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Self-heating can significantly degrade the performance in silicon nanoscale devices. In this work, the impact of
self-heating is investigated in nanosheet transistors made of two-dimensional materials using ab-initio techniques.
A new algorithm was developed to allow for efficient self-energy computations, achieving a ~500 times speedup.
It is found that for the simple case of free-standing transition-metal dicalchogenides without explicit metal leads,
electron-phonon scattering with room-temperature phonons dominates the device performance. For MoS,, the

effect of self-heating is negligible in comparison. For WS, and especially for WSe,, self-heating effects demonstrate
a further degradation of the ON-state current.

1. Introduction

The last two decades, two-dimensional (2D) materials have risen in
interest as candidates for next-generation devices. They are predicted
to show excellent electrostatic control, reducing short-channel effects,
and to suffer less from device variation [1-4]. Ab-initio methods, such
as Density Functional Theory (DFT) and the Non-Equilibrium Green’s
Function (NEGF) formalism [5], have been helpful tools in the research
on 2D materials [1]. It has been shown that, to capture the correct
behavior for 2D-material-based devices with NEGF, it is of great impor-
tance to incorporate electron-phonon interactions [5-7]. These dissipa-
tive simulations, however, usually assume electron-phonon interactions
with phonons that are in equilibrium with a fixed temperature. Addition-
ally, this fixed temperature is often assumed to be near room temper-
ature. However, during device operation electron-phonon interactions
also result in the generation of additional phonons, corresponding to
a self-heating effect. These additional phonons can result in increased
electron-phonon scattering, giving rise to hotspots with locally increased
temperatures and device performance degradation. The simulation of
such hotspots requires the incorporation of phonon transport simula-
tions. These phonon transport simulations enable the computation of
the phonon population through a balance of additional phonon creation
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and heat conduction through the device. A fully coupled scheme, includ-
ing electron transport, phonon transport and the influence of electron-
phonon interactions on both the electronic transport and the phonon
population could thus be important to properly assess the performance
of nanodevices [8]. It has been shown that in silicon devices, neglecting
self-heating effects can result in an overestimation of the device perfor-
mance [8,9]. A similar study for devices based on 2D materials has, to
the authors’ knowledge, not been performed. Our DFT-NEGF quantum
transport solver, ATOMOS, allows for the simulation of devices with
electron-phonon scattering by phonons at an equilibrium temperature
[5,10] and for the simulation of ballistic phonon transport [11]. One
aim of this work is to extend ATOMOS to allow for the simulation of
fully coupled electron-phonon transport for 2D materials.

In the literature, coupled electron-phonon simulations are often at
least partially based on the Boltzmann transport equation [8,12], not
making use of the full quantum description as provided by the NEGF for-
malism. This is not surprising as fully coupled electron-phonon transport
simulations using NEGF are usually characterized by exceedingly high
computational costs [9], except for some very simple cases not corre-
sponding to realistic materials [13,14]. These high computational costs
are linked to the computation of the self-energy required to evaluate
the electron-phonon scattering and the creation of additional phonons.
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A second aim of this work is to present a new algorithm based on the
Fast-Fourier-Transform (FFT) technique, which greatly reduces the com-
putational cost of the self-energy calculation. This new algorithm could
provide a way to more readily incorporate self-heating effects or even
just regular electron-phonon scattering in future research on nanode-
vices with NEGF, while keeping the computation time tractable.

In Section 2, we discuss the theoretical foundations of our NEGF im-
plementation of the electron and phonon Green’s function. In Section 3,
we describe the methods used to perform a device simulation and elab-
orate on the FFT-based self-energy calculation. In Section 4, we discuss
the errors introduced by the approximations within this FFT-based self-
energy computation and provide estimates for the gain in computational
efficiency. Finally, in Section 5, we show the results of the simulation
of a fully coupled 2D-material-based device with self-heating.

2. Theory
2.1. The DFT Hamiltonian

It can be shown that within the DFT formalism, a material is de-
scribed by the following Hamiltonian [15],
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The description is in reciprocal space, with electronic band energies
ey,,» phonon energies hiwg, and electron-phonon interaction parameters
gumv (K, q). Here, n (v) denotes the band index (phonon mode) and k (q)
the k-point in the Brillouin zone for the electrons (phonons). éln and

n (é;;v and &q‘,) are the corresponding electron (phonon) creation and
annihilation operators. However, these operators create and annihilate
particles in reciprocal space. Device simulations typically require a real
space description, which can be achieved by transforming the reciprocal
space operators to real space, using a Wannier transformation [16],
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where m denotes a Wannier function index, R, denotes the primitive cell

lattice point, N, is the number of k-points and U,,,,  is a matrix built to

maximize the real space localization of the electron. A similar real space

transformation can be achieved for the localization of phonons [17],
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where e, 4 is the eigenvector of the dynamical matrix and «, « and R,

denote an atom index, its polarization direction and its primitive cell lat-

tice point, respectively. Note that there are minor differences compared

to the conventions in Ref. [17].

In some cases, a mixed space description is beneficial. An exemplary
case is a planar transistor, e.g., made from a 2D material. The transport
direction requires a real space description to allow for the insertion of
carriers at the source and their extraction at the drain. The out-of-plane
direction, orthogonal to both the 2D material plane and the transport
direction, is non-periodic and thus implies a real space description as
well. The third direction, however, is typically very homogeneous and
can thus be considered periodic. This periodicity allows for the subdivi-
sion of the system in a periodic part, which can be Fourier transformed
to reciprocal space, and a remainder part, which is kept in real space. A
schematic depiction for an hexagonal lattice is shown in Fig. 1.

This concept can be extended to other numbers of periodic direc-
tions, from O for nanowires to 2 for resistors or diodes. A more complete
discussion of the transformations used is given in Appendix A. The final
result is the following mixed space Hamiltonian

¢
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Fig. 1. Subdivision of the real space lattice in a periodic part orthogonal to
the transport direction, which can be transformed to reciprocal space through a
Fourier transformation, and a remainder part, which is kept in real space.
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where the indices n and v should not be confused with the band indices
in (1), but represent a grouping of the indices (m, Re,”) and (x,a, Rp,”)
defined above and in Fig. 1. N, is equal to the number of orthogonal k-
points. The third term in (4) represents the electron-phonon interactions
and will be referred to as H;.

2.2. The NEGF formalism

The NEGF formalism relies on the definition of an electron and
phonon Green’s function [18,19]
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where the creation and annihilation operators are given in the Heisen-
berg picture and are ordered on a two-branch contour. The averaging
over the states is determined by a non-equilibrium occupation [19]. The
indices n and m (v and u) can be understood as row and column in-
dices, defining the Green’s functions as matrices, GkL 1) (in ,t").
Although we refer to D (z, t') as the phonon Green’s function, accord-
ing to its definition it is actually equal to the displacement-displacement
correlation [15], but we will forgo this point for the sake of brevity.

The expressions in (5) and (6) cannot be solved exactly due to the
electron-phonon interactions in H; and due to the unknown occupation
of states for devices not in equilibrium. A solution can be found through
a perturbation expansion, of which the theory is well established. Here,
we follow the derivation in Ref. [19]. The interacting system is subdi-
vided into several non-interacting systems: the electrons and phonons in
the device, a left lead and a right lead, as shown in Fig. 2. Additionally,
each subsystem is divided into slabs such that every slab only interacts
with its nearest neighbors [20]. Alternatively, one could interpret it as
elements of (4) being grouped into matrices such that the total device
Hamiltonian for the electron system and phonon system form two block
tridiagonal matrices, respectively.

Each subsystem has a known one-particle occupation: the infinite
leads are each characterized by Fermi-Dirac statistic functions for the
electrons

1
fi@) = — @)
exp KT, +1
and Bose-Einstein statistic functions for the phonons
1
Ni(w) = ®

ho
exp TT 1



R. Duflou, G. Gaddemane, M. Houssa et al.

hoi  hiz  Electron system  fiss hgs
lr 77777777777 Y-y == " —— |
. REXEREL !
el . IR B 0 o
®7J343
Left lead 07122 0665 Right lead
i
T P U 7~~~ ————— \
i o ® 6 6 0 0 O [
Smmmmmmo AR A I A A :
dy, dy, Phononsystem dgg rl

Fig. 2. Schematic representation of the coupled electron-phonon system within
a device with two semi-infinite leads. The k, and q, subscripts are left out
for the sake of brevity. Degrees of freedom of the electron and phonon system
are grouped such that the on-site energies and coupling elements form matrices.
The matrices that form the perturbation terms coupling the device to the left and
right leads are denoted in red. The electron-phonon interactions are denoted in
green. It should be noted that the representation here is only qualitatively true
for phonons. A rigorous treatment can be found in the Supplemental Material
[21]. (For interpretation of the colors in the figure(s), the reader is referred to
the web version of this article.)

with temperatures, 7} and 75, and chemical potentials for the electrons,
E; and E; , for the left and right lead, respectively. The device itself
can be kept empty before connection. The subsystems are connected
by adiabatically switching on the interaction terms, H 1> and the per-
turbation terms connecting the device to the leads. These perturbation
terms can be grouped into matrices Ukl (V,_ll ), related to {h,_-, j,h;,[}
({d;,j,d;,,.}) with i, j equal to 0, 1 and n, n+ 1 [21]. Note that bold in-
dices are used to indicate slab indices instead of individual degrees of
freedom.

The switching on, in combination with Wick’s theorem, leads to the
following Dyson equations [19],

Gy, (,1) =Gy (1) + / a1, Gy (11U, Gy, (11,1
C

+ / dt, / dtz(;gl(r,zl)zf‘(l(rl,rz)(;h(zz,z’), 9)
C C

DqL(t,t’):Dgl(t,t’)+ / dtngi(t,t])VqLDql(tl,t’)
C

+ / at, / 4,0 (L)IL (11.12)Dy (1), 10)
C C

where Gﬁl and Dgl are the Green’s function solutions for the non-
interacting non-connected subsystems, Uy, and V, are defined as
above, EIS{L and Hfh are the self-energies related to electron-phonon
scattering and the integrals are integrals over the two-branch con-
tours. The contour-ordered Green’s function can be resolved into lesser,
greater, retarded and advanced Green’s functions by confinement of the
time arguments to specific branches and the contour integrals in (9) and
(10) can be simplified to real axis integrals by using Langreth’s theorem
[19,22]. Finally, Fourier transformation of the integral equations to the
energy domain results in the following well-known expressions for the
electron Green’s function [22,23],

-1
6@ = ((hoximI-Hy, -5/ @) an

G} @ =G @ @G (). (12)
with Gl’: R G{: , Glf and GE the retarded, advanced, lesser and greater
L L L L

R/A <
K, and Zkl

their corresponding self-energies. Hy is the device Hamiltonian with

(m,), = iy as)

L

electron Green’s function of the device, respectively, and X

Note that the matrices defined here only contain degrees of freedom
within the device and not the degrees of freedom in the leads as before.
The influence of the leads is introduced by the self-energies. The self-
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energies thus contain contributions from both the leads and the electron-
phonon interactions

=343 14

where we dropped the w and k| dependency in the notation for the sake
of brevity and where

E11’,11{//‘ = Il1,0 Gﬁj{f " il0,1’ (15)
ILLR/A 1. 0O,R/A 73
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The retarded and advanced Green’s function in the non-interacting
non-connected leads, G*®/4, are readily computed using the Sancho-
Rubio algorithm [24].

Similar expressions can be found for the phonon Green’s function
[25,9],

-1

R/A _ 2.2 . R/A

DA (w) = ((h o % il - K, —1 (a))) , 21
< <

Dy, (@) =D (@)l (@)D (), (22)
with in the Fourier transform of ®, the rescaled interatomic force
constants matrix,

n U

= . 23
m;m; 07;07; @9

i.j

Here, U denotes the internal energy, the index i indicates a degree
of freedom in the real space phonon system, i.e., an atom with mass m,
with a polarization direction along which it is displaced over a distance
T;.

Similarly to the electron system, the effects of the leads and electron-

phonon interactions are introduced through the self-energy

M=10 +1I° (24)
with
LR/A _3 0.R/AT
l_[1,1/ =k Do,o/ Ko 15 (25)
LR/A _3 O.R/A 3§
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and
<= —iNlAl1 - iNQA[ R 27)
"> = —i(N, + DA! —i(N, + DAY, (28)
with
1 _: (R _ A
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N —i (R A
(AZ)n,n =1 (Hn,n - 1-In,n) : (30)

The similarity between (11)-(20) and (21)-(30) readily allows for
the adaptation of electronic transport codes to phonon transport, as was
done in Ref. [11]. However, the derivation of these expressions for the
phonon system in the literature typically relies on different conven-
tions and does not apply the same principles as used for the electron
system [25,26]. This discrepancy complicates linking the electron and
phonon Green’s function for the self-energy calculation. Additionally,
expressions are usually obtained for full real space [9,25,26] or recipro-
cal space [15], neglecting mixed space, which is useful for devices. We
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therefore provide a derivation of the Green’s function expressions pro-
vided above and their corresponding self-energies in Appendix B and
Appendix C, respectively. The final results for the lesser and greater
self-energies due to electron-phonon scattering are

()_/2[71 Z kL ‘lL‘h(leq(w w)D (a),)

J_ vuq ) ‘h
S / d_“’l
+ le_qL(w+a) )D (@ )> ki—q. 2p (31)
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+o00 .
(H‘*’g(w)) _ _Znszh
q1 Vo NJ_
-0
v 2 / _ d_a),
X kZTr (Mkl’_ @M GE (@ w)) > G2
L

where ng is a spin degeneracy factor and Tr() denotes the trace. The
matrix elements of My q, 2T given by
1491

n,n

which are rescaled versions of the matrix elements in (4), as detailed in
Appendix C. The row and column indices of Ml‘;qul thus correspond to
electron degrees of freedom and the matrix multiplications and trace op-
erator in (31) and (32) are effectively summations over electron degrees
of freedom. The phonon degrees of freedom cannot be readily linked to
matrix multiplications and are thus written out explicitly. The total set
of operations can, however, still be considered as tensorial products with
Ml‘:mu’ summing over both electron and phonon degrees of freedom.

The retarded and advanced self-energies are calculated from the fol-
lowing relation [22],

+°°FS (w,)
=5 R/A k do’ T i
=7 [ 22l @) &)
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although the first terms in (34) and (35) are usually left out as the princi-
pal value integral is difficult to compute and merely results in an energy
renormalization [22].

With the lesser and greater Green’s functions available, we can com-
pute the electron density [10], the current and the electron and phonon
heat current [9] as

m h do
n, = / lfk o (38)

Lj=— Z/(h,,G< h,, ,1)2— (39)

d
e,,_,J——Z/hw(h,, G5, —hk ij)z‘” (40)
ha(k —k; do
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3. Methods
3.1. Material parameter extraction

The purpose of this work is to evaluate self-heating effects for de-
vices based on conventional 2D materials. We therefore choose to focus
on experimentally mature 2D materials, such as the transition-metal di-
calchogenides (TMD) MoS,, WS, and WSe,. In contrast to graphene,
these materials naturally demonstrate a bandgap without the need for
confinement to nanoribbons. Additionally, this choice readily allows us
to compare our results with previous work [6]. Another conventional
2D material evaluated in Ref. [6] is black phosphorus, but this material
is predicted to suffer from strong current degradation due to electron-
phonon scattering even for the case of equilibrium phonons at room
temperature. We therefore limit ourselves to the three TMDs above in
their most stable form, the 2H phase. For the sake of brevity, the model
testing and error analysis was only performed for MoS,, limiting our dis-
cussion of WS, and WSe, to their device performance with self-heating
included.

The electronic band energies, phonon energies and electron-phonon
matrix elements of all materials were extracted in reciprocal space us-
ing the QUANTUM ESPRESSO DFT code [27]. The structure was relaxed
with an energy convergence criteria of 1 X 1071 Ry between subse-
quent scf iteration steps and energy and force convergence criteria of
5% 1077 Ry and 5 x 10~ Ry Bohr™!, respectively, between subsequent
ionic optimization steps. The PBE exchange-correlation functional was
used with ultrasoft pseudopotentials, an energy cutoff of 70 Ry, 80 Ry
and 90 Ry for MoS,, WS, and WSe,, respectively, and a k-mesh density
of 16 X 16 x 1. The latter two were set after a convergence test to see
that this correspond to a relative energy variation of less than 1 x 1079,
an absolute energy variation less than 1 mRy/atom and a variation of
the lattice constant of less than 0.02 %. The obtained lattice constant for
MosS, is 3.183 A, which differs from the experimental result of 3.165 A
[28] due to the lack of van der Waals corrections. Relaxation with the
Grimme DFT-D3 van der Waals correction [29] resulted in a lattice con-
stant of 3.166 A. However, this correction resulted in strong oscillations
of the deformation potentials as a function of ¢, which was deemed
unrealistic. A vacuum of 15 A and out-of-plane screening were used to
block interactions between different layers. Spin-orbit coupling was ne-
glected in all simulations as it significantly increases the computational
cost of the NEGF simulations. The same k-mesh was used for the phonon
calculation with a convergence threshold of 1 x 10717,

The reciprocal space parameters were converted to real space using
the Wannier90 [16] and Perturbo [30] code. For the initial projections
during the Wannierization process, 5 d-orbitals on Mo and W and 3
p-orbitals on S and Se were used. Perturbo provides the Hamiltonian el-
ements in the Wannier basis, the interatomic force constants and atomic
masses, which are readily combined to form @® in (23), and the real
space deformation potentials, all in the HDF5 format [30]. To retrieve
the matrix elements of (33) in real space, an additional transformation
is required,

5 Perturb
B = —f Smnva  (ResR,). “42)

The details are provided in Appendix A and Appendix B.
3.2. Device simulation

The matrix elements extracted in the previous section are grouped
into device Hamiltonians for both the electrons and phonons. These
Hamiltonians are then Fourier transformed to mixed space by the ATO-
MOS quantum transport solver. 10 k-points were used for half of the
mixed space Brillouin zone. The other half can be considered equal due
to symmetry. The device is a dual-gate transistor, depicted in Fig. 3 for
the case of MoS,. The 42 nm long TMD sheet consists of source and drain
extension regions, doped with a carrier concentration of 1.8x 103 cm~2
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Fig. 3. Schematic representation of a MoS, dual-gate transistor with its dimen-
sions.

and a 14 nm intrinsic channel region between a top and bottom gate. The
doping is n-type for MoS, and WS, and p-type for WSe,, consistent with
their most conventional intrinsic doping type. The drain extension re-
gion is elongated compared to the source extension region to allow for
better investigation and visualization of the thermalization of the car-
riers. Both gates have a corresponding gate oxide of 2 nm and relative
permittivity of 15.6 for an effective oxide thickness of 0.5 nm. The bias
between source and drain was set to 0.3 V. Unless specified otherwise,
the source-gate potential was set to 0.6 V, corresponding to ON-state.

To verify the correctness of the matrix elements, the band structure
and phonon dispersion are shown for MoS, in Fig. 4 (a) and (b), re-
spectively. The deformation potentials as a function of q for k at I as
provided by Perturbo are denoted with full lines for each phonon branch
in Fig. 4 (c). However, incorporation of all the matrix elements required
to reproduce Fig. 4 (c) in (31) and (32) results in computations that are
prohibitively expensive. Indeed, self-energy computations often require
neglecting certain matrix elements to keep the computation tractable
[9]. In this work, only on-site interactions are considered, i.e., within
(31) and (32), Efl, H(i, Gfl, D(i and Ml‘: q are assumed to be diag-
onal matrices and the diagonal entries of Mlvq,ql are only nonzero if the
corresponding Wannier functions are located on the atom corresponding
to v. An estimate of the influence due to this approximation is obtained
by computing deformation potentials with the same approximations,
i.e., reciprocal space deformation potentials are computed according to
the principles in Ref. [17], but matrix elements which would be ne-
glected in our diagonal approach in (31) and (32) are set to zero in the
computation of the deformation potentials as well. The resulting approx-
imate deformation potentials are denoted by the dashed curves in Fig. 4
(c). One can clearly see that neglecting the non-local interactions has
a large influence on the deformation potentials. First, the average de-
formation potential is significantly smaller due to neglecting non-local
scattering processes. Second, the deformation potentials do not show
any dispersion.

Concerning the decrease in average deformation potential, we have
compensated for this in our computation by rescaling the on-site matrix
elements with a scaling factor c,

v v
MkquL —c Mkuu' (43)

It was found that ¢ = 7.409, 7.792 and 7.240 results in the same av-
erage deformation potentials as for the case when all interactions are
included for MoS,, WS, and WSe,, respectively. This approach should
ensure that the average strength of the electron-phonon interaction is
preserved despite our approximation. Using the on-site matrix elements
provides an attempt to preserve the relative sensitivity of different Wan-
nier functions to atomic displacements. We would like to note that
compensation for neglecting off-diagonal elements in electron-phonon
scattering by introducing a scaling factor has been shown to reproduce
correct device performance [31,32].

Concerning the lack of momentum dependence of the deformation
potentials in our approximation, we claim that this does not severely af-
fect our results, which we will verify when comparing our results with
previous work in Section 5. There is one notable exception. The acous-
tic phonons in Fig. 4 (b) demonstrate a zero in the phonon energies
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Fig. 4. Wannier interpolated band structure (a) and phonon dispersion (b) of
MoS, obtained by ATOMOS using the matrix elements provided by Perturbo.
The band gap energy, E,, threshold energy for acoustic phonon mode damp-
ing, E,, and the different phonon branches are denoted. (c) The deformation
potentials for each phonon branch as a function of q for k at I" as provided by
Perturbo (full lines) and after removing interaction parameters to reduce the
computational complexity in ATOMOS (dashed lines).

when q is at the I'-point. This is expected as acoustic phonons at the
I'-point correspond to a mere lattice displacement. However, this zero
phonon energy results in a singularity in the phonon Green’s function
due to both the displacement and the Bose-Einstein distribution function
tending towards infinity for zero-energy phonons [33]. This singularity
is negated by a zero in the deformation potential for intraband transi-
tions. The deformation potentials for the acoustic phonons in Fig. 4 (c)
do not demonstrate such a zero as the plotted deformation potentials are
an average over all intraband and interband transitions. Differentiating
between interband and intraband transitions results in the deformation
potentials shown in Fig. 5.

It can be seen that the deformation potentials in Fig. 5 demonstrate
abrupt jumps when varying q. These jumps are related to electronic
bands crossing at k + q, obfuscating the difference between intraband
and interband transitions. The discussion should therefore be limited
for q near the I'-point. The intraband deformation potentials demon-
strate zeros for 6 phonon branches at the I'-point, including for the
3 acoustic phonon branches. The interband transitions do not demon-
strate this symmetry. However, their contribution to the self-energy is
prohibited by energy conservation. The difference in energy between
different electronic bands and the fact that the phonon energy is zero
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Fig. 5. The deformation potentials for each phonon branch of MoS, as a function
of q for k at I" as provided by Perturbo for intraband (a) and interband (b)
transitions.

for acoustic phonons for q at the I'-point asserts that these transitions
do not happen. It is thus clear that, while one could claim that the mo-
mentum dependency of the deformation potentials in Fig. 4 (c) is not
very strong except for the LO, phonons, the momentum dependency
is essential for negating the singularity in the phonon Green’s function
for intraband transitions. However, the matrix elements between Wan-
nier functions do not allow for distinguishing between intraband and
interband transitions as every Wannier function has contributions from
every band. Indeed, employing our approximation of the matrix ele-
ments without further consideration results in unstable simulations due
to the singularity of the phonon Green’s function at the I"-point. A com-
plete description including all matrix elements in (31) and (32) should
preserve the negation of the singularity. However, including all matrix
elements is prohibitively expensive and, in contrast to other work where
the form of the Hamiltonian naturally provides a self-energy expression
that negates the phonon singularity [9], it is unclear which matrix ele-
ments are essential.

A full comparison of different approximations is outside the scope of
this work and we keep it for future research. Here, we choose to negate
the singularity by damping the phonon Green’s function at low energies.
This is similar to how one can resolve the divergence of the scatter-
ing rate for out-of-plane transverse acoustic mode (ZA) phonons in 2D
materials lacking out-of-plane mirror symmetry [33]. In this approach,
ZA phonons are stiffened for wavelengths above a certain threshold 4.
This threshold wavelength can be related to a threshold energy E, as
indicated in Fig. 4 (b). Here, we choose a threshold A, = 1 nm, result-
ing in a value Ej=11.83meV, 10.26 meV and 8.77 meV for MoS,, WS,
and WSe,, respectively. Concerning the damping of the phonon Green’s
function, we choose for the least intrusive procedure that negates the
singularity. This is achieved by having a damping factor equal to O for
hw =0 and equal to 1 for hw = E. Additionally, we choose for a smooth
transition between damped and undamped behavior, i.e., the slope of
the damping factor was chosen to be zero at E,. These requirements
result in the following damping scheme

2
s h
DZL(W)‘—DEL(G))<1—<1—E—Z)> >f0rhw<E0 (44)
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3.3. FFT-based implementation of the self-energy calculation

3.3.1. Premise

Despite the approximations made concerning the sparsity of the ma-
trices in (31) and (32), the evaluation of these expressions still intro-
duces a significant computational cost in the calculation. The energy
integrals in Section 2.2 are evaluated by evaluating the Green’s function
on an energy grid and can hence be computed in O(Ng N | ) time, where
N denotes the number of energy points of the energy grid. Hence, (31)
and (32) also need to be evaluated Ny N, times, but a single evaluation
itself scales as O(N N ) due to the fact that the self-energies depend
on the Green’s function at all energies and k-points. The total cost of the
self-energy calculation thus scales as O(N % Ni). Indeed, for the number
of energy grid points and k-points required to converge to a sufficiently
accurate result, a few hundreds and about 10, respectively, the compu-
tational cost of the self-energy calculation dwarfs the cost of the Green’s
function evaluation.

We propose an alternative to direct evaluation of (31) and (32). As
Mlv(mu is independent of w, (31) and (32) are essentially convolutions
of two energy dependent functions, which is expressed on a discrete
energy grid as

>S[k] = Z GS[k — 1DS[1] + GS[k + 11 D3[1], (45)
1

S[k] = 2 GS[NG3[l - k. (46)
1

For the sake of clarity, we dropped the subscripts in the notation and
the multiplications are actually tensorial products involving the M, q

L-91

matrix. However, it should be noted that this statement is entirely gen-

. e pe . . < <
eral and does not rely on our simplification on the matrices X~ , Hq>i’
L

Gi, D(i and MIV{LqL in the discussion above. (45) and (46) merely
rewrite (31) and (32) in a more dense format compatible with discrete
energy grids, irrespective of which approximations are introduced on
the matrices involved.

Convolutions of series with significant kernels can be evaluated effi-
ciently by Fourier transforming both series, performing an element-wise
multiplication and performing an inverse Fourier transform to obtain the
final result. However, this technique requires that the energy grids on
which the different functions are evaluated, are identical. Additionally,
these grids are required to be equidistant. Both of these requirements
are typically not met for (31) and (32). Shifts in energy are of no con-
sequence as the integrals in (31) and (32) do not directly depend on
the energy. However, the range of the energy windows that the electron
and phonon Green’s functions are evaluated on is usually also different,
which typically results in different grid spacings. For instance, the en-
ergy window for the phonons of MoS, is usually no larger than 65 meV,
but for the electrons the energy window can be 10 to 30 times larger
depending on the potential in the device. Assuming an equidistant grid
of N = 1000 points, an ON-state simulation of the device in Fig. 3
typically results in an energy grid spacing of 1 meV for electrons and
0.06 meV for phonons. Additionally, the Green’s functions are charac-
terized by Van Hove singularities, which require a dense energy grid to
be evaluated accurately [34]. ATOMOS applies an adaptive grid strat-
egy to locally refine the energy grid near singularities [35]. This allows
the integrals in (38)-(41) to be evaluated efficiently and to extremely
high accuracy without increasing the computational cost unnecessarily
by also having a dense energy mesh where the Green’s functions are
smooth. This adaptive grid strategy, however, also implies that the en-
ergy grids are usually not equidistant.

The obstacles of having non-equidistant grids over different energy
window sizes could be resolved by refining the energy step size every-
where in the electron and phonon energy grid to its most refined part
and by extending the smaller energy window, usually the phonon energy
window, to the larger energy window size. This would, however, result
in much higher computation times and memory requirements. The extra
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computation time related to evaluating additional energy points could
be reduced by linearly interpolating the Green’s functions between its
evaluations on the nearest energy points. Indeed, interpolation is also
used for direct evaluation of (31) and (32) [36]. The self-energy is calcu-
lated for every w on the energy grid and uses every o’ on the energy grid.
As the energy grids are not necessarily equal and equidistant,  — @/,
®+ @' and @’ — w are not necessarily on the energy grid. However, as
the energy grid is refined to capture all features of the Green’s functions,
it can be assumed that the Green’s function can be obtained at these in-
termediate energies by interpolating the Green’s function between its
neighboring energy grid points. Likewise, extending the energy grid
for the Green’s function with the smaller energy window size is read-
ily achieved by padding with zeros.

Interpolation and padding can thus reduce the cost of evaluating the
Green'’s function on a large dense grid. However, storing these interpo-
lated and padded Green’s functions still gives rise to significant increases
of the memory footprint and the Fourier transform and the evaluation
of the Fourier transformed self-energies on a large dense grid still results
in inflated computation times.

3.3.2. Difference in energy window

Let us first focus on the general difference in energy window sizes for
the electron and phonon Green’s function. For this, we assume that both
Green’s functions are evaluated on an equidistant grid with an equal
number of energy points Ny. As mentioned above, the difference in
relevant energy window sizes implies that despite the equal number of
energy points, both grids are not equal. Without loss of generality, we
can state that the electron energy window is a factor m larger than the
phonon energy window, where m can be made an integer by increasing
either energy window slightly if necessary. The discussion above indi-
cates that generally m =~ 17. The conventional implementation of the
self-energy computation is then given by Algorithm 1. The double sum
gives rise to the quadratic time complexity. The unequal energy grids
requires an interpolation step.

Algorithm 1 Conventional self-energy computation.
1: for kin 0..N -1 do

2 IS[k] <0

3 for1in 0..N -1 do

4 G,y < Tnterp(G5[[k - £11,G5[ [k - L))
5 I5[k] < Z5[k] + G, DS1]

6: G,y < Interp(GS[[k+ 11, GS[[k+ £ ]])
7 25[k] < Z5[k] + G, D[]

8 end for

9: II5[k] < 0

10: forli in 0..Ng-1do

11: G;mp < Interp(G3[[I - £11.G5[|/ - = ]])
12: IS [k] < IS [k] + G5 [11G,,,

13: end for

14: end for

To enable an FFT-based computation of the self-energy computation,
the energy grids must be made equal. The electron Green’s function is
thus interpolated m — 1 times between every pair of evaluated energy
points. The phonon Green’s function is extended by appending (m —
1)N zeros. This is demonstrated in Algorithm 2 and shown for the
evaluation of the first term in (45) in a schematic way in Fig. 6 (a) for
m=3.

As stated above, this results in a significant increase of the memory
footprint and the time complexity of the self-energy computation. Now,
mNp instead of N Green’s functions need to be stored. The Fourier
transform and inverse Fourier transform is required on a grid of size
mN g, having time complexity O(mN g log(mN)). The evaluation of the
Fourier transformed self-energy has time complexity O(mN ), which is
arguably better than O(N é) for the conventional convolution-based im-
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Algorithm 2 Naive FFT-based self-energy computation.

: forkmO .mNp—1do
[k](—Interp(G>[f 11.G5[ [ 1D

mrerp

: end for

: forkin Ng..mN, -1 do
DS[k] <0

: end for

: g5[k] « FFT(G;mP[k])

. dS[k] < FFT(DS[k])

: forkin 1.mN; —1 do

(k=0.mNj—1)
(k=0.mN, —1)

© P N WA WwN =

10:  oS[k] « gS[kldS[k] + g5[kld3[—k]

1 7S[k] < g5[klg2[—k]

12: end for

13: IS[k] < iFFT(cS[k]) (k=0.mN —1)
14: TIS[k] < iFFT(zS[k]) (k=0.mNy—1)

(a) DIK]

A =HT1+

Gk]
Ginterp [k] = T it T

(b)
G | 1 4

ot |1t

Fig. 6. (a) A schematic showing how the first term in the electron self-energy
is a convolution of the phonon Green’s function and the interpolated Green’s
function and how the interpolated Green’s function is itself a convolution of
the original Green’s function evaluations only, G[k], and a function I[k]. (b) A
schematic showing how g[k], the Fourier transform of G[k], is a repetition of
the Fourier transform of G[k] on the original electron energy mesh.

plementation, but still significant due to the tensorial product involving
the M}, La matrix.

We can alleviate these high computational requirements by perform-
ing the interpolation of the electron Green’s function implicitly, as indi-
cated by the second part of Fig. 6 (a). The interpolated Green’s function
can namely be written as a convolution of the original Green’s function
evaluations with intermediate zeros for the interpolation points, which
we’ll refer to as G[k], and the function I[k], with

_ Ik i -
I1k] = ” if |k| <=m 47)
0 else

assuming zero-based numbering. The first term in the self-energy in (45)
is thus the result of a double convolution. The double sum in this double
convolution can be reduced to an element-wise multiplication by Fourier
transforming G[k], D[k] and I[k] into g[k], d[k] and i[k],

mNg
S[k] = Z Glk — 1 — RIDUII[A]

mNg mNg 2ri(k=I-h)k'
= Z Z —g[k’]e "NE
(48)
mNg 1 _2zit’ ™NE 2rinh!
i “mNg - mN
> N d[l'le” ™ e 2 l[h]e £

[/
kak'

__1 ST AT 1T 0™ N
—mNE;g[k]d[k litk'le” ™Ne
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where we used the identity

mNg _2zil(’ k')
e mNEg

= mNEél/k/ . (49)

Furthermore, as denoted in Fig. 6 (b), g[k] merely consists of rep-
etitions of g[k], the Fourier transform of G[k] on the original electron
energy mesh. Additionally, the electron Green’s function is only evalu-
ated on every m’th grid point. X[k] is therefore only required on every
m’th grid point. These considerations allow for a further simplification,

mNg —2zimkk!

Z[mk] =—— 2 Ik 1dIK" ik Je "NE
E

NE m —2zikk

Zng +nNgld[k' +nNglilk' + nNgle e (50)

mNE

—2aikk’

=—Zg[k’]d Kle Ne

Ek'

with

m
iri’! 1 / .1/
d[k]_zzn:d[k +nNglilk' + nNg]. (51)

The final line in (50) indicates that the first-term contribution to
the electron self-energy in (45) can be computed as the inverse Fourier
transform of a series of N elements. These N elements are the result
of a product between the first N terms of g[k], which can be obtained
by Fourier transforming the original electron Green’s function evalua-
tions on a grid of N energy points, and a modified Fourier transformed
phonon Green’s function d[k]. We have thus bypassed having to store
and Fourier transform mN electron Green’s function as storage and
Fourier transformation of N electron Green’s functions is sufficient.
Additionally, the expensive tensorial product involving the M} |.q, M-
trix only has to be performed N times instead of mN tlmes albeit
with a modified Fourier transformed phonon Green’s function d[k].

Computing d[k] still involves mN j multiplications, as indicated by
(51). Additionally, obtaining the required d[k] and i[k] involves two
Fourier transforms on a grid with mN points, once for D[k] and once
for I[k]. However, the mN g multiplications in (51) are regular multi-
plications instead of expensive tensorial products as the values of i[k]
are mere numbers. Likewise, the computational cost of Fourier trans-
forming and storing I[k] is negligible due to the series consisting of
mere numbers instead of Green’s functions for a complete device. The
only significant computational cost inflated by a factor m is therefore
the Fourier transformation and storage of a phonon Green’s function
padded with zeros to a size of mN . Note, however, that d[k] is never
used directly, but only to compute d[k], which has only N entries. As
(51) involves regular multiplications, this can be done separately for ev-
ery matrix element of d[k]. One can thus consider every matrix element

;LK separately, pad it with zeros, Fourier transform it to d; Lkl and
use it to compute d ;[k], before continuing to the next matrix element.
There is therefore never aneed to store mN g complete Green’s function
matrices, implying that the memory footprint also need not be inflated
by the factor m. The only increase in computational cost by having dif-
ferent energy windows is due to the fact that Fourier transforms of the
phonon Green’s function have to be performed on a grid with mN en-
ergy points.

This discussion is entirely general and can readily be extended to the
second-term contribution to the electron self-energy in (45). The result
is

—2mikk’
I3[kl = Z (?[k’]d“ﬂk’] + g§[k’]ﬁ[—k’]>e~—s, (52)

Ekr

where k is an index on the original electron energy mesh.
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A similar approach is possible for the phonon self-energy. (46)
contains the electron Green’s function twice. In the direct evaluation
scheme, G[!] corresponds to values on the original electron mesh and
only G[/ — k] is interpolated,

mNpg

I[k] = Z GGl = k = n]I[n). (53)
Iin

This, however, treats the two electron Green’s functions asymmetri-
cally. Alternatively, one can interpolate both electron Green’s functions
on the refined mesh,

mNE
I[k] = 2 Gl — h)G[l — k — nlI[h)I[n]. (54)
/h n

The resulting expressions are

1 mN g —2nikk!
k= —— 3 (g”g[k’]g”z[—k’]i[k’]>e Ve (55)
E p
and
mNg —2nikk!
M5k = —— <§§[k’]§2[—k’]i[k’]2>e Ve, (56)
m-Ng 5
respectively.

As discussed above, the required functions g[k] can be obtained with
a Fourier transform of the original electron Green’s function on an en-
ergy grid of size N. The expressions in (55) and (56) express a need
for expensive tensorial products involving the M} q matrix on a grid
with size mN. g[k] is, however, periodic and only has N different
entries. This implies that the expensive product will also only have N
different entries and, hence, only needs to be computed N times.

i[k] is not periodic and the multiplication with i[k] needs to be per-
formed m N times, but since i[k] is a number, this multiplication is not
expensive. The result of the multiplication with i[k] needs to be stored
and Fourier transformed to the phonon self-energy on an energy grid
of mN points. Similarly to the creation of d[k], this can be done for
each matrix element separately. One can thus first compute the N en-
tries of 7[k] = g5[k]g2[—k], consider a series of single matrix elements
#; ;jLk], transform it to a grid of size mN g by periodically multiplying it
with i[k], Fourier transform the result to II; ;[k] and remove all but the
first Ny entries before continuing to the next matrix element. This last
step is allowed as the phonon Green’s function is only evaluated on the
first N grid points of the dense large mesh. There is therefore never a
need to store mN complete self-energy matrices, confirming that the
memory footprint need not be inflated by the factor m.

The considerations above are summarized in Algorithm 3, demon-
strating that for equidistant grids, an efficient FFT-based calculation of
the self-energies is possible, even when the electron and phonon energy
mesh have significantly different ranges. We would like to note that
none of these considerations depend on our simplifications of the ma-
trices E l'Iqi, Gli, Dq§l and Ml‘imu
The assurned sparsity of these matrices does allow for a cheaper evalu-
ation of the involved tensorial products, but otherwise has no effect on
the analysis in this section.

Some additional considerations must be made, however. As a linear
convolution is desired, both the electron and phonon Green’s function
must be padded to avoid a cyclic convolution. Additionally, this discus-
sion is entirely general for the convolution of interpolated functions and
need not be limited to the specific case of electron and phonon Green’s
functions and self-energies. The computation of SS[k] from DS[k] and
G5[k] in Algorithm 3 is readily extended to the case of obtaining a
coarse grid convolution of a function evaluated on a dense grid and
a function evaluated on the coarse grid and interpolated to the dense
grid. Likewise, the computation of [15[k] from GS[k] and GZ[k] in
Algorithm 3 is readily extended to the case of obtaining a dense grid

in the discussion in Section 3.2.
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Algorithm 3 Final FFT-based self-energy computation.
1: g5[k] < FFT(GS[K]) (k=0.N,—1)
2: i[k] < FFT(I[K]) (k=0.mN, —1)
3: fori,jin 0.N,,, —1do
4: forkin N;p.mNp—1do
5 D3 [k] <0
6: end for
7. d k] < FET(D [K])
8
9

(k=0.mNg—1)
forkin 0..N; —1 do

dfj [k] <0
10: fornin 0..m—1do
11: di[k] — ij[k] + 7di[k+nN':i[k+nNE]
12: end for
13: end for
14: end for

15: for kin 0..N; — 1 do

16:  oS[k] « gS[kldS[k] + g5 [k)d3[—k]
17: #5[k] < gS[klg3[—k]

18: end for

19: I5[k] < iFFT(cS[k]) (k=0.Np—1)
20: for i,j in 0..N,,, — 1 do

21: forkin 0..Np —1do

22: for nin 0.m—1 do

23: 2 lk+nNg) < 7 [Klilk +nN g]

24: end for

25: end for

26: Hfj[k] - iFFT(nfj[k]) (k=0.mNy —1)

27: end for
(a (b ot fanction
© ©
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©  Function on adaptive grid points
Adaptive-grid-interpolated function
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g
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Fig. 7. Calculation of the self-energy for a toy-problem set of Green’s functions.
(a) shows an exemplary electron Green’s function, its adaptive grid evalua-
tions and the function interpolating these adaptive grid evaluations. (b) shows
the phonon Green’s function and (c) shows the convolution according to (45),
both for the exact electron Green’s function and the function interpolating the
adaptive grid evaluations. Finally, it also shows the effect of interpolating the
self-energy grid on an equidistant grid instead of direct evaluation on interme-
diate points.

convolution of two functions that are evaluated on a much coarser grid
but interpolated on the dense grid for the convolution. Finally, during
Fourier transformation of the energy mesh, Green’s function entries of
vastly different size are mixed, e.g., the electron Green’s function in the
band gap is mixed with the Green’s function in the conduction band for
an n-type transistor. After self-energy calculation and inverse Fourier
transformation, the self-energy in the band gap will thus have a ma-
chine precision error relative to the self-energy in the conduction band,
which can be many orders of magnitude higher than the self-energy in
the band gap. We will refer to this error on the self-energy as the energy
mixing error.
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3.3.3. Non-equidistant grids

The limitation concerning non-equidistant energy grids is not re-
solved as readily. A possible solution is to abandon the adaptive grid
strategy and apply a globally dense equidistant energy grid. However, it
is shown in Appendix D that even for a relatively fine equidistant grid of
N =1000 grid points per k-point, the adaptive grid still tends to add a
considerable number of additional points, implying that the integration
error would otherwise still be significant. This result might be slightly
inflated by the fact that it is based on ballistic data and that electron-
phonon scattering tends to partially smoothen out the very sharp van
Hove singularities. However, according to the authors’ experience, even
with electron-phonon scattering, the number of adaptively added grid
points can be significant. Additionally, we would like to employ the full
power of ATOMOS’ adaptive grid strategy for optimal computational ef-
ficiency. We thus investigate the influence of using the full adaptive grid
for the Green’s function evaluations, while using an equidistant grid for
the self-energy computation in order to enable the FFT-based implemen-
tation.

Fig. 7 shows an example of a non-equidistant energy grid being used
to resolve two peaks in the electron Green’s function. The function in-
terpolating the adaptive grid evaluations is nearly superimposed on the
function itself. The phonon Green’s function has a significantly smaller
energy window of relevance and is sampled on a dense grid, which is
appended with zeros. The convolution of the two according to (45), ef-
fectively results in a smoothing of the electron Green’s function. The
results for the exact electron Green’s function and the function inter-
polating the adaptive grid points are nearly identical. However, Fig. 7
shows that even if a methodology based on an equidistant grid could re-
produce these results, an error will still be introduced as the results are
only obtained on this equidistant grid. For intermediate points, inter-
polation of the self-energy is required, which does not properly capture
the features of the self-energy at all energies. We will refer to this error
as the self-energy interpolation error.

Additionally, when an equidistant grid is used instead of an adaptive
grid, the computation of the self-energy is usually susceptible to errors,
even on the equidistant grid points itself. This is illustrated in Fig. 8.
Two strategies for reduction of the adaptive grid to an equidistant grid
are shown. The first approach merely leaves out any grid refinements in
the adaptive grid. The effect is that the total mass of certain peaks can
be overestimated, underestimated, or even completely missed, with the
corresponding effect on the self-energy. The second approach divides
the energy window in sections, one for each equidistant grid point. The
Green’s function of each section is determined as the weighted average
of the evaluations on the adaptive grid points in that section. This better
preserves the total mass of features in the Green’s function, and hence,
the self-energy. However, the shapes of features in the energy profile
of the self-energy are altered. We will refer to the error introduced by
converting the Green’s function evaluations on an adaptive grid to an
equidistant grid, as the Green’s function conversion error.

The influence of these three types of errors, the energy mixing error,
the self-energy interpolation error and the Green’s function conversion
error, on macroscopic properties such as the current, heat current and
charge, are the focus of Section 4.1.

4. Model testing
4.1. Error estimate of FFT-based self-energy calculation

In Section 3, we introduced definitions for different types of errors
made by the approximations in the FFT-based self-energy calculation.
They are summarized here as

 The energy mixing error, arising during Fourier transformation be-
cause the Green’s function at all energies in the energy window are
mixed. Some of these entries are orders of magnitude larger than
others. Machine precision errors on a large-value Green’s function,
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(a) -+~ “Leave-out” equidistant-grid-interpolated function (b __ "Leave-out” equidistant-grid-
interpolated convolution
3 ) I/ N2
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Energy Energy
(C -~ "Averaged” equidistant-grid-interpolated function (d) __ "Averaged” equidistant-grid-
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3
21
Energy Energy

Fig. 8. The effect on the self-energy of using an electron Green’s function ap-
proximation interpolating an equidistant mesh. The equidistant mesh can be
achieved by leaving out any intermediate adaptive grid points (a) or by averag-
ing the nearest adaptive grid points (c). The effects on the self-energy are shown
in (b) and (d), respectively.

e.g., at the bottom of the conduction band, thus result in large rel-
ative errors on small-value Green’s functions, e.g., in the middle of
the band gap. The same is true for the self-energies during the in-
verse Fourier transformation. In the conventional implementation
of (31) and (32), the Green’s functions are only mixed with entries
relatively close in energy due to the limited energy window of the
phonon Green’s function. In the FFT-based implementation, all en-
ergies are mixed, which can amplify this error.

The self-energy interpolation error, arising because the self-energy
computed by the FFT-based implementation is only provided on an
equidistant grid. The adaptive grid also requires the self-energy on
intermediate points, which are obtained by interpolation.

The Green’s function conversion error, arising because the Green’s
function evaluations on a non-equidistant adaptive grid need to be
converted to an equidistant grid for Fourier transformation. Fig. 8
showed two ways of achieving this: either by leaving out any evalu-
ations on adaptively added grid points or by averaging the adaptive
grid evaluations.

These errors have to be compared with the integration error, in-
troduced by performing the integral in (38)-(41) using a finite set of
integration points. An estimate of this integration error can be obtained
by comparing the obtained results with the results for a strongly refined
energy grid. The integration error is not related to the FFT-based im-
plementation of the self-energy calculation, but is always present, even
with ATOMOS’ adaptive grid. Additionally, an estimate of the integra-
tion error determines how the adaptive grid is refined. ATOMOS starts
from an initial equidistant grid, which is then further refined in order to
reduce the error below a certain threshold. Here, we impose a relative
error threshold of at most 1% on certain macroscopic parameters such
as the electron current, phonon heat current and electronic charge den-
sity. However, a minimal initial grid density is required for the adaptive
grid refinement to work. We show in Appendix D that this minimal ini-
tial grid density corresponds to ~100 equidistant initial grid points. We
also show that a significantly denser equidistant grid is required if we
desire the errors introduced by the FFT-based computation to be of the
same magnitude as the imposed threshold.

The energy mixing error is several orders of magnitude smaller than
the integration error for all energy grid densities. The self-energy in-
terpolation error and the Green’s function conversion error require an
equidistant grid of ~1000 and ~500 grid points, respectively, to achieve
a relative error of 1% on the macroscopic electronic parameters. Addi-
tionally, the “averaged” approach should be used to convert the Green’s
functions on the non-equidistant grid to an equidistant grid. Finally,
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even for the rather dense initial equidistant grid of ~1000 grid points,
an error of several percent can be present on the phonon heat current.

This error of several percent on the phonon heat current is due to the
Green’s function conversion error creating phonons at slightly shifted
energies. It can be seen from Fig. 8, that the “leave-out” approach has the
tendency to locally over- and underestimate the self-energy as a func-
tion of energy and that the “averaged” approach has the tendency to
get the total mass of the self-energy correct, but that the mass is shifted
slightly in energy. The self-energy is the cause of the creation and anni-
hilation of particles. The total mass of the self-energy thus determines
how many particles are injected and removed. The “averaged” approach
therefore achieves a correct number of particles that are injected and
removed. Indeed, it was verified that the number of phonons at 1000
initial equidistant grid points was not altered more than 1% by the “av-
eraged” approach. The particles are, however, created at slightly shifted
energy. Since both the electron and phonon self-energy depend on the
electron Green’s function, the shift in energy is at most the equidistant
energy grid spacing for the electrons, i.e., usually 1 meV as stated above.
Such a shift does not have a large effect on the electronic macroscopic
parameters such as the current and the charge, especially since the elec-
tron current and electron charge do not depend on the energy of the
electrons. Hence, introducing electrons at a slightly wrong energy has
no direct influence on the computed electronic properties. For phonons,
the energy shift is much more significant as 1 meV corresponds to a more
significant part of the phonon energy window. Additionally, the phonon
heat current does depend directly on the phonon energy. Hence, intro-
ducing phonons at a slightly wrong energy has a much stronger influence
on the related computed property. We would like to note, however, that
electronic scattering depends on the number of phonons, which is cor-
rect, and that the shift in energy is small compared to the features in
the electronic Green’s functions. This implies that the effect on the elec-
tron scattering will be small, which is the main interest in our research
on the self-heating.

4.2. Computation time reduction by FFT-based self-energy calculation

In Section 4.1, it was shown that the self-energy can be computed us-
ing an FFT-based implementation at the cost of increasing the number of
initial grid points, from ~100 to ~1000, and introducing a 1% error on
the electronic output parameters of the device and a few percent error on
the heat current. Note that this tenfold increase of the number of initial
grid points does not give rise to a tenfold increase of the Green’s function
computation time. As shown in Appendix D, the number of adaptively
added points does not increase accordingly or even decreases. Timing
tests on a single Intel Xeon Gold 6132 processor showed an increase of
the computation time by only 60% by this tenfold increase of the ini-
tial of the initial grid. The reduction in the computation time of the
self-energy is, however, significant, as shown in Fig. 9.

Fig. 9 (a) shows the computation time to compute the self-energies
using the conventional convolution-based implementation for a single
non-self-consistent iteration on a single Intel Xeon Gold 6132 processor.
Note that no quadratic dependency can be observed as the computation
time depends on the total number of grid points, which is not linearly
dependent on the number of initial grid points. The computation time
is dominated by the electron self-energy as this depends on the phonon
Green’s function, which is characterized by more grid points than the
electron Green’s function.

Fig. 9 (b) shows the computation time for the self-energies using the
FFT-based implementation. The computation of the Fourier transformed
self-energies scales linearly with the number of equidistant initial grid
points, as expected. The averaging approach to convert the adaptive grid
to an equidistant grid scales slower than linearly as it scales with the
number of adaptive grid points. The majority of the computation time
is related to the Fourier transform and the inverse Fourier transform,
which scales as O(Nglog Ng). Note that, despite the higher required
initial grid size of ~1000 energy points, the total computation time is
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Fig. 9. The computation time of calculating the self-energies for a single non-
self-consistent iteration of the system in Section 3.2 as a function of the number
of initial equidistant grid energy points. (a) and (b) show the computation times
for the conventional convolution-based implementation and the FFT-based im-
plementation, respectively. The dotted lines indicate the required number of
initial energy grid points for an estimated relative error of 1% on the electronic
properties.

still significantly lower than for the conventional implementation with
~100 initial grid points, differing by a factor of ~500.

With the conventional implementation, the self-energy computation
takes 98% of the total computation time for a single Born iteration, when
performed on a single processor. With the FFT-based implementation,
this reduces to 9%. Additionally, the Fourier transform computation
time scales linearly with the number of k-points and the computation
can be done in parallel for every degree of freedom of the system, i.e.,
for the Green’s function on every orbital or atom. The FFT-based imple-
mentation thus readily allows for an increase of the number of k-points
or parallelization of the self-energy calculation. Also the computation
of the Fourier transformed self-energies can be parallelized more easily
than the conventional convolution-based self-energy calculation. As can
be seen from (52) and (55), the Fourier transformed self-energy at grid
point k" only depends on the Fourier transformed Green’s functions on
grid points k' and —k’, in contrast to the conventional convolution-based
computation, which requires the Green’s functions on every grid point.
Parallelization of the FFT-based self-energy computation thus requires
at most a doubling of the memory requirements, whereas for the con-
ventional convolution-based implementation, the memory requirements
scale with the number of cores. Fig. 10 shows the parallel efficiency of
our parallel implementation for a single non-self-consistent self-energy
calculation as a function of the number of cores for the FFT-based im-
plementation, where the parallel efficiency is defined as

Time on 1 core

Efficiency(N) = —————————.
N - Time on N cores

(57)

4.3. Choice of phonon self-energy interpolation scheme

In the FFT-based self-energy computation, there are two choices for
the interpolation scheme of the electron Green’s function during the
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Fig. 10. The parallel efficiency of calculating the self-energies as a function
of the number of cores for a single non-self-consistent iteration of the system in
Section 3.2 with a parallelized FFT-based implementation with 1000 equidistant
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initial equidistant grid energy points.

calculation of the phonon self-energy, corresponding to (55) and (56),
respectively. In the discussion above, (55) was used in all simulations
with the FFT-based implementation. This choice was not well-founded.
However, Fig. 11 demonstrates that the difference between these two
choices is significantly lower than the equidistant-grid errors discussed
above.

5. Self-consistent coupled electron phonon transport in a device

The discussion in Section 4 showed that the FFT-based self-energy
computation can provide an efficient way to perform fully coupled trans-
port simulations. We now extend that discussion to more than a single
Born iteration. The number of Born iterations that is required to achieve
a converged current, charge and phonon heat current as well as current
conservation in the channel depends on the gate voltage, but on aver-
age 150 Born iterations were required for each bias point, which would
make the conventional convolution-based implementation exceedingly
expensive. The resulting electron local density of states and current and
phonon heat current spectra for a converged simulation of the MoS,
device in Section 3.2 are given in Fig. 12. Fig. 12 (a) shows the elec-
tron density of states as a function of the position in the device, nicely
demonstrating the variation of the bottom of the conduction band with
the potential. Fig. 12 (b) shows the electron current spectrum. It can be
seen that the current behaves quasi-ballistic until it reaches the drain
extension region. The availability of lower-energy states then allows
for heat dissipation as the electrons lose energy to generate additional
phonons. This is confirmed by the phonon heat current spectrum in
Fig. 12 (c). Phonons are generated in the drain extension region and
travel away in both directions. Peaks in the phonon heat current can be
distinguished, which are attributed to peaks in the phonon density of
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Fig. 13. The heat related to the phonon Green’s function for a converged fully
coupled simulation of the system in Section 3.2, and a converged dissipative sim-
ulation with phonons kept in equilibrium. Both curves are given as a function
of the position along the transport direction and are normalized by the equilib-
rium phonon heat in the middle of the device.
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Fig. 14. The source-drain current for converged simulations of the system in
Section 3.2 as a function of the gate potential. The current is shown for the bal-
listic case, the case with scattering by phonons in equilibrium, the fully coupled
case and a reference case to validate our model.

states, which is uniform throughout the device as it is not influenced by
potential variations. Fig. 13 compares this heat generation with a simu-
lation with equilibrium phonons. The heat of the equilibrium phonons
is, as expected, independent of the position. Compared to the equilib-
rium phonon case, the heat of the fully coupled simulation is higher
everywhere in the device. It reaches a maximum in the drain extension
region, where the phonons are generated, and decreases further away.

The source-drain current as a function of the gate bias is shown in
Fig. 14. Four curves can be distinguished: the results for a ballistic sim-
ulation, where the electron self-energy is kept at zero, a simulation with
electron-phonon scattering with phonons at equilibrium, achieved by
computing the electron self-energy but keeping the phonon self-energy
at zero, and a fully-coupled simulation, where both the electron and
phonon self-energy are computed. The fourth curve corresponds to a
reference simulation based on an established model used in previous
work [6], but adapted to our device geometry and bias conditions. This
established model is based on phonons in equilibrium with a fixed tem-
perature and can, hence, not be extended to incorporate self-heating.
However, the model does not make use of the approximations on the
matrix elements discussed in Section 3.2. It can therefore act as a refer-
ence for our simulation with electron-phonon scattering with phonons
at equilibrium and validate the approximations that we made. It is seen
in Fig. 14 that the influence of scattering on the subthreshold regime is
limited. The ON-state current, however, is reduced by 66%, consistent
with the conclusions from previous work that electron-phonon scatter-
ing should be incorporated to correctly predict the device performance.
Additionally, the results for our model with electron-phonon scatter-
ing with phonons at equilibrium are nearly superimposed on the results
of the reference simulation. We interpret this as an indication that our
model is qualitatively correct and that rescaling of the matrix elements
and damping of the phonon Green’s function correctly compensates for
neglecting the long-range interactions. Finally, the results for a fully cou-
pled simulation and a simulation with equilibrium phonons are nearly
identical, differing by a mere 6% in the ON-state current. For the MoS,-
based device of Section 3.2, self-heating effects thus have negligible
influence on the device performance.

Similar device simulations for WS, and WSe,-based devices give
slightly different results, as shown in Fig. 15. Fig. 15 (a) shows the results
for the c-factors computed in Section 3.2. While qualitatively similar
behavior is observed, the results do not match equally well with the ref-
erence simulation as for the MoS, case. Additionally, the influence of
self-heating is more pronounced for these materials and WSe, demon-
strates a slightly stronger influence of the effect of electron-phonon scat-
tering altogether. For WS,, incorporating electron-phonon scattering
results in a decrease of the ON-state current of 66% and incorporating
self-heating decreases it further with 16%. For WSe,, electron-phonon
scattering degrades the ON-state current with 82% and self-heating de-
creases it further with 32%. In both cases, the additional degradation
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Fig. 15. The source-drain current in ON-state for devices based on the system in
Section 3.2 for MoS,, WS, and WSe,. The current is shown for the ballistic case,
the case with scattering by phonons in equilibrium and the fully coupled case
and a reference simulation. (a) shows the results for the values of ¢ computed
in Section 3.2. (b) shows the results for values of ¢ obtained to ensure matching
results between the equilibrium phonon case and the reference simulation.

by self-heating appears to be on the order of the mismatch with the ref-
erence simulation, which makes it difficult to interpret whether these
predicted self-heating effects are accurate. We therefore performed a
second set of simulations with fitted c-factors in order to ensure match-
ing results with the reference simulation, based on the principles used
to compensate for neglecting off-diagonal elements in previous work
[32]. The values found for WS, and WSe, are ¢ = 6.7327 and 4.9643,
respectively. The results are shown in Fig. 15 (b). In this case, for WS,,
incorporating electron-phonon scattering results in a decrease of the ON-
state current of 60% and incorporating self-heating decreases it further
with 11%. For WSe,, electron-phonon scattering degrades the ON-state
current with 71% and self-heating decreases it further with 29%. As
expected, both the direct effect of electron-phonon scattering, as well
as the effect of self-heating is reduced for the lower values of c. The
self-heating effects are, however, still more pronounced for WS, and es-
pecially for WSe, than for MoS,.

A proper investigation of the approximations made in this work by
neglecting long-range interactions might be useful. A comparison of sim-
ulations with different levels of approximations in the matrix elements
would be exceedingly expensive with the conventional convolution-
based method of computing the self-energy, but might be feasible with
the FFT-based implementation introduced in this work. This is never-
theless considered outside the scope of this work and we leave it for
future work. Here, we limit ourselves to the observation that the effect
of room-temperature phonons clearly dominates the device performance
in all cases and neglecting self-heating effects does give a qualitatively
correct description. In some cases, such as for WSe,, the effect of self-
heating is not completely negligible and should be included if a highly
accurate prediction of the device performance is required.

It should be noted that Fig. 12 (a) shows that the electrons are not
fully thermalized, despite the elongated drain extension region. This is
also in line with previous work on scattering with equilibrium phonons.
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To achieve full thermalization, a significantly longer drain extension
region is required. However, we feel that this would make the device ge-
ometry deviate too much from realistic devices. The conclusions would,
hence, not be appropriate to assess the device performance in realistic
devices. A consequence of non-thermalized carriers is that the remain-
ing heat is lost in the metal leads. This thermalization in the leads can
give rise to increases in the temperature, corresponding to a globally
larger phonon population, which can affect device performances. A full
incorporation of the metal contacts and the computation of a global tem-
perature increase is, however, outside the scope of this work. Here, we
focused on the presence of local hotspots near the channel region.

6. Conclusion and future work

In this work, we showed how real space matrix elements provided
by readily available codes such as QUANTUM ESPRESSO and Perturbo
can be used to perform fully coupled electron-phonon transport simu-
lations using NEGF. Additionally, we showed how the computationally
demanding self-energy calculation step can be made significantly more
efficient by using an FFT-based implementation. For a serial compu-
tation, a ~500 times speedup for the self-energy calculation step was
achieved by using this FFT-based implementation, going from 98% of
the total computation time to a mere 9%. Additionally, we showed that
the FFT-based implementation is readily parallelized, without the sig-
nificant additional memory requirements coming with parallelization
of the conventional convolution-based implementation.

For equidistant energy grids, the error introduced by this FFT-based
implementation is limited to an energy mixing error, which is predicted
to be multiple orders smaller than the integration error. For adaptive
non-equidistant energy grids, the relative error on macroscopic elec-
tronic properties, such as the charge density and current, can be made
less than 1% while the error on the heat current in the device can be
limited to a few percent.

Additionally, our simulations confirm that including scattering by
electron-phonon interactions is important to correctly predict the de-
vice performance of devices based on 2D materials. The influence of
self-heating effects is less pronounced in comparison and can be ne-
glected for MoS,-based devices. Devices based on WS,, and especially
devices based on WSe, demonstrate a slightly stronger susceptibility to
the incorporation of self-heating effects. This conclusion is focused on
hotspots near the channel region and is, hence, based on the fact that
further thermalization of electrons in the metallic leads does not intro-
duce significant heating effects as the metal leads were not included in
our simulations.

Finally, the simulations in this work rely on approximations con-
cerning the self-energy computation. Certain electron-phonon matrix
elements and Green’s function elements were neglected to reduce the
significant computational cost of the full self-energy computation. To
compensate for this, the remaining electron-phonon matrix elements
were rescaled and the phonon Green’s function was damped at low
energies. Our simulations result in qualitatively similar device behav-
ior compared to a reference model based on the literature, validating
these approximations. However, some discrepancies are found and fur-
ther research on these approximations could be of interest. An exact
self-energy calculation, using all electron-phonon matrix elements and
Green’s function elements, is prohibitively expensive with the conven-
tional convolution-based implementation. The FFT-based implementa-
tion could, however, provide a means to estimate the influence of these
currently neglected elements.
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Appendix A. Reciprocal-real space transformations

We elaborate on the different reciprocal-real space and real-mixed
space transformations of Section 2.1. The reciprocal-real space transfor-
mation of the electron creation operator in (2), repeated here for the
sake of clarity,

=— 2 TRl (A
e nk
can be derived from the fact that
lnk)y=¢] |0}, (A.2)
|mR,) = éR W 10). (A.3)
and that
IR,y = —— ) e Ry, \ |nk). (A4

V Ne
Note that the normalization convention is different than the ones in

Ref. [17,16]. The states |nk) and |mR,) are normalized over all of space.
This is required to let both c‘;in ,» D€ proper creation operators.

nk

and 6;{
Taking the Hermitian conjugate of (2), we namely find the transforma-
tion expression of the electron annihilation operators,

N | kR, 77t A
cRem - Z e ¢ Umn,kckn’
V N, e nk
For these operators to be proper creation and annihilation operators,
they need to obey the anticommutation relations,

(A.5)

{ ll(//}=6
{ k//}

o 5k,k’ .

{ékn’ék’n' } =0
~ o (A.6)
{ R m’ lT{’ ’} = 5m,m’ 5RE’R2"

(S Erg} = U G =0

This is only true for both the reciprocal and real space operators for
the normalization convention of (A.1).

In a similar fashion, the reciprocal-real space transformation for the
phonon operators can be found as

AT _ 1 Z —iq-R AT
e et 4 (A7)
R Ka Kav,q qv’
V NP vq
A ‘R,
g e == 2, re 0y, (A8)

\/_p

Again, a different convention from Ref. [17] is used. Similarly to the
electron case, the normalization with the number of k-points is sym-
metric over the two transformations. Additionally, no mass rescaling

vq
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is performed. For these operators to be proper bosonic operators, they
need to obey the commutation relations,

=06,,9,

q/ q.q9"
A-; KA N _
[aqv,aq,v,] [dg,.d,,1=0
. K (A.9)
[ava’ aRr /] = 5v,v’ 6RP’R;1
D

[a’

o1=ta. 4 1=
R,,w“n;,u] = [ava, ”R;,v'] =0.

This, and the fact that the creation and annihilation operator are each
other’s Hermitian conjugate, can only satisfied for the normalization
conventions of (A.7) and (A.8).

The inverse transformations of (A.1), (A.5), (A.7) and (A.8) are given
by

AF 1
c, =
kn \/ﬁe mZRB

Z okR,

mR,

iq-R AT
Z € pe’m"»qaRpka’

1
VN,
e
B
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th T AT
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(A.10)

kg (A.11)

(A.12)
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Cxav qaR Ka'
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xaR,

(A.13)

(A14)

AF
+ aR Ktl)

with H_,,, the zero-point energy of the phonon system, which will be

neglected from here forth.

ho
qv
Heoro= 2 (A.15)
vq
The matrix elements in (A.14) are defined as
h —ik-(R,-R,) 7T
thnml’{ = o et )Umnk annm’,kv (A.16)
e e n
7 1 ~iq-(R)-R,)
dl,;?,alg/ = Fp iq- quhqu v’ (A.17)
PP vq
Em' v ka ! e—ik'(Ré—Re)—iq.(Rp_Re)
R(-R, N"N" mnk
R,,—Rg qv
;l’m,k+qgm’l"(k’ DU, k5o g (A.18)

The electron Hamiltonian elements of (A.16) are equal to the ones
computed by the Wannier90 code [16] and presented in the flexible
HDF5 format by Perturbo [30].

ATOMOS does not use the phonon Hamiltonian elements, but the
interatomic force constants. Grouping the indices (x, @, R)) into a single
row or column index, d can be considered a matrix. The square of this
matrix can be linked to the required interatomic force constants,

—iq-(R-R) 2 x
N 2 Kaququerc”zx”v,q’

qu

Z dKaK/a'dK'a’K”a” =

x/aR, R,-R, R/-R, (A.19)

where we used that



R. Duflou, G. Gaddemane, M. Houssa et al.

~i(q-q')'R), _
Z € =Npdqq's (A.20)
R,
and used the orthonormality of Ceavg [171,
Z €ty qCrlalvq = Suy (A.21)

x'a!
The right-hand side of (A.19) is a rescaled version of interatomic
force constant defined in (23) [17,15],

Z dKaK/aldK/a/K//aN

Kot’R’ R -R, R” R’
n 2U (A.22)
= A /meK,, () 01 ”a”p”

The interatomic force constants are also provided in the HDF5 format
by Perturbo [30].

As will be detailed in Appendix B and Appendix C, ATOMOS does
not use the matrix elements in (A.18), but requires a modification,

= 1 o~k (R, -R,)-iq:(R,—R
S NNeZ R R
e T Re mnk
R,-R, qv (A.23)
Un:/m,kJrq r‘ilfl{:(k q)Uﬂ"’;keiav,q
with
8wt (&,@) = 1/ hog, 8, (K, Q). (A.24)

For the interpretation of this new constant, we compare the original
definition of our matrix elements g, (k,q) in (1) (Equations 21 and
31-38 in Ref. [15]) to the original work on Wannierization of matrix
elements that Perturbo is based upon (Equations 6 and 17 in Ref. [17]).
We find that

\/ZLTO rl;;’:turbO(k q)
Next, comparing the Perturbo reciprocal-real space transformation
(Equation 24 in Ref. [17]) with (A.23), we find a difference in the
normalization convention related to N, and an additional mass rescal-
ing. Concerning the normalization convention, Perturbo is consistent
with our convention (Equation 27 in Ref. [30]), which was verified by
reproducing the deformation potentials as provided by Perturbo. The
difference in mass rescaling can be compensated for, resulting in

g%l (k,q) =

mnv

(A.25)

§mm(ut = h grl;:;’;rbo(R Rp)
R.R,  \/2m,
The full real space Hamiltonian can be further transformed to mixed
space by Fourier transforming the periodic directions using the follow-
ing transformations,

(A.26)

ot 1

kLRe ||" \/N_J_ e effiaRed clTle, 1R yn’ (A.27)
Sk Ryyn = \/;N_J_ RZ;i kLR . (A.28)
A“uRp . \/jv_l Rzpi ol pLal‘lp.lRp,um’ (A.29)
g Ry e = Y R g, R, k0" (A.30)

VNLR,,

Currently no assumptions are made about the number of periodic
directions and the number of periodic k-points, N, except that this
number is equal for the electron and phonon system. The number of
periodic directions can range from O for fully real space nanowires with
N, =1 and the systems being unchanged, to 1 for planar or 2 for diode-
like or resistor-like systems. The inverse transformations are given by
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It is readily verified that the mixed space operators obey the required
commutation and anticommutations relations. Insertion in (A.14) re-
sults in

y At
H‘Zh"”"& kRmkR
L %ell 1L
mnk | e”R el

R, R’

ell

el

Z ’(“K"QJ. qul,”Ka qJ_R
xak'a'qy RPHR

Ko

RP,HRP,“
_1 § N
2 A A A AT
b i ¢ Rmﬂlﬁqn k“qiRe’”mcklRIe.u”(a‘hRmH’“‘ TR, e
R, HRL I kiaiRyy
KiaiRy
(A.35)

Grouping the real space indices into a single index results in (4). The
matrix element transformations are performed by ATOMOS and corre-
spond to

mnkl 2 e m e®i Rt (A.36)
Y R,
ell R’ "_Re,"
iq; R,
K(ZK a qJ_ z d KHK/ll/ e L L (A'37)
RyR,, R Rp.L
Rp,”_va”
g mnka = g mnka eikl'R”'J-_HqJ-'RP»Jn (A.SS)
Re R en R, R el
L %p, L ’
kiqR, R, i~ Rel
RPJ-
Ry j=Re

Appendix B. Green’s function expressions

We provide a full derivation of the electron and phonon Green’s func-
tions expression introduced in Section 2.2. We start with the electron
Green’s function, despite derivations for these expressions being readily
available in the literature [22,23], for the sake of completeness and to
provide a reference for the phonon case. Consider the definition of the
retarded, advanced, greater and lesser Green’s function

GR..1)=— e(t—t )4, n(t)ck G )+c W8, @), (B.1)
ki
A N — L ’_ A AT ’ AT A
G,;(,,L,,(t,t )= hf)(t t)(ckln(z)ckw(t )+, )ckln(t)), (B.2)
Gt = T (6 8L (@), (B.3)
K, h
AR ~
G’E'f(t’ )= 2 G e, O)- (B.4)

When an expression for the contour-ordered Green’s function is
known involving convolution integrals on a two-branch contour, e.g.,
(9), then Langreth’s theorem can be used to find equivalent expres-
sions for the retarded, advanced, greater and lesser Green’s functions
involving only real-time convolutions [19]. Convolutions in the time
domain become multiplications in the frequency domain. Hence, using
the Fourier transform



R. Duflou, G. Gaddemane, M. Houssa et al.

+o0
Gy, (@)= / Gy, (1.1)e™ (i - 1), (B.5)
+o
" _ —ia(t—1") d@
Gy (1) = / Gy, (@)e™ "=, (B.6)

with the Green’s function denoting any of the Green’s functions in
(B.1)-(B.4), results in

R/A( ) GOR/A( )+G0R/A( )Ukl R/A(CU) ( )
B.7
+ GO R/A( )ES R/A( )GR/A(G)),
Gy @) =6,%(@) + GX @)Uy, G (@)
+G, @)Uy, 65 @
+ G @ @G @ (B.8)

+Gy R(w)zs (@G @)
0 s, A A
+ ka (w)EkL (w)Gki (w).
For the electrons, the matrix Uy ~contains the elements Pk COD-

necting the device with the leads, as denoted in Fig. 2. The remaining
elements form

‘yel _

HO =
nm
k.

Fmé! (B.9)

K, kyn kJ_m

with the summation leaving out interaction elements connecting the de-
vice and the leads. Note that all leftmost factors in (B.7) and (B.8) are
non-interacting, which implies that for the sake of these Green’s func-
tions, the Heisenberg picture operators in their definitions are equiva-
lent to interaction picture operators. The time-dependency of interaction
picture operators is readily found as [18]

nee, (0= [akln(z), A ]
= ; hﬁrf@klm(l).

The time-derivative of the non-interacting retarded Green’s functions
is then given by

(B.10)

in< GOR(It)—é(t—t)énm+2h,m/GOR(t ) (B.11)
k| n K,

or expressed as a matrix equation,

20 ~OR., 1\ _ ' O.R,, 1

zhEle tt)=6@—t )I+HkLle @,1). (B.12)

Inserting (B.6) and using 6(f — ') = /_+°° —iw(t=t )d“’ , we find

(hcuI ~H,, ) GR(@)=1 (B.13)

The time-derivative of the lesser and greater Green’s function is
found in a similar fashion,

lha G (tt)—Zh,ero>(t ) (B.14)
J_

or expressed as a matrix expression

0 ~OS,. 0,S,. 1

lhEle 1) = Hlekf(t,t ) (B.15)

which, after Fourier transformation, becomes

(ha)l -H ) G ()= (B.16)

k) Yk, :

Leaving out the w and k| dependency in the notation for the sake of
brevity and left-multiplying (B.7) and (B.8) with (Awl — H), results in
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(hwl —H)GR =1+ UGR + =RGR, (B.17)

(howl — H)GS = UGS + Z*RGS + 255G, (B.18)

Inserting (B.7) into the second term on the right-hand side of (B.17),
we find

(hol — H)GR =1+ UGYR + UG*RUGR

(B.19)
+UG*R2RGR + 2°RGR.

Note that the matrices so far contain row and column indices corre-
sponding to all degrees of freedom in both the device itself and the left
and right leads. As the two leads are infinite, this prohibits building and
solving for these matrices in practice. However, to find the currents and
charges in the device, only the Green’s function elements with both row
and column indices within the device are required. We therefore con-
fine the matrices to their subblocks pertaining to the device itself. Note
that this does not introduce complications for the multiplication with H
and %R, H has a disconnected subblock corresponding to the device as
the connections with the leads are contained in U. £*® is non-zero only
within the device as can be seen from its definition in (31) and (34)
and the fact that the electron-phonon subsystems are only connected
within the device as demonstrated in Fig. 2. This is not the case for the
term UGP. G corresponds to the disconnected device and thus has dis-
connected blocks for the device and the leads. U, on the other hand,
only contains cross terms, connecting the device and the leads. Their
matrix product will hence, also only contain cross terms connecting de-
vice to leads. When both row and column indices of the expressions are
thus confined to the device, this cross term disappears. The same is true
for the product UG?ZSRGR as %R is only non-zero within the device.
Leaving out these cross terms, we find

(hol —H - ZR —UG™RU) GR =1 (B.20)

The term UG%RU connects the device to the leads and is only non-
zero in the subblocks corresponding to the leftmost and rightmost slab,
i.e., slab 1 and n,

(UG™RU), | =hy 4 Gye/ "Dy, (B.21)
s 0.R/A
(UGO’RU)n,n = hﬂ»“+1 Gn+1/,n+1 n+1.n (B.22)
Defining
=UG'U, (B.23)
we can merge these two self-energies with (14) and obtain
GR = (hol—H-XR) " (B.24)

The only difference between (11) and (B.24) is the presence of the
convergence term iz, usually introduced to ensure the convergence of
the Fourier transform [37]. It can be readily achieved by adding a factor
e~10t=1") to the definition of the retarded Green’s function in (B.1) to
make it absolutely integrable. A similar procedure is possible for the
advanced Green’s function using a factor =1 which will result in a
convergence term —in. We forgo this point and just add it retroactively.

For the lesser and greater Green’s function, we insert (B.8) into the
first term on the right-hand side of (B.18),

UG* =UG"Z + UG"2UG" + UG**UG=
+UG*RZ kG2 + UG R =2GA
+UGO2EGA.

(B.25)

The first term and last three terms in (B.25) are cross terms, which
become zero when the matrices are limited to their device subblocks.
We thus have from (B.18),

(hol —H -2k — UG*RU) G = (£*5 + UG"SU) G*. (B.26)
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Using (B.23) and (14), we obtain

(hol - H-ZR) G5 =25GA. (B.27)
Finally, left-multiplication with G® results in
G* =GRzsG*, (B.28)

which is identical to (12). The expressions for the lead self-energies,
(17)-(20), are obtained by noting that the density of states in the non-
connected leads is given by [23]

A= (GOR — GOA) (B.29)

and the fact that the lesser (greater) Green’s function is linked to the
density of electrons (holes). In the non-connected leads, the electrons
are in equilibrium and fill the density of states according to the Fermi-
Dirac statistics function (7)

0, .
Gy =if1AQ: (B.30)
0,< . 0
Goinet = A (B.31)
Gy = i1 = [AG,. (B.32)
0,> 0
Goiinn = i = DAL (B.33)

We now perform the same procedure for the phonon Green’s func-
tion. Making use of the commuting behavior of the phonon operators for
the contour-ordering operator [18] and the definition of the retarded,
advanced, lesser and greater Green’s function [19], we obtain

’ i ’ A AT N /
Df;f(t,t )==00~1) <(aw(t) +a', 0@ () +ay @)

@], () + g (NG (0 +aT, @), (B34)

ql 1) = —0(t —t)(( Jo+at, o) a)+ag @)
@], )+ g (NG (0 +aT, @), (B.35)
D311 = ~+ (@, 0+ a0 O ra,@)). B36)
D)= @+ OG0+ @), ®B.37)

Using Langreth’s theorem on (10) and Fourier transforming results
in expressions very similar to (B.7) and (B.8), with all leftmost factors
being non-interacting,

R/A 0. R/A

0,R/A pR/A

q lh (@)

@D/ (@),

(@) =Dy """ (@) + Dy,
+DY R/A(w)n
(@) + D E @V, DY (
+DR(@)Vy D E)

+ D0 R(w)ns R(a))D (@)

(@)V.
5R/A (B.38)

(w) —D w)

Dgf (@)~ (w)DgL (w)

Dg’f(w)rljlf(a;)nfl‘l (@). (B.39)
For the phonons, Fig. 2 is only qualitatively correct. To obtain a
Dyson equation of the form (B.8), and hence (B.38) and (B.39), a slightly
different subdivision in device and connecting terms is required. The
full derivation is, however, cumbersome and has been moved to the
Supporting Material [21]. The final result is that the elements,

(Va, )W =ou (B.40)
are the result of a perturbation Hamiltonian,

oh _ 4t Lo g PO

Hp = 2 U;"( aviaut P (aQJ_Va*QJ_ll + a*qJ_VaQJ_ﬂ))’ (B.41)

VH
qr

and that the non-interacting Hamiltonian for the phonons is given by
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D,
rph _ _ QLVH (A5 AF A PN
HO Z(déﬂ U:u)aq viqupu 2 ( (lJ_Va—(IJ_M+a—¢IJ_ValIJ_M)' (B.42)
VU L
qL

The summation here extends over all matrix elements, also elements
connecting the leads with the device. Note that despite the rather un-
intuitive form of H ;h and ﬁ(‘)’h, their sum is still equal to the ballistic
phonon Hamiltonian in (4), implying that the material properties are
unchanged.

The time-dependency of the non-interacting Green’s functions in
(B.38) and (B.39) can be evaluated explicitly. However, this time the
time-dependency of both the annihilation and creation operator is re-
quired,

0 ph
ihd, (0= [ Gy 0. F1] ]
v + U pv (B.43)
q 4L
Z(dvu - vvu)a O %aiqw(t)
U
and
9 = |af ph
inSal 0 =a 0.0']
vpv + 0 vu (B.44)
_ (T v AT —q1 A
= Z (d(;ﬁ Ugl)aqw(t) + 5 a_q .
AS €qy.q = €54y _q [171, it follows from (A.17) that et = Aot ot -
R)-R, R,-R,
This, in combination with (A.37), in turn implies that d_yv =dvu.We
qL —qL
can choose to impose the same symmetry on vuv. We thus have
a
L0, _ = R oF
lhaa‘h"(t) = Z(d;f - U;;Ll)aqL”(t) - U(‘if a_qM(t) (B.45)
U
and
in a T
ih —q L= Z _(dl;ﬁ - Ulvlf)a (t) + vaaq ”(t) (B.46)
H

The sign change by the time-derivative of the creation operator has
the effect that the first time-derivative of the retarded phonon Green’s
function is not readily expressed as a function of the Green’s function
itself. We therefore take the second time-derivative,

hza DOR(tt)

o)a!

‘lJ_/t(t )+a

=ins(t — 1) <(éqlv(t) +al, ), @)
@], +a_y (NG, 0+ a0

+ Y dy2sa-{a@, ,0-a, o @)

%

—qLH

T / 4
lhu(t )+ a-‘hu

~G@} >+a_q JO@, ,0-d o)
+ Z(d_vv’d_v’v” -2d,,v, ’\/’)D ", (t ).

vivil 41 4L q 4q ql

(B.47)

The time-derivative of the delta function 6(z — ¢')’ is ill-defined except
inside an integral. We therefore perform a Fourier transform by multi-
plying with e@t=") and integrating over time. Integration by parts of
the first term on the right-hand side of (B.47) results in

+oo

/ ind(t =1 (ag,, 0+ O () +d_ @)

—00

-@} _a @y 0 +al V(t))) ¢ d(t — 1)
-3 d;‘l/ ([a,, 0.8, 0]+ iy, 0., ,0])

+he ( [ V’(I) lh#(l)] [ —qlu(t)’ lf—qlv’(t)] )
=-2 Z d_vv’5v’;4 = —Zd\/u.
vioodo

) +a

(B.48)
qL
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Similarly, it can be shown that the second term on the right-hand

side of (B.47) is equal to 4dvu. In total we thus have
N

n2@? DY R (@) = 2dvu + Z d, d, D" o (a))
q aL a q

v ! (B.49)
sz /v///D,, ().
Y TR TR

The sum Y, d,, d,» corresponds to a matrix squaring. It is read-

ily verified from tﬁé dgﬁnition in (A.37), that the square of a Fourier
transformed matrix is equal to the Fourier transform of the square. Ad-
ditionally, (A.22) showed that the square of d is equal to the interatomic
force constants matrix. We can thus state that (ifu = Ka”l’ or, alterna-

tively,
2 2 tot 1 0,R —14d
(PP 1=K +2d,, Vy, ) DYR(@)=2d,, (B.50)
In a similar fashion, it can be shown that
0.5 7 0.5 '
D (z =Y (ddyy =2d,y0,,)D (1,1, (B.51)
viu
vivl 4L 9L qr 4q qr
and hence,
2 2 tot 1 0.s
(#? -KL +2d, V) D @) = (B.52)

The forms of (B.50) and (B.52) differ significantly from (B.13) and
(B.16). First, as the superscript denotes, K"’r contains all matrix ele-
ments, including elements connecting the leadls with the device, whereas
Hy did not. Second, there is an extra term 2qu V,, and the right-hand
side is not unity for (B.50). These differences will prevent us from elim-
inating cross terms when we limit the degrees of freedom to the device.

To resolve this, we propose the following transformations,

1

D‘h_ =<2&(U_>_% ‘-lJ. (2d ) ’ ’

(B.53)
1 1
Vg, = (2&% ) "V, (2&%) 2’ (B.54)
I I
i, =(2d,, )7 0, (24, )’ (B.55)
Applying (B.53)-(B.54) to (B.50) and (B.52), we obtain
(PP 1=K+, )DYR@) =1, (B.56)
(PeP1-KY + ¥, )DiE (@) =0, (B.57)
We can now choose the matrix elements vvu such that VQL contains
the elements of K:l"i connecting the leads witl?the device. We can then

define K, = K"’L’ - ti, which has the same block matrix structure
as Hki. (B.56) and (B.57) then have a formally equivalent structure to
(B.13) and (B.16). Additionally, the transformations (B.53)-(B.55) leave
the Dyson equations (B.38) and (B.39) unchanged. The remainder of the
derivation is thus identical to the electron case. Leaving out the @ and
k, dependency in the notation, defining

i’ = VD'V (B.58)
and merging the self-energies with (24), we obtain

DR = (R’ 1-K-11)", (B.59)
DS = DRIISDA. (B.60)

The expressions in (21) and (B.59) and (22) and (B.60) differ only
by the presence of the convergence term iz, which we will again add

18

Computer Physics Communications 307 (2025) 109430

retroactively, and by the bar notation. It is hereby shown that the ex-
pressions for the phonon Green’s function usually found in literature
and derived from semi-classical principles do not pertain to the Green’s
functions defined in (6), but that additional transformations, (B.53) and
(B.55), are required. As will be shown in Appendix C, the transforma-
tions (B.53) and (B.55) will result in a modification of the electron-
phonon matrix elements in (A.38).

Appendix C. Self-energy expressions

We provide a derivation of the self-energy expressions related to
electron-phonon scattering in (31) and (32). The self-energy expressions
due to the leads were obtained in Appendix B so from here on out the in-
fluence of the leads is neglected. It can be shown that when interactions
are introduced, the electron Green’s function becomes [18,19]
iG, (1) = % (T, e Je Hitvdng (et (1, (€1
where H, is defined in Section 2.1 and the integral is taken over the
two-branch contour, defined in Section 2.2. Averaging here is done ac-
cording to the occupation of the non-interacting and non-contacted and,
hence, one-particle states described in Section 2.2 and the operators are
described in the interaction picture. Note that an exact treatment ac-
tually requires a three-branch contour and that H; requires a separate
definition on this third branch [38]. The influence of this third branch
is the incorporation of correlation effects after switching on the interac-
tions and contacts. However, these correlations can usually be neglected
in steady state [19]. Limiting (C.1) to a second order expansion results in

iyt = 3 (T [6,(06}0))

+(T, ;12

H(t)dt e, (OE @) |) (C.2)

+(T, _—3//ﬁl(tl)gl(tZ)dtldtZén(I)éjn(t,) )

The first term is just the non-interacting Green’s function IGO de-
fined in (9). The second term can be neglected due to an odd number of
phonon creation or annihilation operators. Since averaging is done over
non-interacting one-particle states and the operators are non-interacting
operators, Wick’s theorem can be used to write the third term as [38]

-1
gmmvy gmymvy
3
2n° Ny mimvy K141 monyv, Kiodin
K191 Ki2q12

X / dll / dt2 <(dqj.,l‘/l (tl) + a*lh_ a1 (tl))(é'-u,zvz (t2) + a:h,zvz (tz)»

C C

(< kJ.l"l( 1) k11+(u_1 D) <€k1_,2”2( 24 kJ_2+QJ.2( DA K, "(t) kJ.”‘(t )
my

t))é (1) (6,0 ("))

. o .
—(¢ t5)é (t é
( ki,Z"Z( 24 Kii+ap U Ky m 2+q 12
my

()G, (12 o) (@, (DE )

-, (el
( kJ."() kl,l“h.,l
my

- <ék1,l”]( ) ki 1+41 ) <ck "(I)CM 244
my my

RO

k+q

) (8, (), (1)

+<6kln(t (1) (& 2(’2)5Lm(t’)>

kL 2+q1 2
my

Ky, 1+q

+4 kJ."() kJ.2+‘lJ_2( 2 (G (2) kJ.l‘“]J.l ") <Ek1.1"1(t1)6£1_m(t’)>)'

1212
(C.3)

The first two terms correspond to disconnected diagrams and can be
neglected. The third and fourth term result in an exchange of zero en-
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ergy and momentum and can thus also be neglected. The last two terms
are identical except for an exchange of the indices and thus cancel the
factor of 2 in the denominator. Applying momentum conservation and
substituting in (C.3) results in
Gnm([ )=GY,. 1)+

& mynpvy §mymvy
kj—q;.q9; ki.—qp

ky myny oy
vVivaqL
ih ,
dtl dt2 nml(t tl)G ny,my (tl’t2)Dv1 vz(tl’tz)an m(t2st )

P pa ki —q; a k;

(oK)
Note that the summation over indices corresponds to a matrix multipli-
cation. Higher-order terms of the perturbation expansion in (C.3) can be
obtained by turning this into a Dyson equation [18]. Replacing all but

the leftmost non-interacting Green’s functions with interacting Green’s
functions, we obtain (9) with

S
(21&(11’12)),,,”.
in

NL nymy
vivadyL

& mmv; G nymy (tl’tz)D"l Vz(tptz)gmz”z‘/z (C.5)

ki—q.qp ki—qp L4

We are interested in an expression in terms of D, which requires an
additional transformation according to (B.53). This introduces an extra
factor of 2. Additionally, it can be shown from (A.17), (A.18), (A.37),
(A.38) and (A.23) that

> gy (dg, P)vr =E s » (C.6)
1491 149y
-1 _
Z g nmv (dQJ. D=8 nm/ (C.7)
1,4 k,,—q,

This, together with (33), results in
= = 2Ry G D MY

K, (et = Z K, —q,.q, Ok —q, (T1:12) "“(tl’IZ) K —q,

1 vugq,
(C.8)

The lesser and greater Green’s function can be extracted from the
contour-ordered Green'’s function by confining the time arguments to
specific branches. The same is true for the self-energy. Fourier transfor-
mation according to (B.6) then gives

2ih < dco
5 >
( )= / N, Z kL (TR ‘MGM (@-o )D (w )MkL - 27
vuq (h

(C.9)
Finally, we drop the bar notation on D,, . and use the fact that
D}, (@)= D3, (o) (C.10)

qr —qL

to confine the time integral to the positive axis, obtaining (31).
Similarly, we can find a perturbation expansion of the phonon Green’s
function,

L +al

Dus(t) = (T, [ 0+ NG, 0+, @]

—qLH

(T, [;—’ / Aty 0 +a 0)0a, () + a_wa’»}
C

/ / Hy @) A ()dndn@y 0+, 0)@ @ +a 1))

e}

+(T, [2713
(C.11)

The first term is just the non-interacting phonon Green’s function and
the second term is zero due to having an odd number of creation or

19

Computer Physics Communications 307 (2025) 109430

annihilation operators. The third term can be written as the following
Wick decomposition,

-1
gmymv g mymvy

i) Y g [an [an
2PN mifmh, kL1a01 mimv, kJ_ZQLZC

K191 K241 ¢

( e (1))

kio+qrn

( <ékL,]"] (tl)ciu +qu, D) <é
m my

1))

h <ékL,l"l( 1) Kio+qio (t2)) <6 (2) LR TR
my my

(@ (t))a

@)+ 9qp v

oay ,

qL1vi qL2v2 (t2) + a*lu 2V2 (IZ)»

(@, (+a’,

@) +a_g (@)

+(@g, () +al (0@ |, @)+l @)

—qv

(@, ) +a’ (tz))(ﬁfh,,(t’) +a_g (@)))

—q12V2

)Xa

qL2v2

+ <(ﬁ (t) + a-‘lJ_V qi2v2 (tz) + a—lh_ 2V2 (tz)»

ap+al, | aoal @+a_g (@N)).

The first term in the electron part corresponds to an exchange of zero en-
ergy and momentum and will be neglected. The first term of the phonon
part corresponds to a disconnected diagram and will be neglected as
well. The last two terms of the phonon part are equal except for an ex-
change of indices and can thus be summed to compensate for the factor
of 2 in the denominator. Applying momentum conservation, adding a
factor due to spin degeneracy and substituting in (C.11) results in

<(a‘h,| vi =q11v quu —quH (C.12)

0
DVM(’J/)=DV,;4(’J’)—— Z Emimvi & mymyv,
qaL qy

L mimyv, ki—ar ki-qp.q;
man Vv
ky
’
/dt]/dt2 ny mz(tl’t2)Gn2m] (ZZ’ ])val(t II)szu(tZ’t)'
ky k —-q qL qy

c c
(C.13)

Converting to a Dyson equation to include higher-order perturbation

terms, we obtain (10) with

(HS tt )) _ ngih
qaL 1°72 'A% - NL

gmynpv Gnl mz(tl,tz)g mynyu G nymy (Iz,t ).

mn  Kp.-ap ki ki-qi.a; kp-qp

mynyk
(C.14)

We want an expression for Il however. Using (B.55), (C.6), (C.7) and
(33), it can be shown that

(l:[fu(tlah))vﬂ =20V (MV

T Gy, (1, )M},

ki -q) !U_Gki‘ql(tz’tl))'

(C.15)

Confining the time arguments to specific branches and Fourier trans-
forming according to (B.6) then gives

<>

—00

>
x Z Tr < ky.—qy (co )Mkj_ —-q.. QLGkJ_—(h O a))>

+0oo
2n,ih
N
* (C.16)
dof
27"

Dropping the bar notation on <1=[lu GP t2)> results in (32).
v
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Appendix D. Error estimates for the FFT-based self-energy
computation

D.1. The integration error

The grid refinement strategy and corresponding integration error are
illustrated by the results shown in Fig. D.16. First, we obtained a po-
tential profile within the device described in Section 3.2 with a fine
initial energy grid. Then, the macroscopic parameters of interest were
obtained with a single ballistic non-self-consistent iteration for several
initial grid sizes. Fig. D.16 (a) shows the relative difference compared to
a single ballistic iteration with a fine initial grid of 2000 energy points
for both the electrons and phonons as an estimate of the integration er-
ror. Fig. D.16 (b) shows the number of adaptively added grid points as
a function of the initial grid size. Note that significantly more points are
added to the phonon energy grid as the full phonon dispersion needs to
be integrated. For the electrons only the bottom of the conduction band
is of interest. Additionally, it can be seen that a minimum of initial grid
points is required to achieve accurate integration despite the adaptive
grid. This can be understood from Fig. 7 (a) where the second peak is
nearly missed by the initial grid. The adaptive grid will not refine itself
around features that are too fine to be captured by the initial grid. From
Fig. D.16 (b) we can see that the number of adaptively added grid points
increases slightly up to initial grid sizes of 100-250 points. For higher
number of initial grid sizes, the number of adaptively added points does
not increase or even decreases as some of the adaptively added points
are now already introduced by the initial grid. Fig. D.16 (a) shows that
an initial grid size of ~100 points is sufficient to reach the 1% error
threshold on the macroscopic properties of interest. Further refinement
of the initial grid does reduce the error further, but not by introducing
more adaptive grid points as the error threshold is already reached.

D.2. The energy mixing error

An estimate of the energy mixing error is shown in Fig. D.17, which
shows the self-energies of the system described in Section 3.2 after one
non-self-consistent iteration. The potential was obtained with a fine ini-
tial energy grid, after which the energy grids were limited to an equidis-
tant grid with 32 points with no further adaptive grid refinements and
a single k-point for the calculation of the self-energy. The removal of
adaptive grid refinements was to eliminate the self-energy interpolation
error and the Green’s function conversion error. Fig. D.17 (a) and (b)
clearly shown the band gap and the bottom of the conduction band.
Fig. D.17 (c) and (d) show that the lesser self-energy in the middle of
the band gap does not have a single correct digit.

An estimate of the errors on the macroscopic device properties for a
simulation with 10 k-points are shown in Fig. D.18 as a function of the
number of equidistant energy grid points. It can be seen that the energy
mixing error increases with the number of energy points. However, for
the number of energy points considered here, the energy mixing error is
still multiple orders of magnitude smaller than the integration error in
Fig. D.16 (a). The large relative error on the self-energy thus does not
pose problems for obtaining correct macroscopic parameters. This can
be attributed to the fact that the large relative error is present at energy
ranges where the density of states is low, and hence, at energies which
do not have a large effect on the macroscopic properties.

D.3. The self-energy interpolation error

An estimate of the self-energy interpolation error is shown in
Fig. D.19 as a function of the number of initial equidistant energy grid
points. To reach a relative error below 1% on all macroscopic param-
eters, ~1000 initial equidistant grid energy points are required. The
self-energy interpolation energy thus requires more equidistant initial
grid points than the integration error.
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Fig. D.16. (a) The relative integration error on the electron current, phonon
heat current and charge density for a ballistic simulation of the system in Sec-
tion 3.2 as a function of the number of equidistant grid energy points. The error
is obtained as the difference with a fine-initial-grid simulation with 2000 ini-
tial grid points. A temperature difference of 0.1 K was applied to provide a net
heat current through the device. (b) The number of adaptively added points as
a function of the number of equidistant initial grid points, for both electrons
and phonons. The black line denotes the cross-over line where the adaptive grid
points dominate the computational cost.
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Fig. D.17. Green’s function and self-energy results after a single self-consistent
Born iteration for the system in Section 3.2. Only a single k-point and 32 energy
grid points were used without further energy grid refinements. (a) and (b) show
the lesser and greater Green’s function as a function of energy and the degree
of freedom, i.e., atom orbital index, of the device. (c) and (d) show the relative
error on the lesser and greater self-energy, calculated as the difference between
the self-energy calculated with the conventional convolution-based implemen-
tation and the FFT-based implementation.

D.4. The Green’s function conversion error

An estimate of the Green’s function conversion errors are shown
in Fig. D.20 (a) and (b) for the “leave-out” and “averaged” approach,
respectively. Fig. D.20 (a) demonstrates that the “leave-out” approach
shows no or very slow convergence of the macroscopic parameters with
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Fig. D.18. The relative energy mixing error on the electron current, phonon
heat current and charge density for the system in Section 3.2 as a function of the
number of equidistant grid energy points without further refinements. The error
is calculated as the difference between the calculation using the conventional
convolution-based implementation and the FFT-based implementation.
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Fig. D.19. The relative self-energy interpolation error on the electron current,
phonon heat current and charge density for the system in Section 3.2 as a
function of the number of initial equidistant grid energy points. The error is
calculated as the difference between the results when the self-energy is calcu-
lated with the conventional convolution-based implementation for every energy
grid point and when it is done only for the initial grid with the rest obtained
through interpolation.

increasing initial equidistant grid sizes. For the “averaged” approach,
the electronic properties of the system converge and reach a relative
error below 1% for ~500 initial equidistant grid energy points. The
phonon heat current, however, demonstrates no or very slow conver-
gence, resulting in a relative error of a few percent at high numbers of
initial equidistant grid energy points. Although unfortunate, this is not
surprising nor does it invalidate the FFT-based implementation.

As indicated by Fig. 8, the “averaged” approach has the effect of
shifting the mass of the spectra to different energies. The shift in energy
is at most the distance between equidistant grid points. For the electron
self-energy, this does not pose any problems as the shift in energy will
be on the same order of magnitude as the electron grid, for the electron
Green’s function, or much smaller, for the phonon Green’s function. For
the phonon self-energy, however, this does introduce a slightly larger
error as the shift in energy happens on the electron energy grid and can
thus be significantly larger than the distance between phonon energy
grid points. Additionally, a shift in energy also results in a shift in the
energy of the phonons that are created in the system, which has a direct
influence on the phonon heat current. The electronic properties, on the
other hand, are less dependent on the energy of the electrons.

Appendix E. Supplementary material

Supplementary material related to this article can be found online at
https://doi.org/10.1016/j.cpc.2024.109430.
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Fig. D.20. The relative Green’s function conversion error on the electron cur-
rent, phonon heat current and charge density for the system in Section 3.2 as a
function of the number of initial equidistant grid energy points. The error is cal-
culated as the difference between the results when the calculation is calculated
with the conventional convolution-based implementation using the full adap-
tive grid and the FFT-based implementation using a converted equidistant grid.
In both cases the self-energies are only calculated on the initial equidistant grid
and the self-energies for adaptively added points is obtained by interpolation.
(a) shows the results for the leave-out strategy of Fig. 8 (a) and (b) shows the
results for the averaged strategy of Fig. 8 (b).

Data availability
The data that has been used is confidential.
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