,100, 250,500}. From the results in the left part of Table 1 it can be seen that for small
samples (n = 50) the empirical rejection rates are already close to their nominal values.
When the sample size increases, the empirical rejection rates approximate the asymptotic
level even better and their is little difference between tests based on RDE using a Huber
(HRDE) or Tukey bisquare (TRDE) weight function tuned for 90% efficiency. More details
about the estimators are given in the supplementary material.

To investigate the robustness of the level of the test, we fix the sample size at n = 50 and
vary the contamination level. Vertical outliers are generated by multiplying the response
with a factor 10 with the contamination fraction ¢ ranging from 0% to 25% in steps of 5%.
From the results in the right part of Table 1 we can see that small to modest contamination
levels (e < 10%) have little impact on the level of the test based on the HRDE estimator,
but larger fractions of contamination affect the level more heavily. On the other hand,

all levels of contamination have little effect on the level of the test based on the TRDE
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estimator.

sign.-

n 5

level
50 100 250 500 0% 5% 10% 15% 20% 25%
10% 12.20 12.20 11.90 10.00 12.20 11.90 12.60 25.50 42.60 70.60
EJ 5% 7.60 6.30 6.20 4.70 7.60 5.50 7.30 15.00 27.20 58.60
g 2.5% 4.30 4.00 3.30 2.80 4.30 3.10 3.60 9.10 18.00 47.10
1% 2.90 1.90 1.70 1.00 2.90 1.10 1.20 4.10 9.80 32.70
10% 12.30 12.10 11.30 9.90 12.30 12.40 10.10 11.60 12.10 9.70
g 5% 7.70 6.60 6.50 4.90 7.70 8.50 7.00 6.80 6.30 5.20
E 2.5% 4.60 4.60 3.60 2.70 4.60 4.40 4.30 3.70 3.50 2.90
1% 2.70 2.10 1.70 1.20 2.70 2.00 1.80 1.50 1.90 1.90

Table 1: Empirical rejection rates for different significance levels of the test (sign.-levels) for
a Poisson model without dispersion. On the left, results for uncontaminated samples of
different sizes. On the right, results for contaminated samples of size n = 50 for several

contamination levels.

To investigate the power of the test, we now consider a model with constant dispersion.
To this end we generate N = 1000 samples of size n € {50,100, 250,500} with responses
Y |(X,Z) ~ DEP(u,0) where u = exp(2 — X), where X is uniformly distributed on the
interval [—0.5,0.5], and with constant dispersion § which varies in the range [0.25, 3.5].
Hence, we consider both underdispersion and overdispersion. We test for presence of
dispersion, i.e. Hy: 0 =1 vs Hy : 0 # 1. For the setting without dispersion (i.e. # = 1) the
results for the level of the test are similar as above and can be found in the supplementary
material. The power curves in Figure 1 show that the power increases to 1 when the
dispersion # moves away from the null hypothesis. Clearly, the power increases faster when
the sample size grows, as expected.

To investigate the robustness of the power, we again consider samples of size n = 50
with a varying fraction of vertical outliers, generated as before. The resulting power curves
in Figure 2 clearly show that similarly as for the level, also the power of the test based
on the HRDE estimator is affected more when the contamination level increases. On the
other hand, the test based on the TRDE estimator again shows good behavior for all

contamination levels. Overall we can conclude that robust inference based on the TRDE
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considered.
Dispersion test based on Huber weights. Dispersion test based on Tukey weights.
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Figure 1: Power of the dispersion test for uncontaminated data with various sample sizes

from a Poisson model with constant dispersion.
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Figure 2: Power of the dispersion test for contaminated data from a Poisson model with

constant dispersion.

5 Data Examples

In this section we illustrate our methodology on two real data examples. In the first example

a double binomial model is used while a double Poisson model is used in the second example.
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An additional example for the double binomial model can be found in the supplementary

material. For these examples we apply the RDE estimators with 90% efficiency as before.

5.1 Double binomial model: UCB admissions data

We consider data of student admissions into UC Berkeley’s graduate school of the year
1973 for the six largest departments (Bickel et al., 1975). These data, which are shown in
Table 2, have been discussed by various authors as an illustration of Simpson’s paradox.

We consider a (double) binomial GLM with admissions rate as the response. Gender and

Table 2: UC Berkeley admissions proportions into graduate school for the year 1973.

Gender Dept A Dept B Dept C Dept D Dept E Dept F

Male 512/825 353/560 120/325 138/417 53/191 22/373
Female 89/108 17/25  202/593 131/375 94/393 24/341

department are used as covariates for the mean model and we consider a constant dispersion

model. The model is thus given by
logit(12) = Bo+B1Dept g+ BaDept+BsDept p+B1Dept g+ 5 Dept p+ fsFemale,  log(0) = o

The estimates and their corresponding p-values obtained by the CDE, CEQL, HRDE
and TRDE estimator are shown in Table 3. From the results it can be seen that the
gender effect is not significant. Moreover, the admission rates of department B do not differ
significantly from those of department A (the baseline). We can also test the joint null
hypothesis Hy : 61 = g = 0. For the test based on the TRDE estimator, the resulting
p-value is 0.51, which confirms that there is no evidence for these effects.

The main difference between the two robust estimators and the two non-robust estimators
is obtained for the dispersion. Both the CDE and CEQL estimates indicate presence of
overdispersion. On the other hand, both RDE estimates indicate underdispersion. For

example, the TRDE estimate for 6 is exp(1.29) = 3.63 corresponding to underdispersion.
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Figure 3: Residuals for the RDE fit on the UCB admissions data. The department has been

indicated with a capital letter and the gender with a small letter.

The difference with the classical results can be explained by examining the residuals of the
TRDE estimator in Figure 3. Observation 7, corresponding to the female admissions rate
for department A, has a large positive residual. From the data in Table 2 it can indeed be
seen that for department A the admissions percentage for female students is substantially
higher than for male students. This deviating observation clearly influences the nonrobust
estimates of dispersion while it has little effect on the RDE estimators. Indeed, when the
data are refit without observation 7, also the nonrobust estimators indicate underdispersion

which confirms the robustness of the results obtained by our methodology.

Estimator ‘ Bo B1 B2 B3 Ba Bs Be 70

CDE 0.58 (0.00)  -0.04 (0.76)  -1.26 (0.00)  -1.29 (0.00) -1.74 (0.00)  -3.31 (0.00)  0.10 (0.34)  -0.51 (0.20)
CEQL 0.58 (0.00)  -0.04 (0.86) -1.26 (0.00)  -1.29 (0.00)  -1.74 (0.00)  -3.31 (0.00)  0.10 (0.58)  -1.59 (0.06)
HRDE 0.50 (0.00)  0.04 (0.56)  -1.10 (0.00) -1.16 (0.00) -1.58 (0.00)  -3.17 (0.00)  -0.02 (0.73)  0.86 (0.05)
TRDE 0.49 (0.00)  0.05 (0.39)  -1.09 (0.00)  -1.14 (0.00)  -1.57 (0.00)  -3.15 (0.00)  -0.03 (0.50)  1.29 (0.00)

Table 3: Parameter estimates for the UCB admissions data. P-values are shown between

brackets.
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Estimator Bo B1 B2 B3 Ba Bs Be Yo Y1

CDE 2.24 (0.00)  -1.18 (0.05)  -0.26 (0.60)  -0.24 (0.12)  -0.19 (0.24)  0.02 (0.00)  -0.41 (0.21)  -2.91 (0.00)  0.79 (0.17)
CEQL 2.31 (0.00)  -0.88 (0.02)  -0.32 (0.39)  -0.19 (0.07)  -0.14 (0.20)  0.02 (0.00)  -0.46 (0.03)  -2.39 (0.00)  0.38 (0.27)
HRDE 1.33 (0.00)  -0.29 (0.38)  -0.27 (0.53)  0.02 (0.85)  -0.17 (0.14)  0.05 (0.00)  -0.16 (0.44)  -1.36 (0.00)  0.51 (0.23)
TRDE 1.28 (0.00)  -0.30 (0.35)  -0.25 (0.55)  0.05 (0.65)  -0.15 (0.17)  0.05 (0.00)  -0.10 (0.62)  -1.21 (0.00)  0.36 (0.38)

Table 4: Parameter estimates for epilepsy data. P-values are shown between brackets.

5.2 Double Poisson model: epilepsy data

As an illustration for the Poisson model, we consider data from a double blind drug study
comparing a new anti-epileptic drug called topiramate with a placebo (Faught et al., 1996).
Patients suffering from epilepsy were randomized over the two groups. During the course of
sixteen weeks, the number of seizures per week was recorded for each patient. We consider
the total number of seizures during weeks nine through twelve. Patients dropping out of
the study before this time were discarded. The resulting data set contains 40 patients that
received a placebo and 39 patients that received the drug.

Next to the treatment (topiramate/placebo), 5 other predictor variables are available
for each patient: sex, race, weight, height and its baseline seizure rate (base). This baseline
consists of a 12-week period during which the number of seizures was measured before the
start of treatment-placebo study. We have robustly standardized both weight and height.
Since it is a priori unclear whether the drug could also have an impact on dispersion, we
have included treatment in the dispersion model. This leads to the following models for the

mean and dispersion:

log(p;) = Bo + Pisex + forace + Psheight + Syweight + Bsbase + Sgtrt,

log(6;) = 70 + 71itrt.

Since there may be leverage points in the space of the three continuous predictors
weight, height and base, we determine the weights w;(x;, z;) by applying the hard cutoff
rule discussed in Section 2, where we use the MCD with tuning parameter o equal to 0.75
to obtain the robust location and scatter estimates.

The parameter estimates and corresponding p-values obtained by the CDE, CEQL and
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RDE estimators are shown in Table 4. Note that the variable sex is found to be significant
by the classical estimators, while it is not according to the robust estimators. We may use
the robust inference to test the joint null hypothesis Hy : f1 = B2 = B3 =4 = P =11 = 0.
The test based on TRDE yields a p-value equal to 0.54, suggesting that these predictors
may be excluded from the final model and thus there is no treatment effect, in particular.
Note that according to the RDE estimate the constant dispersion parameter v is clearly
significant.

The scaled Pearson residuals for the TRDE fit are shown in Figure 4. Clearly, there
are two outliers with a large negative residual, which are the patients coded as 601731 and
601909. Given their huge deviation from the robust fit, it can be expected that the impact of
these observations on the classical estimator is severe. These patients have an exceptionally
high baseline seizure rate of respectively 198.3 and 117.0, whereas the remaining observations
have a baseline seizure rate between 4 and 64. As both observations were recognized as a
leverage point, they were down-weighted in the robust analyses. Furthermore, there are
three observations in the control group with a moderately large positive residual. Since
these residuals are positive, the observed number of seizures is larger than expected under
the model. This illustrates that a robust analysis may provide useful extra information. For
instance, based on this result it may be decided that an intervention is needed for these

cases, e.g. the need of medication due to health concerns.

6 Penalized RDE Estimators

In this section, we consider two extensions of the RDE estimator. First, we consider
high-dimensional regression where the number of predictors is large and may even exceed
the sample size. To obtain stable estimates in this setting, we add a sparsity penalty to the
RDE estimator. In the second extension we allow for more flexible models by replacing the
GLM for the mean and/or dispersion in (1) by a generalized additive model (GAM).
Both extensions rely on the weighted least squares representation of the RDE estimator

in (3). Let X and Z denote the design matrices for the mean and dispersion model,
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Figure 4: Scaled Pearson residuals for the RDE fit of the double Poisson model for the
epilepsy data.

respectively. As shown in Appendix 8.2, ,@ and 4 jointly solve the weighted least squares

problems
min (gg — XB)'Ws(gs — XB) (11)
rr}yin (Ty = Z7) Wey(Gy — Z), (12)

where the elements of the weight matrices Wg = diag(wg1, ..., wgn), Way = diag(wy 1, ..., Wy n)

and pseudo response vectors §g = (Ug1,-- -, Usn)'s Uy = (Uy1s-- -+ Uyn)' are given by

wgi = Blv1 (Y;, i, 0;) Uy, Jws (224, z0) W (2 8)?,
v (Yi, i, 0:) — Bl (y, pi, 0;)]

Upi = T8 + ’ 13
Ve, El(y, 15, 0) Uy J1 (' B) (13)
w~; = Blva (Yi, s, 0;) Up, Jwo (5, zi)gl(zf’y)2,

iy My 91 - E s My 02
g-y,i — zf,y_i_ V2<y /’L ) [V2<y /"L )] (14)

Elva(y, pi, 0:) U, |1 (i)
This weighted least squares formulation of the RDE estimator allows to calculate the
estimator via iteratively reweighted least squares, alternating between 3 and «. More
importantly, this representation makes it possible to introduce penalized versions of the
RDE estimator by iteratively calculating penalized least squares solutions as illustrated

below.
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6.1 Sparse RDE estimator

A popular way to select the most important predictors and estimate the parameters in high-
dimensional regression problems is by adding a sparsity inducing penalty to the objective
function of an estimator (Hastie et al., 2015). Avella-Medina and Ronchetti (2018) proposed
a penalized version of the robust quasi-likelihood estimator of Cantoni and Ronchetti (2001).
A similar approach can be used in the double exponential framework by adding a sparsity
penalty in (11)-(12). For example, in case of a lasso penalty (Tibshirani, 1996), the sparse

RDE estimator jointly solves

min { (7 — X8)'Wa(7a = X8) + a8} (15)

m‘;n{(g}\, - Z'Y)tW’v(g"/ —Z7) + A’Y||7||1}7 (16)

where A\g and )\, are the usual sparsity tuning parameters. For given values of these tuning
parameters, the sparse estimator can be calculated iteratively by alternately solving the
penalized weighted least squares problems (15)-(16). These penalized weighted least squares
problems can be solved efficiently via coordinate descent (Fu, 1998; Friedman et al., 2010),
resulting in the lasso estimates.

Since lasso estimators tend to select more predictors than necessary (Meinshausen and
Biihlmann, 2006), we also consider adaptive lasso estimators (Zou, 2006) based on the initial
lasso estimates, as in Avella-Medina and Ronchetti (2018). Hence, in the second step the Iy
norm [|B1 in (15) is replaced by 371, W(B;)|B;] with B the initial lasso estimate of B and

where the weight function is given by

1/, [t[> 0
00, =0

Analogously, ||7v||; in (16) is replaced by Z?Q

2, W(%;)|y;| with 4 the initial lasso estimate of

~. In the supplementary material, consistency of robust lasso RDE estimators and oracle
properties of the corresponding adaptive lasso RDE estimators are studied by exploiting

the results of Avella-Medina and Ronchetti (2018).
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Selection of the tuning parameters A\g and )\, is an important aspect of sparse estimation.
A common approach is to select the optimal values from a grid according to a selection
criterion. As selection criterion a computationally robust cross-validation (see Khan et al.,
2010) or a robust extended Bayesian information criterion (EBIC) (see e.g. Avella-Medina
and Ronchetti, 2018; Wang and Van Aelst, 2019) can be used. In particular, for any fixed
value A\g we determine the corresponding value of A, that minimizes a robust extended BIC
criterion of the form

i _ 7]
EBIC"/(A) = (y’h - ZﬂY}\)tW’h (y’h - Z7>\) + (logn +7 10gp2)7’

where || is the number of nonzero coefficients in the vector v and 0 < 7 <1 is a constant
which we set equal to 0.5 by default. Then, we consider a set of A\g values with corresponding

optimal A\, values and select the solution that minimizes

EBICs(\) = (7, — XB)' W, (I3, — XB») + (logn + Tlngl)@,

n

As usual, we consider a decreasing grid of Ag values and use the solution corresponding to
the larger Ag value as initial values for the next A\g value. Such warm starts speed up the
computations considerably.

The supplementary material contains the results of two small simulation studies which
show the good performance of this sparse adaptive lasso RDE estimator in sparse settings.
To illustrate the sparse RDE estimator we apply it on the epilepsy data using EBIC to
select the final model. In Section 5.2 we applied a robust test to conclude that baseline
seizure rate was the only significant predictor for the mean model while the dispersion is
constant. Fitting the adaptive lasso HRDE and TRDE estimators to these data yields
the coefficient estimates in Table 5. It can be seen that both estimators yield very similar
results and are able to select the most important predictors. Moreover, the adaptive lasso

RDE estimates in Table 5 resemble the corresponding RDE estimates in Table 4 very well.
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Estimator | [ b1 Ba B3 B4 Bs Be Yo 71

HRDE 1.18 0.00 0.00 0.00 0.00 0.05 0.00 -1.08 0.00
TRDE 1.16 0.00 0.00 0.00 0.00 0.05 0.00 -1.06 0.00

Table 5: The sparse RDE parameter estimates for the epilepsy data.

w 6.2 RDE estimator for generalized additive models

Sometimes the parametric assumption for the relation between the mean and/or dispersion
and their predictor variables in the GLM setting given by (1) is too stringent. A popular
way to make GLMs more flexible is by considering generalized additive models (GAMs)
instead. Robust estimation methods for GAMs have been proposed by Alimadad and
Salibian-Barrera (2011), Croux et al. (2012) and Wong et al. (2014). When both the mean
and dispersion are modeled via GAMs, the parametric models in (1) are replaced by the

more flexible relations
p1 p2
pi =h (Z f1j($ij)> and 0, =g (Z f2j(zij)> )
j=1 j=1

with fi1,..., fip, and fa1, ..., fop, unknown smooth functions of the predictor variables x;
and z;, respectively. These smooth functions can be estimated via penalized basis expansion
fitting. Similarly to Wong et al. (2014) we focus on the case p; = p; = 1 to ease notation

and denote f11 = f1, for = fo, 1, = x; and zy; = 2; for all 7. The extension to p; > 1 and

p2 > 1 is straightforward. Consider two sets of prespecified basis functions dy;(+), ..., dig (+)
and day(+), ..., dag(+), and assume that the smooth functions f; and f, can be represented
as

Al B) =) dij(x)8; and  fo(zy) =D doi(2)7;,
j=1 Jj=1

where B = (B1,...,04)" and v = (71,...,74)" are vectors of basis coefficients. To avoid
overfitting the data, regularization is used to estimate the basis coefficients 3 and ~. Let

Sg and S, be prespecified penalty matrices and Ag and A\, two strictly positive smoothing
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parameters, then 3 and -« can be estimated by jointly solving
win {(gs — D18) W (5 — D1B) + AsB" SpB} (17)
m’\}n {(gy — D27>tW‘Y(g‘Y — Dyy) + )“V'YTS’Y')’}a (18)

where D7 and D, are the design matrices corresponding to the two sets of basis functions. The
GAM RDE estimates can again be calculated iteratively by alternately solving problems (17)-
(18), which both are weighted additive model fits for which efficient algorithms are available.
The tuning parameters Ag and A, can be selected via the same procedure as in the sparse
setting based on either robust cross-validation or robust BIC (see e.g. Wong et al., 2014).
In this setting, the robust BIC criteria to select A\g and A, are given by

~ ~ tI‘(P_ng)
RBICs(\) = (s, — D1By)'Wp, (i3, — D13y + logn——L—"2

_ _ tr(P; ' Q)
RBIC’Y()‘) = (y’n - D2'Y/\)tW’7A (y'm — Dyyy) + log anﬂya

where for given A we have that Pg = X(D{WgD; 4 2\Sg) and Qg = 2 D} AgD; with similar

expressions for Py and @),. The matrix Ag is a diagonal matrix with elements
a; = Var[vy (yi, pi, 0;) w1 (x4, Zi)gh/(mf,@)27

on the diagonal.

In the supplementary material we present the results of a small simulation study
that confirms the robustness of this GAM RDE estimator. To illustrate the GAM RDE
estimator, we consider a data set on Influenza-Like Illness (ILI) Visits in the United States
(see Alimadad and Salibian-Barrera, 2011). The response variable contains weekly counts of
ILI visits in the United States while the predictor is the considered week in the influenza
season. This season starts from week 40 and runs until the end of week 20 of the next year,
so it lasts 33 weeks. Data are available for the influenza seasons of 2006/2007, 2007/2008
and 2008/2009 as shown in Figure 5. Note the 4 high counts at the end of season 2008-2009,
which can be explained by the fact that the HIN1 flu started spreading. Moreover, also
seasonal variation can be observed from Figure 5, so robust estimation of both mean and

dispersion is advisable.
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We compare the fits of four models. The first model assumes a GLM for both mean
and dispersion. The second model assumes a GAM for the mean model and a GLM for the
dispersion model. The third model reversely assumes a GLM for the mean model and a
GAM for the dispersion model while the final model assumes a GAM for both mean and
dispersion. All models are fitted via the penalized RDE estimator. For GAMs, we use cubic
regression splines with 10 knots and the commonly used integrated square second derivative
penalty. The resulting fits are shown in Figure 5. It is clear that a GLM for the mean is not
flexible enough, leading to poor fits. On the other hand, much better fits are obtained when
a GAM is used for the mean. There is little difference between the fit of model 2 which
assumes a GLM for the dispersion and model 4 which assumes a GAM for the dispersion,

so a GLM seems sufficiently flexible to model the dispersion in the data.

S A

S 1" 2006 A A —— gam-gam
@ A 2007 ---+ gam-gim
=] 2008 glm-gam
3 7 N A gim—-gim
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ILI visits
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Figure 5: ILI visits data set with four fits obtained by different combinations of GLMs and
GAMs estimated by (extended) RDE estimates.
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7 Discussion

The double exponential family constitutes a powerful tool to model both mean and dispersion
of the response in the context of generalized linear models. However, outliers in the data
may heavily affect the classical estimates obtained by maximum likelihood. Therefore, we
proposed the robust double exponential (RDE) estimator, which is less sensitive to outliers
and allows to model simultaneously the mean and dispersion as a function of covariates.
Moreover, we introduced a generalized quasi-deviance measure to develop robust inference
which allows to test for the presence of dispersion among others.

While there is a natural choice for the link function in the mean model, it is well-known
that there is no natural choice for the link function in the dispersion model. We have used
the exponential function, which is a common choice. While reasonable choices for the link
function lead to similar fits in our experience, a formal procedure to compare models based
on different link functions would be desirable. This is a topic for further research.

The excellent performance of the RDE estimator and the corresponding robust tests
was illustrated in an extensive simulation study. Especially the TRDE estimator based on
the Tukey bisquare function combines a high level of robustness with a high accuracy of the
inference. Real data applications illustrated that the proposed methodology can provide a
better insight in the structure of the data and may lead to more reliable conclusions.

The weighted least squares representation of the RDE is exploited to develop penalized
versions of the estimator. Sparse RDE estimators have been proposed to handle high-
dimensional regression models while GAM RDE estimators have been introduced to allow
for more flexible models. An implementation of RDE estimator together with its extensions

will be made publicly available as an R package on CRAN.
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8 Appendix

8.1 Proof of Theorem 1

As before, let ) be the RDE estimator of 0 in the full model and ﬁg)) the RDE estimator
of 11 in the reduced model under the null hypothesis. Denote by (@ = ((ﬁ%o))t, 01! the

corresponding estimate of 1 under Hy. Let us define
N A ~(0) A00) ~ &
i=1

AZ?M :22 [Q‘&(yz‘,ﬂi,éi,ﬂi,éi) - QL(%/JEO) é§0)7ﬂi,éi)]y
i=1
with
3 o i 1 <& A
Qe (Yis i, 0i, i, 0:) 2[ vi(yi, s, 0w (24, ;) ds — EZ/ Ei(y, s, 0;)] wi(z;, z;) ds,
S1i j=1 J

n

0; d.
- = : 1 J
Q‘J&(fyi,uiaei,m,@i) Iﬁ Vo (Y phis t)wa (s, 2;) dt — —Z/ E[VZ(yan,t)] w2(33jazj)dt-

t1; n =1 712j
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Hence, Aoy = A2, + AY .. Next, consider D, as defined in condition B1. A second order
Q QM QM

Taylor expansion at any point of D,, leads to

R . 0 A
Q (ylulug )792( )7/%7 1) QM(yM/Ll’e’L?/'I’Z’H’L) + ("7(0) - n)ta_,f’ [QM(ylvlulannuheZ)

70—y 2
on;ony,

U]

_|_

1 [l H iy ) -~ A
2 [QM(yi, fii, 0:, fui, Qi)]n* (HO — 7),
where 7" is on the line joining 7® and 7. Using the Leibniz integral rule, one can show

that:

0

= . A W (ys, fii, 0:)
FQM(%M,@»M,&) =
n

Uy (Y, fli, 0)
which is zero when evaluated in 7). By differentiating this expression once more, we can see
2 ~ PN A . . .
that aﬁ?—aﬁkQM(yi’ fii, 0;, [1i, 0;) is a block diagonal matrix:
9 25 V(i fis; 0;) 0

QM(yzaﬂuezaﬂuez) = -
01107k 0 %\Ij'y(yhﬂiaei)

Combining the latter results, we obtain:

n

~

X ) ) X
N + W == (87 = B | 2wl 6)] (8- )
i=1 B B

_ 2 0) _ & 9 0) _
Z 3| g a8 (50,

7*
Using this expression, we can employ a similar reasoning as in Cantoni and Ronchetti (2006)

and Proposition 4.1 in Heritier (1993) for Ag y and AZ2 v Separately to obtain the desired

result.

8.2 Fisher scoring and weighted least squares representation

The two estimating equations (3) for the RDE estimator can easily be solved alternately

via Fisher scoring (Small et al., 2003, p. 50-52). For 3 we obtain that

B = B+ (nMg)” Z‘I’ﬁ Yi, B,7)

= B+ (X'BuX)~ Z‘I'B Yi 8,7), (19)

=1
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with Bj; defined in the supplementary material. Similarly, « satisfies
Y = Y+ (Z'BnZ)” Z\If (i, 8,7), (20)

with Byy defined in the supplementary material. These two equations can be solved
alternately until convergence.
The two equations (19)-(20) can be rewritten in weighted least squares form. If we

multiply both sides of (19) by X*Bj; X, then its j-th component becomes

[XtBllX,B]j = |:X BllX,B + Z \Ij,@ Yi, /8 ’7):|

=1

= szmbll zleﬁl + Z 141 y'w;uu wl(muzz),uz] al,j)

=1 =1

= Z Z xzjbll zwzlﬁl + Z n y27 ,uu z E[Vl <y7 i, 8%)])w1 (mi’ zi)lu;,j
=1 i=1

= Z ( B+ b11 (1 (i, i 0:) — E[V1(y,ui,9i)])w1(ﬂ3i7zi)h/(fl3§5)> b1y,
i=1 g

- i uez’) - E[M(?J Mu@z‘)]
_ o34 Wik : -
izl ( 1’8 E[Vl(ynuzaez)Um]h/(mfﬁ) 1%

= [XtBn?]ﬁ]j?

with g defined in (13). Hence, 8 is a solution of weighted least squares problem (11).

Similarly, the fixed point solution for « in (20) can be rewritten as
ZtBQQZ’Y = ZtBQQg.W

which implies that « solves the weighted least squares problem (12).
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