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A novel Kriging-assisted multi-objective optimization method 

considering infeasibility ratio under input uncertainty 

Many real-life engineering applications come with various sources of uncertainty. 

Uncertainty can also impact the feasibility of solutions in constrained optimization. 

Classic robust optimization approaches often significantly increase the 

computational burden and might overlook different tolerable risks, resulting in 

conservative sub-optimal solutions. We reformulate the classic constrained 

problem as a multi-objective optimization problem and propose a Kriging-assisted 

multi-objective optimization method that trades off Infeasibility Ratio (IR) with 

robust performance: (1) a formulation to approximate IR is developed and 

introduced as an additional objective and (2) an acquisition function balancing 

exploration (refining feasible boundaries) and exploitation of promising areas with 

multiple designs is proposed. Furthermore, a new quality metric has been 

developed to effectively measure the convergence and diversity of the obtained 

Pareto solution set. The proposed framework is tested on five numerical problems 

and applied to an engineering case: the design of a honeycomb vibration isolator. 

A comparison study with other optimization methods is conducted to verify its 

effectiveness and performance with promising results. 

Keywords: multi-objective optimization; constraint handling strategy; sequential 

sampling; input uncertainty; Kriging model 

1. Introduction 

Real-life engineering design problems are usually multi-objective, subject to restrictive 

constraints, with uncertainties in design variables or parameters, and require expensive 

physical or simulation experiments (Gunantara 2018; He et al. 2023; Li et al. 2023; Long 

et al. 2023; Kudva, Tang, and Paulson 2023). Dealing with uncertainty is a tricky issue 

when designing complex modern engineering systems (Qing, Couckuyt, and Dhaene 

2023; Zhang and Taflanidis 2019; Li et al. 2022; Juul-Nyholm and Eifler 2023; Kudva, 

Tang, and Paulson 2023). These uncertainties, such as the manufacturing uncertainty or 

geometric errors of machine parts, may impair the performance stability of mechanical 

systems, decrease the service life, or even result in infeasible design solutions (Xie et al. 



2018; Kania and Azarm 2023a; Lin et al. 2022). Additionally, the expensive physical 

experiment or time-consuming simulation makes the optimization design of practical 

engineering applications more challenging (Lin et al. 2023; Qian et al. 2021; Loka et al. 

2023).  

The population-based multi-objective evolution algorithms (MOEA) have been 

widely studied due to their ability to solve complex and intractable multi-objective 

optimization (MOO) problems (Jin et al. 2018). However, the time-consuming 

simulations make it impractical for MOEAs (Zhou et al. 2021). A popular approach is to 

use surrogate models trained on a limited number of evaluations (Kania and Azarm 

2023b; Zhou and Ren 2025). For example, Song et al. (2021) proposed an efficient 

Kriging-assisted MOEA with an active sampling strategy to guide the infill process 

balancing convergence, diversity, and model uncertainty. Besides, many real-life 

optimization problems may be subjected to strict constraints (Dang et al. 2025). Various 

constraint-handling strategies (CHS), such as penalty-based methods and constraint 

dominance principle-based methods (Ma and Wang 2021; Deb et al. 2002), are employed 

to assist MOEAs (Li et al. 2023). Roy et al. (2021) proposed a constrained MOO method 

assisted by Radial Basis Function approximations as surrogates for objectives and 

constraints. Song et al. (2023) proposed a switching strategy to balance objective 

optimization and constraint satisfaction when solving expensive constrained optimization 

problems. In addition to surrogate-assisted MOEAs, the Efficient Global Optimization 

(EGO) framework has attracted considerable research interest (Liu, Grout, and Nikolaeva 

2017; Jones, Schonlau, and Welch 1998; Price and Robertson 2024) due to its high 

efficiency. However, the research that considers the negative influence of input 

uncertainties on the performance and feasibility during the design process is limited.  

Numerous robust strategies have been investigated in the literature to support 



MOO methods in handling input uncertainty during optimization. Wauters (2024) 

proposed a robust global MOO method that incorporates failed function evaluations to 

guarantee the feasibility and robustness of the obtained solution set. Xie et al. (2018) 

adopted a Support Vector Machine classifier to represent the constraints. In Wei et al. 

(2024), the probability of feasibility is used to locate feasible regions that are less 

sensitive to input uncertainty. Most constrained robust MOO methods, such as the worst-

case scenario evaluation, adopt a binary judgment when evaluating the feasibility under 

input uncertainty (Kania and Azarm 2023b). However, in engineering, it is often practical 

to trade off performance for high confidence level of feasibility and vice versa (Song et 

al. 2024; Chaudhuri, Marques, and Willcox 2021; Zhong et al. 2022).  

The typical binary classification ignores the varying degrees to which design 

solutions are affected by input uncertainty. This limitation may result in MOO algorithms 

being too conservative to fully exploit the potential design space and obtain diverse 

promising solutions (Wei et al. 2021). Therefore, an Infeasibility Ratio (IR) formulation 

is proposed to approximate the possibility of infeasibility for each intermediate candidate 

when input uncertainty makes the constraint responses fluctuate. To guarantee the 

accuracy of the IR approximation, the surrogate model should be able to provide an 

accurate prediction of the constraint limit state. Representatively, the Expected Feasibility 

(EF) function (Yi et al. 2021) demonstrates a strong ability to explore constraint 

boundaries. By maximizing the EF function, the algorithm iteratively updates the sample 

set for the surrogate model to refine the prediction of the feasible boundary (Bichon et al. 

2008). However, it struggles to effectively balance constraint boundary exploration and 

objective optimization with different IR levels. 

In this work, a new Kriging-assisted Multi-objective Optimization method 

considering the Infeasibility Ratio under input uncertainty (KMO-IR) is developed to 



address the limitations of MOO methods using binary classification as CHS. The main 

novelties and contributions include: (a) the KMO-IR method adopts the IR formulation 

to evaluate the possibility of being infeasible for a solution without extra computational 

effort; (b) by simultaneously optimizing the design performance and the IR, the algorithm 

can obtain Pareto solutions with different levels of feasibility; (c) a new acquisition 

function combining a quality index of Pareto Front (PF) is proposed to iteratively search 

for the most promising candidate; (d) a comparative experiment is conducted between the 

KMO-IR method and four existing optimization methods on five numerical benchmark 

functions; (e) the constrained optimization design of a metamaterial vibration isolator 

with a honeycomb structure is solved and a comparative analysis illustrating the 

competitiveness and advantages of the KMO-IR method is completed. 

The backgrounds related to this work are explained in Section 2. Section 3 

elaborates on the detailed methodology of the proposed KMO-IR method. The 

comparison results of numerical experiments and the engineering application are 

presented in Section 4 and Section 5, respectively. Section 6 provides the conclusions. 

2. Background 

2.1. Constrained Multi-Objective Optimization 

A general expression of constrained MOO problem with M objective functions is given 

as 
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LB UB[ , ]x x  represents the design space. g(x) includes J constraint functions. The goal of 

MOO is to obtain Pareto set in design space, corresponding to the PF in output space. In 

a PF, the improvement of one objective is accompanied by the other’s sacrificing. 



Many metrics are used to measure the quality of the PF, such as the Hyper Area 

Difference (HAD), Inverted Generational Distance (IGD), Average Hyper Area (AHA), 

and Overall Spread (OS)(Jin et al. 2019; Wu and Azarm 2001; Cheng, Zhou, and Li 

2015). The HAD and IGD require the real PF, which is usually intractable in real 

engineering applications, while the AHA is inadequate for quantifying the refinement and 

extension of an observed PF (Shu et al. 2020). The OS works effectively only if all PFs 

are converged to the true PF; otherwise, a larger value is meaningless. Shu et al. (2020) 

proposed the modified Hyper Area (mHA), which overcomes the shortcomings of AHA's 

inability to assess refinement. The illustration of mHA is shown in Figure 1(a). Figure 

1(b) provides a schematic representation of OS. 

 

Figure 1. The schematic representations of (a) modified Hyper Area (mHA) and (b) 

Overall Spread (OS) in a two-objective case. The two triangles in (b) are reference points, 

corresponding to the all-best and all-worst cases, respectively. 

2.2. Efficient Robust Global Optimisation (ERGO) 

The ERGO algorithm to handles input uncertainty when optimizing objective 

performance (Wauters 2022). There are two stages included: the initial Kriging model 

construction (Appendix 1 for more details); and the sequential selection strategy, i.e. 

Expected Improvement (EI), which is defined as 
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ˆ( )y x  and 2ˆ ( )e x  are the mean and variance predicted by the Kriging model of the 

unobserved point x . The   and   are the cumulative distribution and probability 

distribution functions of normal distribution, respectively.  

 When input uncertainty is considered during the optimization process, the output 

objective is stochastic. Wauters (2022) formed a second-order Taylor-based uncertainty 

propagation (UP) approach through a Kriging, which considers both the model error and 

input perturbations. The Robust Expected Improvement (REI), given in Eq. (3), is 

proposed in ERGO to simultaneously optimize  ( )E y x  and  ( )V y x , indicating the 

expected value of the objective and the corresponding variance caused by input 

uncertainty, respectively. 
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*X  is the current optimal solution set while x  indicates the potential design with input 

uncertainty.  [ ]P RI x  represents the probability of improvement. More detailed 

information can be found in (Wauters 2022). 

In this work, the UP-based Kriging from ERGO is adopted to provide the variance 

caused by input uncertainty, which is essential for the IR formulation. 

2.3. Expected Feasibility 

The EF function (Bichon et al. 2008) is used to refine the boundary ( un( )=0jg x ) of the 

feasible region instead of only focusing on exploring the inside of the feasible region. Its 

expression is given as 
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Here,   refers to the cumulative density function of the normal distribution, while   

represents its probability density function. The parameter   is a small constant factor 

proportional to e . By iteratively maximizing the EF function, the algorithm can 

effectively work on the exploration and exploitation of the constraint boundary during 

the optimizing procedure. 

3. Proposed KMO-IR method 

The flowchart of the proposed KMO-IR method is shown in Figure 2. The Latin 

Hypercube Sampling is used to generate an initial sample set. The open source ooDACE 

toolbox (Couckuyt et al. 2012) is used in this work to build Kriging models of objective 

and constraint functions. Based on the current Kriging models of constraints, the risks to 

be infeasible of current solutions caused by the input uncertainty are evaluated by the 

proposed IR formulation. Then, the Pareto solutions among the existing dataset are 

selected by non-dominated sorting. The corresponding PF will be an essential element in 

the infill searching stage. Guided by the proposed acquisition function, the modified EF 

(mEF), the KMO-IR algorithm will iteratively figure out the Pareto solutions with an 

improving convergency and diversity. The maximum computational resource is set as the 

termination criterion. 



 

Figure 2. Flowchart of the proposed KMO-IR method. 

In the following subsections, details of the developed IR formulation, the 

acquisition function mEF, and relative Hyper Area (rHA) will be presented. 

3.1. Infeasibility Ratio formulation 

When input uncertainty is present in constrained optimization problems, robustness is an 

important factor for determining feasibility, since the uncertainty may result in the 

fluctuations of constraint values. However, classifying candidate designs into ‘feasible’ 

and ‘infeasible’ groups may make the optimization overlook promising designs that are 

within tolerable risks caused by input uncertainty. In this subsection, the IR formulation 

is proposed and treated as an additional objective to flexibly deal with fluctuations of 

constraints. 

 A general constrained optimization problem under input uncertainty can be given 

as 
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Where  x  represents the input uncertainty, which is assumed to follow the Gaussian 

distribution N(0, 2 ). According to the 3-Sigma rule (McConaghy et al. 2013), we take 



the range of[ 3 , 3 ]   , as input uncertainty. Figure 3 illustrates the different scenarios 

resulting from input uncertainty. 

 

Figure 3. Illustration of different scenarios resulting from input uncertainty on the design 

solution. The grey area indicates the fluctuation of the design solution in the constraint 

space caused by input uncertainty. 

For points A and E, the fluctuations of constraint do not cross the boundary, i.e., 

the uncertainty does not affect the final judgment of the feasibility of the design solution. 

For points B, C, and D, the feasibility status of the design solution may change due to the 

input uncertainty, especially if it is very close to the constraint boundaries. These 

candidates are categorized into the Partially-Feasibility (PaF) group. To assess the 

possibility of a design solution being infeasible given the input uncertainty, we propose 

an IR formulation as an additional optimization objective based on the 3-Sigma principle. 

During the optimization process, the original constraints are replaced by IR, formulated 

as 
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The g  and   are the nominal value and the corresponding variance, respectively, 

predicted by Kriging model of constraint. The   is an intensity factor to revise the ratio 

r of infeasible portion to 6-Sigma range. Figure 4 gives the illustration of the PaF group, 



the infeasible portion caused by the input uncertainty, and the 6-Sigma range regarding 

the fluctuations of constraint.  

 

Figure 4. The Partially-Feasibility (PaF) solutions in constraint space. 

By simultaneously optimizing the original objective and the additional IR 

objective, the constrained problem is converted into a multi-objective optimization 

problem. This approach ensures that the optimization algorithm focuses not only on 

feasible and globally optimal solutions but also on solutions near the constraint 

boundaries that are relatively sensitive to input uncertainty. 

 3.2. Modified Expected Feasibility 

To deal with the constraints that exist in an optimization problem, the EF function is used 

to explore constraint boundaries and accurately predict feasibility. However, prioritizing 

only the solutions with feasibility robustness when the input uncertainty exists is 

inefficient and conservative. To simultaneously optimize the objective with full 

consideration of constrained input uncertainty and improve the quality of the PF, a 

modified Hypervolume Difference (mHD) is introduced to assist the update strategy of 

the sequential optimization procedure. Figure 5 illustrates the cases where the update 

point will affect the modified hypervolume (mHV) of the PF. 

For each candidate p, the algorithm performs a non-dominated sort to obtain the 

PF among the current sample set. The difference of mHV of the PF, corresponding to the 



light-shaded region in Figure 5, compared to the previous iteration, can be formulated as 

 = ( ) ( )pf pfmHD hv hv S p S  (7) 

where Spf is the obtained PF in the previous iteration, and hv(Spf) is the mHV value of Spf. 

In early iterations, the algorithm usually fails to obtain the entire PF.   

 

Figure 5. The possible situations for the mHD in a two-objective case. The red dot is the 

unknown candidate solution predicted by the Kriging model. mHD increases in (a) when 

the current PF is extended. In (b) and (c), the mHD decreases since the current PF is 

refined or the Pareto solution is dominated by adding the promising solution. 

 The improvement of the PF is measured by the absolute value of the hypervolume 

difference, which is given by 
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If candidate p is dominated by the current PF, it will not influence the mHV of the 

PF. Hence, the proposed acquisition function modified Expected Feasibility (mEF) is 

formulated as 

 hvpfmEF EF I    (9) 

The additive factor   is studied in Section 4.1 and a suggested value is given. 

In sum, the original constrained optimization problem is transformed into a new 

unconstrained multi-objective optimization problem, 
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In each iteration, the optimization problem is solved by maximizing the mEF function, 
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The Kmg indicates the Kriging models of objective and constraint functions. 

3.3. Relative Hyper Area metric 

Drawing inspiration from mHA, we developed a measure of the quality of PF under 

uncertainty. This relative Hyper Area (rHA) metric considers both refinement and 

extension of the PF as improvements, see Figure 6. Among all the obtained PFs, the 

augmented all-best and all-worst scenarios are obtained by slightly expanding the known 

best and worst values of each objective. By replacing the predefined reference points by 

augmented all-best and all-worst scenarios, the mHV is calculated, shown as the dark 

blue area in Figure 6. The HV formed by the augmented scheme that covers all PF 

solutions is referred to as the base Hypervolume (bHV). The ratio of PF’s mHV to the 

bVH is its corresponding rHA value. 

 

Figure 6. The schematic representation of rHA in a two-objective case. The two triangles 

represent the reference points corresponding to the augmented all-best and all-worst 

scenarios, respectively. 



4. Numerical examples 

Five numerical benchmark functions modified from Test-1D (TI), Branin (BR), Sasena 

A (SEA), Sasena B (SEB) and Gomez (GO) are employed to evaluate the performance 

of the proposed method (Chen, Liu, and Xu 2022; Forrester, Sobester, and Keane 2008; 

Dong et al. 2018; Wauters 2022). Details of all numerical cases can be found in Appendix 

Benchmarks. Each experiment is repeated 10 times. 

4.1. Study of the parameters   and   

 The parameter   should be set to an appropriate value in the IR formulation to provide 

an accurate approximation. The Test-1D (TI) and Sasena (SEA) functions are employed 

here to investigate the optimal value of  . The   is fixed at 0.5, while the value of   

increases from 0.1 to 0.3. The mean absolute error (MAE) is used to indicate the predicted 

error of IR. Figure 7 illustrates the trend of MAE. The results of the analysis indicate that 

systematic bias occurs when   is less than 0.15 or greater than 0.2. In such cases, the IR 

formulation is at considerable risk of becoming invalid, and the algorithm may fail to 

converge to a meaningful PF. Therefore, the suggested range for    is [0.15,0.20]. 

 

Figure 7. The Mean Absolute Error (MAE) for various settings of  . 

To investigate the impact of the parameter  , the TI, SEA, and Gomez (GO) 

functions are solved using different values of   in the mEF. The rHA value and NS, 



representing the number of solutions in the Pareto set, are used as indicators to evaluate 

performance. The   is set to 0.20, while the   is varied to enable comparison analysis.  

The trends of the indicators are depicted in Figure 8. It is not apparent that there are 

significant trends in performance under different values of  . From 0.75 to 1.25, the 

algorithm performance remains stable, consistently yielding PF with small rHA values 

and a moderate number of solutions. Therefore, the recommended range for   is 0.75 to 

1.25. In this work, the predefined parameters are set as 0.2  and 1 . 

 

Figure 8. The rHA value and the number of solutions NS for various settings of   . 

4.2. Experimental setup 

The parameter settings for the comparison methods EGO (Locatelli and Schoen 2021), 

ERGO (Wauters 2022), and ERGA (Bichon et al. 2008) are consistent with those of the 

proposed KMO-IR method to ensure fair comparison results. The IR is introduced into 

the comparison methods to conduct a comparison experiment. The MOGA (Maia et al. 

2021) assisted by the Monte Carlo (MC) method (Zhang 2020), used to evaluate the IR 

of a certain solution, is adopted to solve numerical cases to obtain a baseline of the PF. 

Table 1 presents the parameters used for each method. 

 



Table 1. The parameters and computational costs of methods under study. 

method 
Number of 

Initial samples 
population generation 

Max number 

of infill points 

Computational 

cost 

EGO 11d-1 100 200 10×2d 11d-1+10×2d 

ERGO 11d-1 100 200 10×2d 11d-1+10×2d 

ERGA 11d-1 100 200 10×2d 11d-1+10×2d 

KMO-IR 11d-1 100 200 10×2d 11d-1+10×2d 

MOGA / 100 200 / 100×200×200 

KMOGAa 100d 100 200 / 100 d 

aOnly for the metamaterial vibration isolator. 

The computational cost of each method is assessed in terms of the number of 

simulation calls. For numerical cases, the MOGA approach employs the MC method to 

generate 200 perturbations within the input uncertainty of each candidate to evaluate its 

IR. Since the finite-element simulation analysis is typically expensive and time-

consuming, obtaining the baseline through the MOGA method with the MC technique is 

impractical. Hence, in the engineering application, a Kriging model based on 200 samples 

is introduced to assist the MOGA method in procuring an approximate baseline as a 

reference. In all other Kriging-assisted methods, the proposed IR formulation is 

introduced as an additional optimization objective. 

4.3. Results and discussion 

4.3.1. Illustrative example – Sasena (SEA) function 

The SEA function is used to illustrate the algorithm process. Figure 9 shows the iterative 

results of the SEA function. In Figure 9(a), the current Kriging model cannot precisely 

give the boundary of feasible regions at iteration 5. The algorithm gives more priority to 

the unexplored areas near the boundary. In Figure 9(b), the locations of the updated points 

indicate that the algorithm searches the feasible boundary and the promising area 



improving the PF of the MOO problem. 

 

Figure 9. The iterative results of SEA function. The red and the black lines are the 

boundaries of the ground truth and predicted constraints, respectively. The black and the 

red crosses are the original and updated points for Kriging models. The white circles are 

solutions in PF at the current iteration. 

To investigate the credibility of the obtained PF, 1000 perturbations around each 

solution are generated by the MC method to evaluate the actual IR caused by input 

uncertainty. The obtained PF is illustrated in Figure 10(a), and the verification result is 

shown in Figure 10(b). The verification result proves that the predicted IR is credible, and 

the KMO-IR can obtain multiple design solutions with different risks to be infeasible due 

to input uncertainty. 



 

Figure 10. The obtained PF of SEA and the verification of predicted IR. 

4.3.2. Comparison analysis 

Table 2 lists the statistical results of rHA in the format ‘mean±variance’. The proposed 

KMO-IR method can obtain a PF that closely resembles the baseline PF obtained from 

MOGA with much lower computational cost, whereas the PFs from the EGO, ERGO, 

and ERGA methods have higher rHA values. Meanwhile, the variances of rHA from 

KMO-IR are usually smaller than other methods, which means that the performance of 

the proposed method is stable. Figure A1 in Appendix 3 shows the PFs obtained by all 

methods in one experiment. 

Table 2. The statistical results of rHA. MOGA row is a baseline for a reference. The 

optimal values are in bold. 

 T1 BR SEA SEB GO 

EGO 0.230±0.001 0.126±5.2e-4 0.020±1.2e-6 0.718±0.012 0.362±0.021 

ERGO 0.294±0.012 0.101±8.2e-4 0.021±2.5e-5 0.747±0.007 0.409±0.034 

ERGA 0.256±0.006 0.215±0.014 0.272±0.023 0.682±0.004 0.259±0.002 

KMO-IR 0.176±5.8e-7 0.064±2.8e-7 0.019±2.0e-5 0.551±5.6e-6 0.216±9e-4 

MOGA 0.170±4.5e-7 0.056±1.7e-4 0.008±5.8e-8 0.547±2.1e-6 0.152±1e-6 

 

The MC method is used to generate 1000 perturbations within the input 

uncertainty to conduct accuracy verification. Table 3 presents the MAE of the predicted 



IR from different methods in each benchmark. All comparison methods and KMO-IR are 

with an acceptable prediction accuracy (minimum 97.95%). Compared to the MOGA 

method, the proposed KMO-IR method offers significant computational savings along 

with higher prediction accuracy for IR. In Table 3, the extremely low values of EGO, 

ERGO and ERGA in different benchmarks just indicate that these methods are too 

conservative to obtain diverse solutions with different IR levels. Furthermore, compared 

to the sequential EGO, ERGO, and ERGA methods, the KMO-IR method obtained PF 

with better rHA values, demonstrating its effectiveness and efficiency. In Appendix 3, 

the verification results for each benchmark are illustrated in Figure A2. 

Table 3. The MAE of the predicted IR. MOGA row is a baseline for a reference. The 

highest values are in bold.  

 T1 BR SEA SEB GO 

EGO 0.0182 8.6e-4 0.0102 0.0045 0.0054 

ERGO 0.0205 0 0.0118 0.0038 0.0170 

ERGA 0.0084 0.0032 0.0154 0.0032 0.0126 

KMO-IR 0.0126 0.0148 0.0178 0.0113 0.0082 

MOGA 0.0330 0.0504 0.0375 0.0192 0.0172 

  

5. Engineering case: the design of a metamaterial vibration isolator with 

honeycomb structure 

Undesirable vibrations can significantly impact the performance of the mechanical 

equipment and may shorten the service life. In mechanical engineering design, ensuring 

effective vibration isolation of the mechanical system is essential. Various vibration 

isolation strategies are developed to reduce harmful vibrations and inhibit the 

transmission of vibrations among mechanical systems (Mikhailov and Bazinenkov 2017; 

Al Rifaie, Abdulhadi, and Mian 2022). The metamaterial is highly competitive due to its 



promising physical properties. The proposed KMO-IR method is applied to address the 

design of a metamaterial vibration isolator (Qian et al. 2021). Figure 11 illustrates the 

geometric structure of the metamaterial vibration isolator, comprising a polyurethane 

honeycomb structure with m=2 rows and n=4 columns of hexagonal honeycomb cells.  

 

Figure 11. The geometry of the vibration isolator. (a) The CAD drawing; (b) the solid 

structure of the metamaterial vibration isolator. 

5.1. Two-Dimensional design problem 

The structure of the hexagonal honeycomb cell is illustrated in Figure 12. The cell 

is characterized by six geometric parameters: the length (L), the thickness (Tl), and the 

inclination angle (θ) of the oblique bar, the thickness (Th) of the vertical bar, the radius 

(Rf) of rounding and the depth (D) of the cell. The L and Th are two design variables. 

Information regarding geometric parameters is given in Table 4. 

 

Figure 12. The geometric structure of the hexagonal honeycomb cell. 

Table 4. The six geometric parameters of the hexagonal honeycomb cell. The design 

parameters are in bold. 



Parameters Values/Ranges uncertainties 

θ 10.3° - 

D 45mm - 

Rf 31mm - 

Tl 40mm - 

L 15.0~20.0mm 1%×L 

Th 5.0~10.0mm 1%×Th 

 

The optimization design problem of the metamaterial vibration isolator can be formulized 

as 
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The natural frequency fre under the rated load M=50kg is calculated as 
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where ks is the static stiffness. The goal is to optimize the structure to find a design 

solution that makes the natural frequency of the designed metamaterial vibration isolator 

as close as possible to the desired natural frequency fre0=6Hz. One difficulty of the 

optimization design problem is that it is subject to two constraints. The first constraint 

requires the transverse-vertical stiffness ratio Kr to be no lower than 2.45. The other 

constraint lies in the nonlinear coefficient  , which must not be less than 0.79. 

Furthermore, the presence of input uncertainty in the design variables may compromise 

the feasibility of the design solution, or even make the design infeasible. Therefore, an 

additional objective is to provide the approximate IR for the specific design solution. 

The natural frequency fre, transverse-vertical stiffness ratio Kr, and nonlinear 



coefficient   can be determined through finite element simulation. Due to the linear 

stretching of the hexagonal honeycomb cell along the direction of depth, the finite 

element model can be constructed as a 2-D plane model and simulated by the ANSYS 

2024 R2 software using the APDL. The finite element model is meshed with plane182 

elements. Figure 13 gives an example of design L=15.3mm and Th=6.4mm. 

 

Figure 13. The finite element model of design L=15.3mm and Th=6.4mm. 

The objective and mEF response space predicted by the Kriging model is given 

in Figure 14. The white circles depict the final output solutions obtained by the proposed 

KMO-IR method. To investigate the accuracy of the predicted IR, all design solutions 

obtained from each method are verified. The PFs obtained from all methods and the 

verification results are shown in Figure 15.  

 

Figure 14. The predicted objective (a) and mEF (b) response space. The black and red 

crosses are the original and updated samples for Kriging. The black and magenta lines 

are the feasible boundaries of two constraints. 



 

Figure 15. The PFs (a) from different methods and the verification results (b). 

200 perturbations within the uncertainty around the nominal value are generated 

for each design solution and are simulated by a finite element model to evaluate their 

response values. (For the KMOGA method, only 30% are selected evenly from the PF 

solutions to avoid unnecessary time-consuming simulations.) The MAE of the predicted 

IR and statistical rHA of the PFs are collected in Table 5. 

Table 5. The statistical results of rHA and MAE of the predicted IR. KMOGA row are 

separated for reference. The results from KMO-IR are in bold. 

 rHA MAE 

EGO 0.177±0.0008 0.0184 

ERGO 0.273±0.0439 0.0512 

ERGA 0.111±0.0004 0.0753 

KMO-IR 0.095±7.59e-5 0.0364 

KMOGA 0.066±0.0003 0.1896 

 

In this engineering case, the proposed KMO-IR method can save 69.5% 

computational costs compared to the KMOGA method, while also providing a more 

accurate estimate of IR for each design solution. The results obtained from KMOGA are 

meaningless due to the large MAE (0.1896). Compared to EGO, ERGO, and ERGA 

methods, the proposed KMO-IR method obtained a PF with the lowest rHA, indicating 



its ability obtain a better PF. Additionally, the accuracy of predicted IR is 96.36%, which 

surpasses that of the ERGO and ERGA methods. 

5.2. Three-Dimensional design problem 

The design variables are given in Table 6, the experimental setup is the same as 

the two-dimensional problem version. The solutions obtained from different methods are 

shown in Figure 16. 

Table 6. The input design variables of the 3-D case. 

Variables Ranges Uncertainties 

θ 5~10° 1%×θ 

L 15.0~20.0mm 1%×L 

Th 5.0~10.0mm 1%×Th 

 

 

Figure 16. Pareto front of the different methods for the 3-D case. 

The EGO and KMOGA methods outputted a single point with a low IR value 

while failing to obtain a PF which can trade off the feasibility robustness for better 

objective performance. The PFs from ERGO and ERGA methods are fully and partially 

dominated by the PF from the proposed method. For each solution, 100 perturbations are 



generated by MC to evaluate the impact of input uncertainty and calculate the real IR. 

The rHA and MAE values are given in Table 7. 

Table 7. The rHA of the PFs and the MAE of the predicted IR. The results from KMO-

IR are in bold. 

method rHA MAE 

EGO - 0 

ERGO 0.1272 0 

ERGA 0.0722 0.006 

KMO-IR 0.0087 0.018 

KMOGA - 0.01 

 

 Since the outputs are single solutions, there is no rHA calculated for EGO and 

KMOGA methods. The proposed method obtained the PF with the best rHA value 

compared to the other PFs, which is consistent with what Figure 16 illustrates. The MAE 

of KMO-IR indicates the 98.2% accuracy of the predicted IR. In addition, compared to 

the KMOGA method, the proposed KMO-IR reduces 62.67% (1-(32+80)/300=62.67%) 

of the computational budget. 

6. Conclusion 

In this work, the KMO-IR method is proposed to address constrained optimization 

problems under input uncertainty. An IR formulation is developed and introduced as a 

constraint-handling technique. By treating IR as an additional optimization objective, 

KMO-IR aims to generate a Pareto set with diverse design solutions throughout the entire 

design space. Furthermore, an enhanced acquisition function, mEF, is proposed to guide 

the algorithm iteratively toward the locations with the most promising value for infill 

points. Based on the test results and comparison analysis, several conclusions can be 

drawn:  



(1) The proposed KMO-IR method can obtain a Pareto set with multiple solutions and 

provide corresponding risks of infeasibility under input uncertainty. This offers designers 

multiple choices instead of only the safest solutions. The verification using the MC 

method demonstrates the effectiveness and accuracy of the IR approximation. (2) For the 

proposed KMO-IR, in numerical examples, the prediction accuracy of IR exceeds 98%; 

the accuracies are 96.36% and 98.2% for the 2-D and 3-D vibration isolator design 

problems, respectively. (3) In comparison to EGO, ERGO, and ERGA methods, the 

proposed KMO-IR method outperforms them as its obtained PFs exhibit the smallest rHA 

index. (4) the proposed KMO-IR method saves 99.9% and 69.5% (62.67% in the 3-D 

case) computational costs compared to MOGA and KMOGA methods, respectively. 

For future research, we would like to explore the performance of the proposed 

method on more engineering applications as well as focus on improving the efficiency of 

the optimization algorithm. 
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Appendix 1: Kriging 

Given a sample set S = {X, Y} with N design points X = (x1, x2, …, xn) and the 

corresponding function values Y = (y1, y2, …, yn), a Kriging model can be constructed. 



And its general expression is given as 

 ( ) ( ) ( )y  x x x   (14) 

( )x  is the regression part while ( )x  indicates the stochastic process, with a 

zero mean and 2  variance. The covariance function for any two points xi and xk is 

calculated as 
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R is the correlation matrix infilled by the Gaussian correlation function ( , )i kr x x . D 

represents the dimension of x, and d  is the correlation parameter. By applying maximum 

likelihood estimation, the hyperparameters 
2  and d  can be obtained for building the 

Kriging model.  

For an unobserved design xun, the predicted response value unˆ( )y x  and its variance 

2
un( )e x  are represented as follows: 
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Where ̂  is the estimated un( )x . The signal r indicates the correlation vector between 

xun and N design points X. Vector 1 is an N-vector of ones. 

 

Appendix 2: Benchmarks 

 Test-1D function (T1) 
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 Branin function (BR) 
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 Sasena function A (SEA) 
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 Sasena function B (SEB) 
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 Gomez function (GO) 
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Appendix 3: The illustrations of IR verification results. 



The PFs obtained from all methods in one experiment are shown in Figure A1 and the 

results of verification for the IR are presented in Figure A2. 

 

Figure A1. The illustration of PFs from all methods for each numerical case. 



 

Figure A2. The illustrations of verification for each numerical case. 
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