Results in Engineering 32 (2026) 111602

Contents lists available at ScienceDirect

Results in

Results in Engineering

journal homepage: www.sciencedirect.com/journal/results-in-engineering

Research paper

Regularized Action-conditioned Hamiltonian Generative Networks for
Dynamics Learning with External Control

Arne Troch @ Kevin Mets &’ | Siegfried Mercelis

University of Antwerp - Imec, IDLab - Faculty of Applied Engineering, Sint-Pietersvliet 7, Antwerp, 2000, Belgium

ARTICLE INFO ABSTRACT

Keywords:

Physics-informed machine learning
Hamiltonian neural networks
Dynamics learning

Control systems

Recent advancements in physics-informed machine learning have successfully leveraged Hamiltonian mechanics
to learn system dynamics from data. In this work, we build upon Action-Conditioned Hamiltonian Generative
Networks (ACHGN), a framework that extends these principles to non-canonical inputs and systems subject to ex-
ternal control. We identify a set of architectural changes from recent literature which contribute to significantly
improved dynamics predictions. This novel ACHGN + + architecture generally outperforms ablations and base-
lines on a set of seven dissipation-free classical control tasks with dynamics of varying complexity. In addition,
we highlight a limitation of the architecture and propose physics-informed regularization to enforce separation
between the learned dynamics and external forces. We demonstrate that this regularization not only improves
long-term prediction but also ensures the learned dynamics align more strongly with the intended Hamilto-
nian structure, as quantified by two novel evaluation metrics introduced in this work. Finally, we show that
ACHGN + + is capable of learning an interpretable latent phase space which behaves similarly to real canonical

coordinates on a pendulum system.

1. Introduction

Accurately modeling the dynamics of complex systems is a funda-
mental challenge across diverse scientific and engineering disciplines,
crucial for applications ranging from prediction to control. Tradition-
ally, this task relies on first-principle models, which necessitate signif-
icant domain expertise to derive the governing differential equations
that accurately describe the system. Recent advances in machine learn-
ing offer an alternative, enabling the use of neural networks to learn the
underlying dynamics of a system solely from observational data [1-3].
These purely data-driven approaches can be used when little or no prior
knowledge of the system is available, provided sufficient data. How-
ever, they are subject to the inherent limitations of conventional neural
networks, including limited generalization capabilities, susceptibility to
overfitting, and a heavy reliance on extensive datasets [4].

In response to these limitations, the promising field of physics-
informed machine learning seeks to incorporate physical laws directly
into the learning process [5,6]. Such approaches aim to reduce the risks
associated with purely data-driven learning by integrating data with
additional information obtained by enforcing physical laws. Multiple
approaches have been proposed, most notably Physics-Informed Neu-
ral Networks (PINNs) [7], which encode governing differential equa-
tions into the loss function of the learning process, and specialized net-
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work architectures, which inherently embed physical principles. This
second category is particularly appealing due to its reduced reliance
on domain knowledge. While broad applications of this concept have
been common practice in the form of Convolutional Neural Networks
(CNNs) [8] and Recurrent Neural Networks (RNNs) [9], recent trends
have shifted towards more powerful physical priors. Literature has ex-
plored the integration of Lagrangian mechanics [10,11], Hamiltonian
mechanics [12,13] and Koopman theory [14,15] into the learning pro-
cess. These core ideas have been further extended to include contact
dynamics [16], explicit constraints [17] and energy dissipation [18,19].
In particular, approaches such as Hamiltonian Neural Networks (HNNs)
[12] have gained prominence for their ability to learn energy-conserving
dynamics by enforcing the symplectic nature of Hamiltonian dynam-
ics on the learning process. Building on the success of Variational Au-
toencoders (VAEs), Hamiltonian Generative Networks (HGNs) [13] ex-
tend the concept of HNNs to learn latent Hamiltonian dynamics from
non-canonical, high-dimensional inputs, such as images. This approach
significantly increases applicability by eliminating the need for the in-
put data to be presented in canonical coordinates. Subsequently, this
framework was extended to systems subject to external forces [20]. This
extension introduced Action-Conditioned Hamiltonian Generative Net-
works (ACHGNSs), which learn a mapping between control inputs and
their impact on the latent Hamiltonian dynamics. This work builds on
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$\mathbf {q}\in \mathbb {R}^n$


$\mathbf {p}\in \mathbb {R}^n$


$\mathbf {s}=\left (\mathbf {q},\mathbf {p}\right )$


$\mathcal {H}(\mathbf {q},\mathbf {p}, t):\mathbb {R}^{2n}\to \mathbb {R}$


\begin {align}\label {eq:ham_dyn} \frac {d\mathbf {q}}{dt} = \frac {\partial \mathcal {H}}{\partial \mathbf {p}}, \quad \frac {d\mathbf {p}}{dt} = -\frac {\partial \mathcal {H}}{\partial \mathbf {q}}.\end {align}


$(\mathbf {q},\mathbf {p})$


\begin {align}\label {eq:ham_energy_cons} \frac {d\mathcal {H}}{dt} = \frac {\partial {\mathcal {H}}}{\partial {\mathbf {q}}}\frac {d\mathbf {q}}{dt} + \frac {\partial {\mathcal {H}}}{\partial {\mathbf {p}}}\frac {d\mathbf {p}}{dt} = 0.\end {align}


$\mathbf {p}$


$\mathbf {q}$


\begin {align}\label {eq:ham_separable} \mathcal {H}(\mathbf {q},\mathbf {p})=V(\mathbf {q}) + T(\mathbf {p}).\end {align}


\begin {align}\frac {d\mathbf {x}}{dt}=g(\mathbf {x},t),\quad \mathbf {x}\in \mathbb {R}^{2n},\quad t\in \mathbb {R}. \label {Xeqn4-4}\end {align}


$g$


$f_\theta $


$f_\theta \approx g$


\begin {align}\mathbf {x}_{t+1}=f_\theta (\mathbf {x}_t), \label {Xeqn5-5}\end {align}


\begin {align}\label {eq:residual} \mathbf {x}_{t+1}=\mathbf {x}_t + f_\theta (\mathbf {x}_t).\end {align}


\begin {align}\frac {d\mathbf {x}}{dt}=f_\theta (\mathbf {x}_t). \label {Xeqn7-7}\end {align}


$\mathcal {H}_\theta $


$(\mathbf {q}_0,\mathbf {p}_0)$


\begin {align}\label {eq:hnn_dyn} \hat {\mathbf {q}}_{t+1} = \mathbf {q}_t + \frac {\partial \mathcal {H}_\theta }{\partial \mathbf {p}}dt ,\quad \hat {\mathbf {p}}_{t+1} = \mathbf {p}_t - \frac {\partial \mathcal {H}_\theta }{\partial \mathbf {q}}dt.\end {align}


\begin {align}\label {eq:hnn_loss} \mathcal {L}_{HNN}=\left |\left | \frac {\partial \mathbf {q}}{\partial t} - \frac {\partial \mathcal {H}_\theta }{\partial \mathbf {p}}\right |\right | + \left |\left | \frac {\partial \mathbf {p}}{\partial t} + \frac {\partial \mathcal {H}_\theta }{\partial \mathbf {q}} \right |\right |.\end {align}


\begin {align}\label {eq:hnn_loss_finite} \mathcal {L}_{HNN}=\left |\left | \frac {\mathbf {q}_{t+1} - \mathbf {q}_t}{dt} - \frac {\partial \mathcal {H}_\theta }{\partial \mathbf {p}}\right |\right | + \left |\left | \frac {\mathbf {p}_{t+1} - \mathbf {p}_t}{dt} + \frac {\partial \mathcal {H}_\theta }{\partial \mathbf {q}} \right |\right |,\end {align}


\begin {align}\label {eq:hnn_loss_states} \mathcal {L}_{HNN}=\left |\left | \mathbf {q}_{t+1} - \hat {\mathbf {q}}_{t+1} \right |\right | + \left |\left | \mathbf {p}_{t+1} - \hat {\mathbf {p}}_{t+1} \right |\right |,\end {align}


$\hat {\mathbf {q}}_{t+1}, \hat {\mathbf {p}}_{t+1}$


$\mathbf {x}=(\mathbf {q},\mathbf {p})$


\begin {align}\label {eq:hgn} \begin {aligned} & \mathbf {z}_t \sim q_\theta (\cdot |\mathbf {x}_t) \quad & (\text {encoder}) \\ & \mathbf {\tilde {s}}_t=f_\theta (\mathbf {z}_t) \quad & (\text {transformer}) \\ & \mathbf {\tilde {s}}_{t+1}=Integrator(\mathcal {H}_\theta (\mathbf {\tilde {s}}_t)) \quad & (\text {dynamics}) \\ & \hat {\mathbf {x}}_t = d_\theta (\mathbf {\tilde {s}}_t) \quad & (\text {decoder}), \end {aligned}\end {align}


$q_\theta $


$f_\theta $


$\mathcal {H}_\theta $


$d_\theta $


$\mathbf {\tilde {s}}_t$


$\mathbf {\tilde {q}}_t$


$\mathbf {\tilde {p}}_t$


\begin {align}\label {eq:hgn_loss} \mathcal {L}_{HGN}=\sum _{t=0}^T \left [ \text {log} \, d_\theta (\hat {\mathbf {x}}_t \mid \tilde {\mathbf {s}}_t) \right ] - KL\left [ \mathbf {z}_t \mid \mid p(\mathbf {z}_t) \right ],\end {align}


$T$


$p(\mathbf {z})$


\begin {align}\label {eq:ham_gen} \frac {d\mathbf {q}}{dt} = \frac {\partial \mathcal {H}}{\partial \mathbf {p}}, \quad \frac {d\mathbf {p}}{dt} = -\frac {\partial \mathcal {H}}{\partial \mathbf {q}} + g(\mathbf {q})\mathbf {u},\end {align}


$\mathbf {u}\in \mathbb {R}^m$


$g(\mathbf {q})\in \mathbb {R}^{n\times m}$


$\mathbf {u}=\mathbf {0}$


$\mathbf {u}\neq \mathbf {0}$


$g(\mathbf {q})$


$g(\mathbf {q})$


$\mathbf {u}_t$


\begin {align}\label {eq:achgn_dynamics} \mathbf {\tilde {s}}_{t+1}=Integrator(\mathcal {H}_\theta (\mathbf {\tilde {s}}_t) + A_\theta (\mathbf {\tilde {s}}_t, \mathbf {u}_t)),\end {align}


$A_\theta $


$\mathbf {u}_t$


$\mathbf {\tilde {s}}_t$


$\mathbf {g}(\mathbf {q})$


\begin {align}\label {eq:latent_ham_gen} \frac {d\mathbf {\tilde {q}}}{dt} = \frac {\partial \mathcal {H}_\theta }{\partial \mathbf {\tilde {p}}}, \quad \frac {d\mathbf {\tilde {p}}}{dt} = -\frac {\partial \mathcal {H}_\theta }{\partial \mathbf {\tilde {q}}} + A_\theta (\mathbf {\tilde {s}}, \mathbf {u}),\end {align}


$g(\mathbf {q})$


$g(\mathbf {q})$


$\mathbf {u}\in [-1,1]$


$F=g( \mathbf {q} ) \mathbf {u}$


$g(\mathbf {q})$


$\mathbf {u}=\mathbf {0}$


$\mathbf {u}=\mathbf {0}$


$T$


$T$


\begin {align}\label {eq:MSE} \begin {aligned} \text {MSE}_{recon}=\frac {1}{T}\sum _{t=0}^T\frac {(\mathbf {x}_t-\hat {\mathbf {x}}_t){}^2}{\mathbf {x}^2_t}, \\ \text {MSE}_{extra}=\frac {1}{T}\sum _{t=T}^{2T}\frac {(\mathbf {x}_t-\hat {\mathbf {x}}_t){}^2}{\mathbf {x}^2_t}, \end {aligned}\end {align}


$\mathbf {x}_t$


$\hat {\mathbf {x}}_t$


$t$


$\text {MSE}_{recon}$


$\text {MSE}_{extra}$


$\text {MSE}_{extra}$


$\lambda $


$\lambda $


\begin {align}\text {VPT}=\argmin _t[\text {MSE}(\mathbf {x}_t,\hat {\mathbf {x}}_t)>\lambda ]. \label {Xeqn18-18}\end {align}


$T$


$T=60$


$\hat {\mathbf {x}}_0=d_\theta (q_\theta (\mathbf {x}_0))$


$\lambda $


$10^{-2}$


$\alpha =0.0$


$\alpha =1.0$


$\beta $


\begin {align}\text {Relevance}(i)=\text {KL}\left [ \mathbf {\tilde {q}}_i \mid \mid p(\mathbf {z}) \right ] + \text {KL}\left [ \mathbf {\tilde {p}}_i \mid \mid p(\mathbf {z}) \right ], \label {eq:Relevance}\end {align}


$\lambda = 0.9$


$10^{-2}$


$10^{-2}$


$\lambda = 0.9$


$10^{-2}$


$10^{-2}$


$\lambda = 0.9$


$\mathbf {\tilde {s}}_t \rightarrow \mathbf {\tilde {s}}_{t+1}$


$\mathbf {\tilde {s}}_t$


$F_t=A_\theta (\mathbf {\tilde {s}}_t,\mathbf {u}_t)$


$\mathbf {\tilde {s}}_t$


$\beta $


$f_\theta $


$\mathcal {H}_\theta $


$\lambda $


$10^{-2}$


$\beta $


$\gamma $


$\beta $


$\beta $


$A_\theta $


$\mathcal {H}_\theta $


$A_\theta $


$f_\theta $


$d\mathbf {\tilde {s}}/dt = f_\theta (\mathbf {\tilde {s}}, \mathbf {u})$


$f_\theta $


$\Delta \mathbf {\tilde {s}}_t = f_\theta (\mathbf {\tilde {s}}_t, \mathbf {u}_t)$


$\mathbf {\tilde {s}}_{t+1} = \mathbf {\tilde {s}}_t + f_\theta (\mathbf {\tilde {s}}_t, \mathbf {u}_t)$


$\lambda $


$10^{-2}$


$\beta $


$\beta $


$\beta $


$\beta $


$\beta $


$\theta $


$\dot {\theta }$


$\theta $


$\dot {\theta }$


$\beta $


$\beta $


$\beta $


$\beta $


$\beta $


$\beta $


$\mathcal {H}_{\theta }$


$A_{\theta }$


\begin {align}\frac {d\mathcal {H}}{dt} = \frac {\partial \mathcal {H}}{\partial \mathbf {p}} \cdot g(\mathbf {q})\mathbf {u}. \label {Xeqn19-19}\end {align}


$\mathcal {H}_\theta $


$A_\theta $


\begin {align}\frac {d\mathcal {H}_\theta }{dt} = \frac {\partial \mathcal {H}_\theta }{\partial \mathbf {\tilde {p}}} \cdot A_\theta (\mathbf {\tilde {s}}, \mathbf {u}). \label {Xeqn20-20}\end {align}


$t\rightarrow t+1$


$\Delta t$


\begin {align}\mathcal {H}_{\theta }^{t+1} - \mathcal {H}_{\theta }^{t} \approx \Delta t\,\frac {\partial \mathcal {H}_\theta ^t}{\partial \mathbf {\tilde {p}}_t} \cdot A_\theta (\mathbf {\tilde {s}}_t, \mathbf {u}_t). \label {Xeqn21-21}\end {align}


\begin {align}\label {eq:EWB} \mathcal {L}_{\text {EWB}}=\frac {\alpha }{T}\sum _{t=0}^T \left | \left [\mathcal {H}_{\theta }^{t+1} - \mathcal {H}_{\theta }^t\right ] - \Delta t\,\frac {\partial \mathcal {H}_\theta ^t}{\partial \mathbf {\tilde {p}}_t} \cdot A_\theta (\mathbf {\tilde {s}}_t, \mathbf {u}_t) \right |,\end {align}


$\mathcal {H}_{\theta }^t=\mathcal {H}_\theta (\mathbf {\tilde {s}}_t)$


$\mathcal {H}_{\theta }^{t+1}=\mathcal {H}_\theta (\mathbf {\tilde {s}}_{t+1})$


$\alpha $


$\Delta t$


$t$


$\Delta t$


$\Delta t$


$A_\theta $


\begin {align}\label {eq:ZFEC} \text {ZFEC}=\frac {1}{T}\sum _{t=0}^T\frac {|\mathcal {H}_\theta (\tilde {\mathbf {s}}_{t+1}) - \mathcal {H}_\theta (\tilde {\mathbf {s}}_t)|}{E + \kappa },\end {align}


$E$


\begin {align}\text {ZCFP}=\frac {1}{T}\sum _{t=0}^T\frac {|A_\theta (\tilde {\mathbf {s}}_t, \mathbf {u}_t^0(\mathbf {x}_t))|}{P+\kappa }, \label {Xeqn24-24}\end {align}


$\mathbf {u}_t^0(\mathbf {x}_t)$


$t$


$\mathbf {x}_t$


$\mathbf {u}_t^0(\mathbf {x}_t)=\mathbf {u}^0$


$P$


$\tilde {p}$


$E$


$P$


$\kappa =10^{-8}$


$E$


$P$


$\alpha =1.0$


$\alpha =10^{-6}$


$\alpha =1.0$


$\beta $


$\mathbf {\tilde {q}}_i$


$\mathbf {\tilde {p}}_i$


$i$


$p(\mathbf {z})$


$\alpha =1.0$


$\beta $


$\alpha =1.0$


$\beta $


$A_\theta $


$[\pi , 2\pi ]$


$[0, 0.5]$


$[0, 2\pi ]$


$\theta =0$


$\Delta t=0.02$


$\mathbf {x}=[\theta , \dot {\theta }]$


$\theta $


$\dot {\theta }$


$\Delta t=0.01$


$\mathbf {x}=[x, \theta , \dot {x}, \dot {\theta }]$


$x$


$\dot {x}$


$\theta $


$\dot {\theta }$


$\Delta t=0.01$


$\mathbf {x}=[\theta _1, \theta _2, \dot {\theta }_1, \dot {\theta }_2]$


$\theta _1$


$\theta _2$


$\dot {\theta }_1$


$\dot {\theta }_2$


$\Delta t=0.02$


$\mathbf {x}=[\theta _1, \theta _2, \dot {\theta }_1, \dot {\theta }_2]$


$\theta _1$


$\theta _2$


$\dot {\theta }_1$


$\dot {\theta }_2$


$\Delta t=0.01$


$\mathbf {x}=[x, \theta _1, \theta _2, \dot {x}, \dot {\theta }_1, \dot {\theta }_2]$


$x$


$\dot {x}$


$\theta _1$


$\theta _2$


$\dot {\theta }_1$


$\dot {\theta }_2$


$\Delta t=0.01$


$\mathbf {x}=[x, \theta _1, \theta _2, \theta _3, \dot {x}, \dot {\theta }_1, \dot {\theta }_2, \dot {\theta }_3]$


$x$


$\dot {x}$


$\theta _1$


$\theta _2$


$\theta _3$


$\dot {\theta }_1$


$\dot {\theta }_2$


$\dot {\theta }_3$


$\Delta t=0.01$


$\mathbf {x}=[\theta _1, \theta _2, \theta _3, \dot {\theta }_1, \dot {\theta }_2, \dot {\theta }_3]$


$\theta _1$


$\theta _2$


$\theta _3$


$\dot {\theta }_1$


$\dot {\theta }_2$


$\dot {\theta }_3$


\begin {align}\frac {d\mathcal {H}}{dt} = \frac {\partial \mathcal {H}}{\partial \mathbf {q}} \cdot \frac {d\mathbf {q}}{dt} + \frac {\partial \mathcal {H}}{\partial \mathbf {p}} \cdot \frac {d\mathbf {p}}{dt} \label {Xeqn26-B.1}\end {align}


\begin {align}\frac {d\mathcal {H}}{dt} = \frac {\partial \mathcal {H}}{\partial \mathbf {q}} \cdot \frac {\partial \mathcal {H}}{\partial \mathbf {p}} + \frac {\partial \mathcal {H}}{\partial \mathbf {p}} \cdot \left (-\frac {\partial \mathcal {H}}{\partial \mathbf {q}} + g(\mathbf {q})\mathbf {u}\right ) \label {Xeqn27-B.2}\end {align}


\begin {align}\frac {d\mathcal {H}}{dt} = \frac {\partial \mathcal {H}}{\partial \mathbf {p}} \cdot g(\mathbf {q})\mathbf {u} \label {Xeqn28-B.3}\end {align}


$tanh(\mathbf {p})$


$10^{-2}$


$10^{-2}$


$\lambda = 0.9$


$10^{-2}$


$10^{-2}$
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the ACHGN framework to further enhance its dynamics modeling capa-
bilities and improve our understanding of the learned latent dynamics.
Additionally, this work proposes a regularization approach aimed to ad-
dress a key identifiability challenge in controlled Hamiltonian systems:
disambiguating energy-conserving dynamics from external forces. Our con-
tributions are summarized as follows:

e We propose a dataset! consisting of seven dissipation-free classical
control tasks of varying complexity designed to evaluate the perfor-
mance of dynamics learning in the presence of external control from
low-dimesional, non-canonical inputs.

e We introduce ACHGN + +, improving the original architecture by
systematically evaluating various modifications proposed in recent
literature [13]. We demonstrate its dynamics prediction performance
by comparing with relevant baselines and ablations on the proposed
dataset.

e We introduce a novel regularization approach aimed to enforce a
clear separation between the learned dynamics and the effects of
the external control. We validate the effectiveness of this regular-
ization using traditional reconstruction metrics and two newly pro-
posed metrics designed to evaluate Hamiltonian behavior in learned
dynamics models.

e We demonstrate that ACHGN + + models learn an interpretable la-
tent space, with latent phase-space variables behaving similarly to
canonical coordinates. We show that this interpretability is depen-
dent on the complexity of the system, with systems subject to com-
plex dynamics leading to less interpretable latent spaces.

2. Background

This section introduces the fundamental concepts necessary to un-
derstand the contributions of this work. We first define Hamiltonian sys-
tems, outlining their core properties and time evolution. Subsequently,
we show how the dynamics of Hamiltonian systems can be learned from
data using HNNs and how this approach can be extended to various in-
put modalities via HGNs. Finally, we discuss the extension of Hamil-
tonian systems to include external control inputs and how this can be
modelled using ACHGNS.

2.1. Hamiltonian systems

Hamiltonian systems are characterized by a set of canonical coordi-
nates q € R” and conjugate canonical momenta p € R”, which evolve
over time within a phase space s = (q, p). This time evolution represents
the system’s dynamics, governed by a Hamiltonian function H(q, p,?) :
R?" — R. The scalar output of this function typically, though not nec-
essarily, represents the total energy of the system as a function of the
state space and time. The time evolution of the system is described by
Hamilton’s equations of motion:
dq _oH dp _ JH
@ op g
Any set of phase space coordinates (q, p) satisfying Eq. (1) is considered
canonical and can be used to describe the time evolution of the system.
The symplectic structure of Eq. (1) ensures the preservation of phase
space volume over time, effectively representing energy-conserving sys-
tems:
daM _oHda omdp _ @

dt Jq dt  oJp dt

When the energy in a system is separable, meaning the kinetic energy
depends solely on the momentum p and the potential energy depends
solely on the position q, the Hamiltonian can be expressed as the sum
of two independent functions:

H(g,p) = V(@) +T(p). 3

(€Y

1 Available at https://huggingface.co/datasets/Atroch/ControlEnvs
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2.2. Learning Hamiltonian dynamics from data

The time evolution of a system’s dynamics is often described using a
first-order Ordinary Differential Equation (ODE):
dx _
i
The field of dynamics learning considers learning this time evolution g
from data captured from the system, without access to the underlying
dynamics. Typically, this problem is formulated as learning a parameter-
ized function f, to approximate the true dynamics: f, ~ g. Traditional
approaches addressed this by learning to predict the subsequent state of
the system given the current one [21,22]:

X1 = fo(Xp)s )

or by learning to predict the residual between two consecutive states
[23]:

gx,n), xeR™ reR. 4)

X1 =X+ fo(x). 6)

However, these discrete-time approaches neglect two critical aspects of
physical dynamics: continuous time evolution and the preservation of
invariant quantities. To address the first issue, techniques such as Neural
ODEs [24] learn to predict the time derivative of the current state:

d
d—’t‘ = fp(x). %)

This formulation allows the learned dynamics to be interpreted as a
continuous-time system, which can be integrated using numerical ODE
solvers [25,26]. The second issue can be addressed through physics-
informed techniques, which impose known physical laws or structural
constraints on the learned dynamics. HNNs [12] embed the energy con-
servation properties of Hamiltonian dynamics into the learning process
by parameterizing the Hamiltonian using a neural network H,. Given
an initial state (qq, py), the time evolution of a Hamiltonian system is
fully defined by its Hamiltonian function via Eq. (1). Consequently, the
dynamics learned by HNNs are described as:

. oH, oH,
941 =9, + Edt, E
The partial derivatives in Eq. (8) are computed using in-graph gradi-
ents of the Hamiltonian neural network with respect to its inputs. The
original formulation of HNNs [12] proposed training the Hamiltonian
network by minimizing the difference between the time derivatives pre-
dicted by the learned dynamics and the true time derivatives of the sys-
tem:

Pry1 =P — dt. (8

aq oM, oM,
ot Jap aq
However, since true time derivatives are often unavailable in practice,
subsequent works have proposed alternative training objectives. These
include using approximate derivatives obtained through finite differ-
ences [27,28]:
- 0H,
+ Py —Ps L%
dt aq

Qr+1 — 9% dHy
dt op

or minimizing the error between predicted and observed states over time

[13,29]:

©)

op
I

Lynn =‘

Lynn = , (10)

Lynn = ||qx+1 _‘ir+1|| + ||Pr+1 _f)H—l“’ (€8]

where q,,,P,;; are the predicted states obtained from Eq. (8). Results
have shown that HNNs are able to effectively learn energy-conserving
dynamics given a set of datapoints sampled from the original system,
provided that these datapoints are in the form of a set of canonical co-
ordinates: x = (q, p). However, such canonical datapoints are often un-
available in real-world scenarios, where systems are typically observed
through high-dimensional sensors (e.g., cameras) or measurements that
do not correspond to canonical coordinates (e.g., actuator states).

To overcome this limitation, the concept of latent Hamiltonian dynam-
ics was introduced. This approach extends the applicability of HNNs to
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diverse, non-canonical, input modalities by learning a mapping from the
observed data space to a latent phase space, where a learned Hamilto-
nian function effectively governs the dynamics. This concept was first
introduced as HGNs [13], which use an autoencoder architecture to en-
code non-canonical inputs into a canonical latent phase space. The pro-
posed architecture consists of four separate networks:

2, ~ qp(-1X,) (encoder)
§ = fo(z,) (transformer) a2
§,41 = Integrator(Hy(s,)) (dynamics)
X, =dy@5) (decoder),

where g, encodes the observed data into a latent representation, f,
transforms this representation into a latent phase space, H, models the
Hamiltonian dynamics within this space, and d, decodes the latent states
back to the original data space. The latent phase space is constructed
by arbitrarily partitioning the transformed latent representation §, into
generalized coordinates §, and conjugate momenta p,. The overall opti-
mization objective of this architecture is defined as:

T
Lygn = Y, [logdyR, 15)] — KLz, || p(z)]. as)
1=0

where T denotes the length of the training sequence. The log-term rep-
resents the reconstruction log-likelihood, while the KL-term regularizes
the latent encoding to approximate a prior distribution p(z) (typically
a unit normal distribution). This framework integrates the principles of
HNNs with the generative capabilities of VAEs [30], enabling the learn-
ing of latent Hamiltonian dynamics from non-canonical observations.

2.3. Action-conditioned Hamiltonian Generative Networks

When a system is subject to external control inputs, typically gen-

erated by actuators, the assumption of energy conservation is violated,
rendering the dynamics described in Eq. (1) insufficient. To address this,
we can formulate an extended version of Hamiltonian dynamics that in-
corporates these external forces:
4. L 2. -G @, a4
where u € R™ represents the external control inputs and g(q) € R™"
is an input matrix defining how these controls influence the general-
ized momenta. We follow previous works in assuming external control is
affine and only influences changes in generalized momenta [29]. When
u = 0, the dynamics reduce to the classical Hamiltonian form, preserv-
ing the original energy conservation properties. Conversely, when u # 0,
the input matrix g(q)> determines the impact of each control element on
the generalized momenta. The formulation in Eq. (14) describes a sys-
tem where all changes in energy are caused by the external control.
Further extensions of this formulation, such as those incorporating en-
ergy dissipation leading to pseudo-Hamiltonian or port-Hamiltonian sys-
tems [18,19], exist but are beyond the scope of this work, which focuses
on environments without energy dissipation. In previous work, the au-
thors have introduced an extension to the HGN architecture to account
for external control inputs, referred to as ACHGN [20]. The dynamics
update step in Eq. (12) is modified to include an embedding of the ex-
ternal control u;:

§,.1 = Integrator(Hy(8,) + Ap(5;, u,)), (15)

where A, is a neural network that models the effect of the control input
u, on the latent phase space §,, effectively representing the input matrix
g(q) within the latent dynamics. Consequently, the latent phase space
evolves according to:

dg oM, dp _ M,

C T G, 16
i op i aq T AGw a6

2 g(q) may be rank-deficient, leading to underactuated systems.
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which represents latent Hamiltonian dynamics subject to external con-
trol. The optimization objective is the same as in Eq. (13), with the
dynamics now defined by Eq. (15).

3. Experimental setup

This section outlines the experimental framework employed
throughout this work. First, we describe the datasets used to train the
various dynamics models, detailing the systems considered and the data
collection process. Second, we define the evaluation metrics used to as-
sess model performance. Third, we detail the training specifications for
the ACHGN architecture, evaluating the base architecture proposed in
[20] and comparing its performance against various modifications pro-
posed in recent literature [31].

3.1. Datasets

All datasets in this work are collected from the control environments
introduced by [32]. These environments utilize first-principle models
to simulate seven classical control tasks of varying complexity, rang-
ing from a fully-actuated (g(q) is full column rank) pendulum swing-up
to a complex underactuated (g(q) is rank-deficient) Cart3Pole balancing
task. Since the observed environment states are not provided in the form
of canonical coordinates, they are not suitable for the direct application
of HNNs and require the autoencoder architecture of HGNs. The envi-
ronments are subject to control inputs u € [—1, 1], which are scaled to
apply a force F = g(q)u to the system velocities. The input matrix g(q)
is unknown, control-affine and may contain zero elements.

Data is collected by simulating the system dynamics with random
control inputs starting from randomly initialized states. The range of
initial conditions was selected to ensure adequate state space coverage
when unrolling forward.®> The specific initial conditions for each envi-
ronment are detailed in Appendix A. This broad initialization is critical
for systems such as the pendulum, which are prone to quickly stabi-
lize around equilibrium points. Training data is generated by simulat-
ing trajectories for 300 steps. From each unrolled trajectory, 10 training
sequences of 64 steps are sampled until a total of 50,000 training se-
quences is collected. Similarly, 20,000 test sequences of length 125 are
sampled from longer trajectories of 1000 steps, with 5 test sequences
sampled per trajectory. Additionally, 10 trajectories of length 1000 are
reserved for evaluating long-term dynamics predictions. Finally, 5000
test sequences with zero-control inputs (i.e., u = 0) are collected fol-
lowing the same sampling strategy as the test data. These sequences
facilitate further analysis of the learned dynamics, specifically targeted
at Hamiltonian behavior under energy-conserving conditions. A com-
prehensive overview of the datasets used in this work is presented in
Table A.1.

3.2. Evaluation metrics

Evaluating learned dynamics typically relies on reconstruction error
metrics, which calculate the difference between predicted and ground
truth states. However, it has been demonstrated that such metrics do
not provide sufficient insight into the quality of the learned dynam-
ics [31,33]. In this section, we detail two standard metrics used in the
literature to evaluate learned dynamics models. These metrics will be
used to assess the performance of all learned dynamics in this work.
In Section 5.2, we introduce two novel metrics specifically designed to
evaluate Hamiltonian behavior in learned dynamics models.

MSE. We employ the MSE between predicted and ground truth states
on an unseen test set as a primary measure of model performance, a

3 Example videos from each environment are displayed at https://sites.google.
com/view/achgn.
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Reconstruction (Rec) and extrapolation (Ext) refer to the normalized MSE measured across the first 60 and subsequent 60 timesteps on the test set, respectively.
VPT refers to the number of predicted timesteps before the normalized MSE exceeds a threshold 4 of 0.9. MSE values are reported as multiples of 1072.

Environment ‘ ACHGN B-VAE Leap Frog No Transform Separable Learned At

‘ Rec Ext VPT | Rec Ext VPT | Rec Ext VPT | Rec Ext VPT | Rec Ext VPT | Rec Ext VPT
Pendulum 0.07 10.14 133 | 0.71 13.48 102 | 0.04 8.48 128 | 0.07 6.92 136 | 0.11 9.86 130 | 0.06 4.32 140
Reacher 0.12 0.78 210 | 0.82 4.86 194 | 0.15 0.78 226 | 0.15 0.68 242 | 0.10 1.82 231 | 0.10 0.76 218
CartPole 0.03 0.68 160 | 0.22 2.48 149 | 0.09 0.69 191 | 0.01 0.49 181 | 0.03 1.29 180 | 0.06 1.16 163
Acrobot 3.05 65.64 95 2.75 62.77 54 2.65 68.53 65 2.66 72.59 75 2.53 61.25 93 2.85 50.94 106
Cart2Pole 2.07 35.17 87 2.43 36.15 80 2.65 34.28 98 1.45 33.89 96 1.77 33.45 98 2.86 24.01 94
Cart3Pole 2489 12534 4 16.97 105.19 10 26.22 124.00 O 19.30 108.45 8 63.11 12236 0 2472 99.66 0
Acro3bot 81.75 14353 0 70.88 12489 0 7717 13529 0 2454 129.75 7 62.89 12531 O 24.07 11195 O
Average 16.00 54.47 98 13.54 49.97 84 15.57 53.15 101 | 6.88 50.40 107 | 18.65 50.76 105 | 7.82 41.83 103

common practice in dynamics learning [13,29,33]. This metric quan-
tifies how well the model predicts system states over a training se-
quence of length 7', referred to as “reconstruction” performance. Follow-
ing [31], we also calculate an “extrapolation” performance by unrolling
the model for an additional T timesteps beyond the training trajectory
length. To facilitate comparison across datasets, we normalize the MSE
by the squared average ground truth state, as proposed by [34]. This
leads to the following definitions:

80
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where x;, and X, denote the ground truth and reconstructed data at
timestep 1, respectively. The MSE scores presented in this work are av-
eraged over the test set. While MSE,.,, indicates the model’s ability to
fit the training data, MSE,,,,, provides valuable insight in the ability of
the model to perform beyond its training regime. Given that longer roll-
outs are susceptible to compounding errors, which significantly impact
dynamics predictions [35], MSE,,,,, is crucial for assessing the quality
of the learned dynamics.

VPT. The VPT metric is motivated by the idea that models which ef-
fectively capture the underlying dynamics of the system should be able
to predict over timespans significantly exceeding the training horizon
[31,33,36]. VPT quantifies the duration for which model predictions re-
main within a specified error threshold 4 of the ground truth. We unroll
the learned dynamics along the long test trajectories and identify the
timestep at which the prediction error exceeds A:

VPT = argmin[MSE(x,, %,) > A]. (18)
t

A higher VPT score indicates that the model maintains accurate dynam-

ics predictions for a longer duration before significant divergence oc-

curs. Note that we discard the first T timesteps of the results, since we

aim to evaluate long-term prediction capabilities beyond the training

regime. Consequently, the maximum achievable VPT score is 940.

3.3. Training specifications

All models are trained on sequences of T = 60 timesteps, using five
stacked frames as input for inference. Since model predictions start from
the reconstruction of the current state, %, = dy(gy(x,)), each training se-
quence consists of 64 total steps. Table E.16 lists the training and net-
work hyperparameters which are kept constant across all experiments
in this work. All results reported are averaged over three random seeds,
standard deviations for each experiment are reported in Appendix E.

We conduct a study of the modifications proposed in HGN + + [13]
within the context of ACHGNS to determine the optimal training proce-

dure for all further experiments in this work. Note that we do not eval-
uate the forward/backward training scheme introduced in [37] since
backward rollouts require knowledge of the force applied during the
transition §; — §,,, which is conditioned on §;: F, = A4(5,,u,). In a re-
verse time setting, §, is the target state and thus unavailable for calcu-
lating the required force. We evaluate the following modifications from
[13]:

¢ Training objective: The original HGN (and ACHGN) implementa-
tion optimizes the objective in Eq. (13) using the GECO approach
[38], whereas HGN + + proposes to use the -VAE objective [39].

 Integrator: Both HGN and HGN + + utilize the leap-frog integrator
[40] for unrolling Hamiltonian dynamics. Given that the systems in
this work violate the energy-conservation assumption present in pre-
vious works, we test whether the leap-frog integrator maintains its
performance advantage over a simple Euler integration scheme.

e Latent transform: HGN + + suggests removing the latent transform
fp, treating the encoder output directly as the latent state.

¢ Separable Hamiltonian: Findings from [13] suggest that modeling
the Hamiltonian H, with separate networks for potential and kinetic
energy (as in Eq. (3)) improves performance compared to a single
network.

Additionally, we evaluate the impact of learning the integration
timestep as a model parameter, as opposed to using a fixed value. This
concept, originally proposed in [20] with preliminary positive results, is
further validated here. In experiments with a fixed timestep, the original
environment timestep, specified in Appendix A, is used.

The MSE scores presented in Table 1 demonstrate that most of the
proposed modifications improve both reconstruction and extrapolation
performance. Specifically, removing the latent transform and learning
the timestep yield significantly better predictions. The VPT scores con-
firm this trend, showing an overall improvement in long-term prediction
performance, with the most significant improvements again attributed
to removal of the latent transform. Notably, both the leap-frog integra-
tor and the separable Hamiltonian network also lead to better long-term
predictions, despite showing similar or slightly worse MSE scores. We
believe the divergence between short-horizon accuracy and long-term
predictions can be attributed to the classical problem of overfitting to
the training horizon, with modifications such as the leap-frog integrator
and separable Hamiltonian constraining the model to limit this prob-
lem and better learn the underlying dynamics. Finally, we observe a
significant discrepancy between the MSE and VPT results for the f-VAE
objective, with MSE scores indicating improved reconstruction, while
VPT results reveal faster divergence over longer trajectories. Based on
these results, we incorporate all proposed modifications into the final
architecture, referred to as ACHGN + +. Given the inconclusive results
of the two training objectives, we evaluate both GECO (y-ACHGN + +)
and p-VAE (B-ACHGN + +) approaches in combination with the other
modifications in Section 4.
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Reconstruction (Rec) and extrapolation (Ext) refer to the normalized MSE measured across the first 60 and subsequent 60 timesteps on the test set,
respectively. VPT refers to the number of predicted timesteps before the normalized MSE exceeds a threshold 4 of 0.9. MSE values are reported as

multiples of 1072

Environment ‘ ACHGN B-ACHGN + + y-ACHGN + + LatNODE RGN HGN

‘ Rec Ext VPT ‘ Rec Ext VPT | Rec Ext VPT | Rec Ext VPT | Rec Ext VPT | Rec Ext VPT
Pendulum 0.07 10.14 133 | 0.16  2.67 404 | 0.04 4.16 113 | 029 2.41 369 | 0.29 3.20 382 | 1.19 19.24 107
Reacher 0.12 0.78 210 | 0.92  3.43 282 | 0.72 0.48 206 | 0.94 3.65 256 | 0.84 3.71 312 | 6.25 26.84 54
CartPole 0.03 0.68 160 | 0.14 073 710 | 0.12 0.18 224 | 020 0.67 517 | 0.19  0.89 409 | 275 1342 58
Acrobot 3.05 6564 95 |[203 27.07 100 | 265 4819 85 |296 2397 89 |4.00 4551 45 | 3501 10298 9
Cart2Pole 207 3517 87 [0.97 1394 100 |1.78 21.95 103 | 1.24 13.40 104 | 1.18 1352 81 |3.77 4256 52
Cart3Pole 24.89 12534 4 17.39 9359 2 16.65 98.09 14 | 15.54 86.31 8 2510 90.91 0 31.47 114.07 0
Acro3bot 81.75 143.53 0 25.61 113.34 4 26.39 110.54 9 28.12 109.83 7 27.00 109.84 0 57.58 123.30 0
Average | 16.00 5447 98 | 675 3640 229 | 6.91 4051 108 | 7.04 3432 193 | 837 3822 176 | 1972 6320 40

4. Comparing ACHGN with baselines

This section presents a comprehensive evaluation of the ACHGN + +
architecture against established dynamics learning baselines, utilizing
the datasets and evaluation metrics defined in Section 3. We aim to as-
sess the effectiveness of ACHGN + + in capturing the underlying dynam-
ics of controlled systems, particularly in comparison to both physics-
informed and purely data-driven approaches. First, we describe the mod-
els used for comparison and ablation. Next, we present and discuss the
evaluation scores for each model. Finally, we provide a qualitative com-
parison of the learned dynamics by visualizing example trajectories for
both controlled and uncontrolled scenarios.

4.1. Models

We compare two variants of the proposed ACHGN + + architecture
with four baseline models. Each model employs the autoencoder archi-
tecture defined in Table E.16 for encoding and decoding observations,
with only the latent dynamics model varying between approaches. These
baselines serve as an ablation study for the various components of the
ACHGN + + architecture, isolating the effects of the Hamiltonian struc-
ture, the action conditioning, and the modifications introduced in Sec-
tion 3.

HGN. This architecture serves as an ablation for the action-
conditioning component of ACHGN + +. We achieve this by removing
the force network A, from the architecture, resulting in dynamics that
follow the energy-conserving Hamiltonian form described in Eq. (12).
To ensure a fair comparison, we implement the same architectural modi-
fications as in ACHGN + +, creating a baseline similar to HGN + + [13],
except for the forward-backward training scheme.

LatNODE. This model serves as an ablation for the Hamiltonian struc-
ture of ACHGN + +. It represents a primarily data-driven approach, with
the only “physics-informed” component being the continuous-time for-
mulation of the dynamics. This approach has been previously shown to
outperform the HGN architecture in energy-conserving settings [41] and
therefore constitutes a strong benchmark for validating the dynamics
learning capabilities of ACHGN + +.LatNODE replaces the Hamiltonian
network H, and the force network A, with a single neural network f,
that predicts the latent time derivative d§/dr = f,(8,u). The dynamics
are unrolled using an explicit Runge-Kutta integrator of order 2, follow-
ing the benchmark established in [41].

RGN. As a further ablation of the physics-informed components of
ACHGN + +, we implement a discrete-time variant of LatNODE. This
results in a purely data-driven dynamics model, effectively establishing
a performance benchmark for recurrent models without any physics-
informed structure. In this model, the dynamics are represented by
a discrete step function f,, predicting the change in the latent state
AS, = fy(§;,u,). We employ a residual formulation (as Eq. (6)) where

the next state is predicted as §,,; =5, + f,(5,, u,), as this has been shown
to improve performance over predicting the next state directly [41].

4.2. Results

Table 2 presents the quantitative results for all proposed models,
with a computational cost comparison provided in Table E.17. First,
we observe that both ACHGN + + variants outperform the baseline
ACHGN architecture, demonstrating the effectiveness of the proposed
architectural modifications. The results also indicate a strong advan-
tage of the g-VAE training objective over the GECO approach. Most no-
tably, the f-VAE objective increases the average VPT score of ACHGN
by 133.7%, compared to an improvement of only 10.2% with the GECO
objective. When comparing f-ACHGN + + to the ablation architectures,
we observe that only LatNODE approaches similar performance lev-
els, even achieving a lower average extrapolation MSE. However, LatN-
ODE falls short in long-term prediction performance; while it marginally
outperforms f-ACHGN+ + in the three most complex environments
(Cart2Pole, Cart3Pole, Acro3bot), it significantly underperforms in the
simpler tasks. Notably, all proposed methods achieve low VPT and high
MSE scores for the more complex tasks (Cart3Pole, Acro3bot), indicat-
ing that these systems are beyond the capabilities of the methods to
effectively model. The discrete-time RGN baseline performs better than
the unmodified ACHGN but is outperformed by both f-ACHGN + + and
LatNODE across all metrics. Finally, the HGN baseline exhibits the weak-
est performance overall, highlighting the significant impact of external
forces on the system dynamics.

Fig. 1 visualizes two example trajectories of 1000 timesteps on the
pendulum system: one with external control inputs and one without. For
each trajectory, we compare the ground truth states with the predictions
from p-ACHGN + + and LatNODE, visualizing the angle, angular veloc-
ity, and phase space trajectory over time. In the controlled trajectory,
B-ACHGN + + closely follows the ground truth in both amplitude and
oscillation frequency, correctly predicting an increase in energy over
time (evident in the increasing peaks). The phase-space trajectory fur-
ther confirms this, as the trajectory predicted by f-ACHGN + + closely
matches the phase-space volume of the ground truth. In contrast, LatN-
ODE significantly underestimates the energy increase, resulting in lower
amplitude oscillations and a smaller phase-space volume. This indicates
an inability to fully capture the impact of control inputs on the system
dynamics. In the zero-control trajectory, both models suffer from energy
loss over time, deviating from the expected closed phase-space orbits
of a Hamiltonian system. However, f-ACHGN + + exhibits significantly
lower energy drift, showing only minimal deviations from the baseline
trajectory, whereas LatNODE quickly spirals towards the origin, indi-
cating a rapid loss of energy. While these results represent a single ex-
ample trajectory, they provide qualitative insight into the differences in
learned dynamics between the two models, highlighting the strengths
of f-ACHGN + + in capturing both controlled and energy-conserving
dynamics. More example trajectories are provided in Fig. D.1 in the Ap-
pendix.
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Fig. 1. Visualization of ground truth and predicted trajectories for both control and zero-control trajectories on the Pendulum system. The first two columns show
the angle 6 and angular velocity § dimensions over time, while the third column displays the phase space (6 vs. 8). Ground truth trajectories are shown in black,
p-ACHGN + + predictions in blue and LatNODE predictions in orange. (For interpretation of the references to colour in this figure legend, the reader is referred to

the web version of this article.)

5. Regularizing ACHGN

While ACHGN provides a structured framework for learning con-
trolled Hamiltonian dynamics, the Hamiltonian network H, and force
network A, are not explicitly pushed towards their intended physical
roles during training. Consequently, the model may learn a Hamiltonian
that does not accurately represent the system’s true conservative energy,
relying instead on the force network to compensate for energy discrep-
ancies. In this section, we introduce a regularization loss to the ACHGN
training process, designed to enforce a clearer separation between the
conservative and non-conservative components of the dynamics. Subse-
quently, we present two novel metrics aimed at quantifying the Hamilto-
nian nature of the learned dynamics. We then evaluate the impact of the
proposed regularization on the dynamics learned by ACHGN + +, ana-
lyzing both standard reconstruction metrics and the newly introduced
Hamiltonian behavior metrics. Finally, we demonstrate the capacity of
ACHGN + + models to learn interpretable latent spaces that closely re-
semble canonical coordinates, providing a strong advantage over purely
data-driven models.

5.1. Regularizing the energy-work balance

When a system is subject to external control inputs, total energy is
not conserved and the time derivative of the Hamiltonian described in
Eq. (2) is no longer zero. The correct time derivative is obtained by sub-
stituting the dynamics from Eq. (14) into Eq. (2), yielding the following
relationship between energy change and external control:
dH _ oH

=2 _ 20, . 19

i op g(qu (€)]
The derivation of this identity is provided in Appendix B. This equation
states that the rate of change of the Hamiltonian (i.e., the change in sys-
tem energy) equals the power input from external forces, represented
by the dot product of the generalized momenta and the applied forces.
If the learned Hamiltonian H, and force network A, accurately capture
their respective components of the system’s dynamics, they should sat-
isfy the analogous relation:
dH, 0H,

= —— Ay(S, ).

¢ 20
dt Jp (20)

For a discrete transition ¢t — ¢ + 1 with integration step At, we use the
first-order approximation:
t

M — Y~ AL Ay, ). (21)
op;

We incorporate this discrete relation as a regularization term in
the ACHGN + + training objective, defining the Energy-Work Balance
(EWB) loss as:

T 1

oH,
Lows = 72 2 |[Hy™ — Hy] - A —aﬁ:’
=0

- Ag(5;,u,)], (22)
where 1, = H,(,), Hé“ = H,(§,;,) and « is a hyperparameter control-
ling the impact of the regularization on the learning process. Here, At
denotes the effective integration step used by the model at transition
t: in fixed-timestep experiments, At equals the environment step size;
in learned-timestep experiments, Ar equals the learned integration step
at that point in the training process. This loss penalizes discrepancies
between the change observed from the learned Hamiltonian and the
change derived from the work done by external forces. By minimizing
this loss during training, we encourage the model to learn a Hamilto-
nian that accurately reflects the system’s energy dynamics and a force
network that correctly represents the influence of external controls.

5.2. Evaluating Hamiltonian behavior

To evaluate the effect of the proposed EWB regularization, we intro-
duce two novel metrics specifically designed to assess Hamiltonian be-
havior in the learned models, complementing the standard reconstruc-
tion metrics defined in Section 3. These metrics serve a diagnostic pur-
pose, quantifying the physical nature of learned dynamics by evaluat-
ing energy conservation and force prediction behavior in a zero-control
test setting. Since these metrics do not necessarily represent overall pre-
diction accuracy, they are used to complement traditional reconstruc-
tion metrics to provide a better understanding of the learned dynamics
model.

ZFEC. This metric is motivated by the principle that Hamiltonian sys-
tems are inherently energy-conserving in the absence of external forces
(Eq. (2)). Therefore, a model that has effectively learned Hamilto-
nian dynamics should conserve energy when unrolled without external
forces, even if trained on data with control inputs. We evaluate this
behavior by unrolling the model on the zero-control test set while sup-
pressing the force network A,, ensuring the dynamics evolve without
external influence. We then measure the relative energy difference at
each timestep using the learned Hamiltonian function:

T

HoB,p1) — Hy(3
zFEC= L Y [HoGri) = Hy Gl (23)
T £ E+x
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ZFEC, ZCEC and ZCFP measured on the zero-control test set. Lower is better for all metrics.
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Environment ‘ a=0.0 a=1.0 a=1e%- 1.0

| zFEC ZCEC  ZCFP | ZFEC ZCEC  ZCFP | ZFEC ZCEC  ZCFP
Pendulum 2.10e5  6.13 1.63 3.23 1.55 0.80 | 7.04¢3 1.40  0.97
Reacher 2.10e2 212 5.77 1.24 0.93 1.45 | 210 0.69 296
CartPole 3.05¢5  2.62 1.83 3.13¢2  0.30 0.54 3922 026  0.32
Acrobot 1.09¢6  10.87  0.87 1.48¢!  5.16 0.45 1.11e3 419  0.42
Cart2Pole 8.98¢5  14.28  1.01 5.28¢* 3.40  0.33 | 3.50e5 9.21 0.50
Cart3Pole 1.75¢5  8.22 0.47 2.00e* 855 0.33 4.53¢5 7.45  0.25
Acro3bot 9.65e*  4.42 0.28 4.93e*  8.00 0.38 8.19¢*  4.89 0.32
Average | 1.06e° 6.95 1.69 1.75¢* 3.98  0.61 1.28¢5  4.01 0.82

where E is the mean absolute latent energy taken over the entire test set.
A low ZFEC score indicates energy conservation in the absence of exter-
nal forces, suggesting the learned dynamics have effectively captured
the Hamiltonian nature of the system. Conversely, a high ZFEC score
implies that the learned dynamics rely on the force network to compen-
sate for energy fluctuations, failing to capture the intrinsic conservation
laws.

ZCFP. Complementing ZFEC, we introduce the ZCFP metric to evalu-
ate whether the model has correctly decoupled the underlying Hamilto-
nian dynamics from the energy contributions of external forces. While
ZFEC assesses the conservation properties of the learned Hamiltonian
dynamics, ZCFP verifies whether the model correctly identifies that a
zero-control input corresponds to zero applied force. We quantify this by
measuring the average predicted latent force when unrolling the model
on the zero-control test set:

T s
Ay, w(x,))
770 JEE [ Aol u )] (24)
T4 Pk

where u?(x,) denotes the zero-control input at time ¢ given state x,,* and
P is the mean absolute latent momentum j taken over the entire test
set. A low ZCFP score indicates that the model correctly associates zero
action with zero latent force, whereas a high score suggests a failure to
decouple the Hamiltonian dynamics from external forces.

Normalization constants. The normalization constants E and P are re-
quired to allow for comparison between experiments, since the model
can learn arbitrary energy and coordinate scales, while a small constant
x = 1078 is used to avoid division by zero. To minimize the sensitivity
of the metrics to this scaling effect, we propose to aggregate the nor-
malization constants over the entire test set. In Appendix C we provide
a sensitivity analysis of this normalization approach, comparing it with
aggregation over trajectories and the unnormalized version of each met-
ric on a Pendulum subject to known disturbances. We also present the
normalization constants E and P for each experiment in Table C.1 to
show that the resulting values are not merely a scaling effect due to small
normalization values. We propose that ZFEC and ZCFP are always pre-
sented alongside their normalization factors to highlight outliers caused
by small normalization constants.

5.3. Results

We evaluate the EWB model using two regularization schedules: a
constant strength of « = 1.0, and a schedule that increases linearly from
a = 1070 to @ = 1.0 over the first 150 epochs. Table 3 presents the results
of the ZFEC and ZCFP metrics for the j-ACHGN + + model trained with
and without the proposed EWB regularization. The table also presents

4 Note that in the systems considered in this work, the zero-control input is
independent of time and state: u?(x,) = u.
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Fig. 2. Histogram of relevance scores for each latent coordinate pair in the
ACHGN + + model trained on the Pendulum environment with EWB regular-
ization (a = 1.0) for the 10 long test trajectories. The model consistently uses
only a single coordinate pair (pair 5) to represent the system dynamics. The
dashed line indicates the threshold used to identify active coordinates.

a variant of the ZFEC metric which does not suppress the force net-
work, referred to as ZCEC, providing a more realistic view of the be-
havior of the model during deployment. Both regularization strategies
significantly improve the Hamiltonian behavior of the learned dynam-
ics, as evidenced by substantial reductions in ZFEC, ZCEC and ZCFP
scores across most environments, with the most complex environments
seeing smaller differences. Notably, the constant regularization strength
shows the least reliance on the force network to correct energy drift, as
indicated by the lower ZCFP scores and the smaller gap between ZFEC
and ZCEC. However, these metrics alone are insufficient to assess the
quality of the learned dynamics, as trivial solutions could achieve low
scores while failing to capture the system dynamics (e.g., the force net-
work predicting zero force at all times).

Table 4 compares the MSE and VPT reconstruction metrics of the
regularized variants with the baseline on the normal test set as well
as on the zero-control test set. The results indicate minor improve-
ments in MSE scores on the normal test set, with a larger improve-
ment in long-term prediction capabilities indicated by the VPT scores.
More notably, the results show a strong improvement in extrapolation
and long-term prediction on most environments in the zero-control test
set for both regularization schedules, matching the lower ZFEC, ZCEC
and ZCFP scores of the regularized variants. These findings indicate
that, while accurate short-term reconstruction is achievable without
strictly enforcing Hamiltonian behavior, imposing the energy-work bal-
ance through regularization significantly enhances the model’s long-
term predictive capability in both in-distribution and out-of-distribution
regimes. The minimal improvements achieved in the most complex en-
vironments once again indicate that these environments are not effec-
tively represented by both the regularized and unregularized variants
of ACHGN + +. The consistent difficulty to predict the dynamics of the
Cart3Pole and Acro3bot environments shows that high-complexity dy-
namics and strong underactuation represent possible failure modes for
all architectures evaluated in this work.
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Table 4
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Reconstruction (Rec) and extrapolation (Ext) refer to the normalized MSE measured across the first 60 and subsequent 60 timesteps on the test set, respectively.
VPT refers to the number of predicted timesteps before the normalized MSE exceeds a threshold 1 of 0.9. MSE values are reported as multiples of 1072. Z-Rec,

Z-Ext and Z-VPT metrics are calculated on the zero-control test set.

Environment H a=0.0 a=10 a=1e%- 1.0
|| Rec Ext VPT | Z-Rec ZExt  Z-VPT || Rec Ext VPT | ZRec Z-Ext  ZVPT || Rec  Ext VPT | Z-Rec Z-Ext  Z-VPT
Pendulum 0.16  2.67 404 | 5.74  40.06 11 016 2.42 557 | 920 20.42 35 0.24 252 548 | 11.11 30.74 15
Reacher 0.92  3.43 282 | 219 1675 18 0.83 3.72 349 | 0.23 1.24 912 091  3.41 336 | 0.26 1.23 840
CartPole 0.14 0.73 710 | 403 5850 27 0.16  0.61 742 | 1.45 21.53 58 0.14 0.74 752 | 1.09 20.67 43
Acrobot 2.03 27.07 100 | 6.12 5750 5 221 28.00 105 | 11.81 41.23 23 218 2938 78 |11.02 4156 2
Cart2Pole 0.97 13.94 100 | 5.88 157.94 7 0.96 11.86 111 |7.35 23.03 20 1.72 1468 113 | 6.08 28.00 11
Cart3Pole 17.39 9359 2 19.83 139.44 0 19.31 9469 10 | 27.25 12874 0 1848 91.41 0 21.86 163.28 0
Acro3bot 25.61 113.34 4 32.13 196.77 0 21.96 112.31 12 | 27.02 146.00 0 26.95 11518 7 28.33 138.39 0
Average || 675 3640 229 | 10.84 9528 10 || 6.52 36.23 269 | 1204 54.60 150 || 7.23 3676 262 | 11.39 60.55 130
5.4. Interpreting ACHGN Table 5

This section highlights the potential of ACHGN + + architectures
to yield interpretable latent spaces that closely approximate canonical
phase spaces. We demonstrate this by visualizing the latent space of a
model trained on the Pendulum environment. Although the model has
16 latent coordinate pairs available, we find that it consistently utilizes
only a single pair to represent the system dynamics. We identify this
active coordinate pair by thresholding the KL divergence between the
prior and posterior distributions of each latent dimension, summing the
KL values per coordinate pair to define a relevance score:
Relevance(i) = KL[§; || p2)] + KL[p; || p(z)]. (25)
where §; and p; are the latent position and momentum distributions for
coordinate pair i, respectively, and p(z) is the prior distribution. Latent
variables with a low KL divergence are similar to the unit normal prior,
indicating high standard deviations meaning they are likely treated as
noise by the model. Fig. 2 visualizes these relevance scores for the g-
ACHGN + + model with « = 1.0 for the 10 long test trajectories on the
Pendulum environment. The histogram clearly shows that a single coor-
dinate pair (index 5) is consistently active across different trajectories,
exhibiting a significantly higher relevance score than the others. Fig. 3
compares the learned phase space of this active coordinate pair with the
true phase space of the pendulum for both controlled and zero-control
trajectories. The learned phase space closely resembles the true phase
space, preserving volume in energy-conserving settings and accurately
reflecting energy changes under control inputs. In the controlled trajec-
tory, an energy increase occurs halfway through the rollout, manifested
as an increase in phase-space volume; this behavior is accurately cap-
tured in the learned phase space. The zero-control trajectory exhibits
a closed orbit in the true phase space, while the learned phase space
shows only a slight deviation from a closed orbit, indicating minimal
energy drift.

Table 5 lists the number of active latents after training per environ-
ment, comparing the base ACHGN model with f-ACHGN + + models
trained with and without EWB regularization. We observe that the ar-
chitectural improvements in ACHGN + + lead to a significant reduction
in the number of active latents across all but the most complex envi-
ronments. Adding regularization further reduces the number of active
latents in most environments, with the Cart3Pole and Acro3bot envi-
ronments not showing any reduction in active latents for all variants.
Notably, ACHGN + + models often require more active latents than the
theoretical minimum, with the number increasing rapidly with envi-
ronment complexity. This is likely caused by the training objective op-
timizing solely for reconstruction accuracy, with only the KL term in
Eq. (13) discouraging unnecessary information usage. Furthermore, the
force network A, is conditioned on the full latent state and can impact
each coordinate pair independently, possibly causing dormant coordi-
nate pairs to become active over the course of an unrolled trajectory.

Number of relevant latent coordinate pairs used by the learned models.
a = 0.0 and a = 1.0 refer to f~-ACHGN + + models trained without and
with EWB regularization, respectively. A coordinate pair is considered
relevant if its relevance score (as defined in Eq. (25)) exceeds a thresh-
old of 1.0. GT refers to the minimal number of latent coordinate pairs
required to represent the true state of the environment.

Environment GT ACHGN a=0.0 a=10
Pendulum 1 32 2 1
Reacher 2 32 5 4
CartPole 2 32 4 4
Acrobot 2 32 12 8
Cart2Pole 3 32 10 8
Cart3Pole 4 32 32 32
Acro3bot 3 32 32 32

6. Limitations and future work

The extended Hamiltonian dynamics presented in Eq. (14) assume
control-affinity, an assumption which extends to the regularization pro-
posed in Eq. (22). While many physical systems adhere to this con-
straint, systems subject to non-affine forces cannot be effectively cap-
tured by Eq. (14) and are therefore not subject to the regularization as
presented in Section 5.1. Furthermore, the extended Hamiltonian dy-
namics do not account for aspects such as friction and damping which
are present in most real-world settings and significantly increase the
complexity of disambiguating external forces from the underlying en-
vironment dynamics. Since the experiments presented in this work are
performed on systems which are not subject to these phenomena, they
present a relatively idealized setting and do not accurately represent
real-world systems. Promising avenues for future work can aim to in-
corporate existing approaches extending Hamiltonian Neural Networks
to the pseudo-Hamiltonian formulation into ACHGN + + to increase the
practical applicability of the architecture [18,19].

The experiments conducted in this work evaluate the proposed ar-
chitecture and regularization on low-dimensional, non-canonical input
spaces, which are not representative of image or other high-dimensional
sensors. However, given the autoencoder architecture and previous
works successfully learning Hamiltonian dynamics from images [13,31],
learning Hamiltonian dynamics subject to external control from high-
dimensional inputs is a promising avenue for further research and ex-
perimentation.

The strong performance degradation observed in the most complex
and underactuated environments for all architectures evaluated in this
work suggest a more fundamental limitation of the current formulation
of latent physics-informed learning approaches. A promising direction
for future work is to investigate the underlying causes of this perfor-
mance degradation and to explore potential modifications to the archi-
tecture, training procedure, or regularization to mitigate this issue.

More broadly, this work occupies an intermediate position in
the trade-off between model flexibility and physical grounding in
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Fig. 3. Comparing the learned phase space of active latent coordinate pair 5 with the true phase space of the Pendulum environment under both controlled and

zero-control trajectories.

physics-informed learning. Compared to strongly constrained ap-
proaches such as PINNs [5,7], ACHGN + + retains greater represen-
tational flexibility by not enforcing full governing-equation residuals.
However, this also means physical consistency is only partially enforced
through Hamiltonian structure and EWB regularization. As a result,
while we observe improved long-horizon and zero-control behavior,
stronger constraints may be required in settings with dissipation, con-
tact, or other effects that violate the assumptions of the current formu-
lation.

7. Conclusion

This work presents ACHGN + +, an extension to the ACHGN archi-
tecture that combines several architectural and training modifications to
enhance the learning of Hamiltonian dynamics under external control.
We compare this architecture with established baselines across a suite of
seven dissipation-free controlled dynamical systems and demonstrate its
superior performance in both short-term reconstruction and long-term
prediction on all but the most complex systems. We further improve the
learning process by introducing a novel regularization technique based
on the energy-work balance which leads to improved Hamiltonian be-
havior of the learned dynamics. To assess this behavior, we propose two
new metrics, ZFEC and ZCFP, which quantify the energy conservation
properties and force prediction accuracy of the learned models in zero-
control scenarios. Our results indicate that ACHGN + + models trained
with the proposed regularization not only exhibit enhanced Hamilto-
nian characteristics but also achieve better long-term prediction perfor-
mance. Finally, we demonstrate that ACHGN + + learns interpretable
latent spaces resembling canonical coordinates, with interpretability in-
versely correlated to system complexity: simple systems yield highly
structured latent representations, while complex dynamics result in less
interpretable encodings.
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Appendix A. Environments

All angle elements of the environments are in radians and are ran-
domly initialized within the range [r,2x]. The CartPole environments
have an additional positional element (the position of the cart) which
is randomly initialized within the range [0, 0.5]. While these ranges do
not fully cover the state space (e.g., the angles can reach values within
[0,27]), sampling subsequences from longer random rollouts ensures
that the training data covers a sufficient part of the state space. Fig. A.1
demonstrates this by visualizing the state space coverage of the train-
ing dataset for the Pendulum, CartPole and Acrobot environments. We
describe the state space of each environment below (note that we de-
scribe the systems in canonical coordinates, not the observed states used
for training). The observed states consist of the sine and cosine of each
angle together with the (angular) velocities. For all environments, the
convention is that § = 0 corresponds to the vertically upward position.®

5 The code for the environments can be found at: https://github.com/
adi3e08/Physics_Informed_Model Based RL


https://github.com/adi3e08/Physics_Informed_Model_Based_RL
https://github.com/adi3e08/Physics_Informed_Model_Based_RL

A. Troch et al. Results in Engineering 32 (2026) 111602

Table A.1
Overview of the datasets used for training and evaluation. The training and test sets are subsampled
from longer unrolled trajectories with random actions. The zero-control dataset is collected with u = 0.

Dataset Total Sequences Sequence Length Trajectory Length Sequences per Trajectory
Training 50,000 64 300 10

Test 20,000 125 1000 5

Long Test 10 1000 1000 1

Zero-Control Test 5000 125 1000 5

109

109

10°

10!

10!

10 10

(a) Pendulum (b) CartPole (c) Acrobot

Fig. A.1. State space densities of the training dataset. The 2-dimensional state space of the Pendulum environment is fully visualized in (a). The CartPole and Acrobot
environments both have 4D state spaces consisting of positional and velocity elements. For visualization purposes we only visualize the positional elements in (b)
and (c).

e Pendulum: At = 0.02; x = [6, §], where @ is the angle of the pendulum and § is its angular velocity.

CartPole: At = 0.01; x = [x, , x, §], where x is the position of the cart, x is its velocity, @ is the angle of the pole, and § is its angular velocity.

Only the cart is actuated.

e Acrobot: At = 0.01; x = [6;,6,,0,,0,], where 0, and 8, are the angles of the two links, and 4, and §, are their respective angular velocities. Only
the second joint is actuated.

¢ Reacher: At = 0.02; x = [6;,6,,0,,0,], where 8, and 6, are the angles of the two links, and é, and 6, are their respective angular velocities. Note
that this environment is different from the Acrobot in that it is fully actuated (both joints can be controlled) and is manipulated in the horizontal
plane rather than the vertical plane.

e Cart2Pole: At = 0.01; x = [x, 8,,6,,x,0;,0,], where x is the position of the cart, x is its velocity, 8, and 6, are the angles of the two poles, and 6,
and 6, are their respective angular velocities. Only the cart is actuated.

e Cart3Pole: At = 0.01; x = [x, 8,65, 05, %,0,,0,,65], where x is the position of the cart, x is its velocity, 6;, 8, and 65 are the angles of the three

poles, and 8;, 6, and 65 are their respective angular velocities. The cart and the third pole are actuated.

Acro3bot: At = 0.01; x = [8,,65,65,6,,0,,05], where 8,, 6, and 6 are the angles of the three links, and 6,, 6, and 6, are their respective angular

velocities. Only the first and third joints are actuated.

Appendix B. Energy-work balance

Starting from the time derivative of the Hamiltonian:
dH _ o da  on dp

= (B.1)

dt Jdq dt Jp dt

Substituting the dynamics from Eq. (14):

dH O0H Oo0H K oH oH

- T B.2
dr ~ oq op ' op ( q +g(q)"> (B.2)

The first two terms cancel out, yielding:

dH _ 0H

= _ 2, B.3
ar ~ op @ (B.3)

Appendix C. Validation of ZFEC and ZCFP

We create various synthetic disturbances in the Pendulum environment which aim to validate the behavior of the proposed metrics and compare
this behavior with MSE and unnormalized trends. We create three disturbances, each designed to target specific aspects of the learned dynamics and
the corresponding metrics:

1. Energy Drift is achieved by adding force to the pendulum in order to move the system away from equilibrium. Three versions of energy drift are
investigated by adjusting the direction of the added force. A monotonically increasing energy profile is achieved by adding force matching the
direction of the pendulum swing, a monotonically decreasing energy profile is achieved by adding force in the opposite direction of the pendulum
swing and a varied energy profile is achieved by choosing either direction randomly with equal odds. This disturbance aims to demonstrate the
behavior of the ZFEC metric.

10
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Table C.1
Regularization constants for ZFEC, ZCEC and ZCFP metrics shown in Table 3.

Environment ‘ a=00 a=10 a=1e®— 1.0

‘ E-ZFEC E-ZCEC P-ZCFP ‘ E-ZFEC E-ZCEC P-ZCFP E-ZFEC E-ZCEC P-ZCFP

Pendulum 2.90 1.43 0.54 0.99 0.89 0.46 1.09 1.14 0.42
Reacher 1.53 1.34 0.43 1.03 1.13 0.35 1.02 1.13 0.42
CartPole 0.87 1.10 0.36 0.94 0.95 0.33 1.11 1.12 0.34
Acrobot 211 2.08 0.83 1.01 1.09 0.76 1.18 1.62 0.81
Cart2Pole 3.73 2.85 0.94 1.15 1.07 0.84 1.08 1.06 0.82
Cart3Pole 6.34 5.96 1.93 1.62 1.87 1.69 0.52 1.45 1.67
Acro3bot 6.47 5.92 2.01 1.43 1.58 1.32 2.16 2.43 1.21

Energy

0 200 400 600 800 1000
Timestep
—— Ground truth Energy Drift (Mon. Dec.) —— Phase Shift
Energy Drift (Mon. Inc.) —— Energy Drift (Mixed) Force Leakage

Fig. C.1. Example trajectory of each disturbance with maximum intensity compared to a ground truth trajectory. Force leakage disturbance overlaps with ground
truth since this disturbance does not affect the system dynamics directly.

2. Phase Shift is achieved by arbitrarily shifting the trajectory in time, effectively creating a phase shift in the oscillation of the pendulum. This
disturbance should heavily affect the MSE metric while not impacting both ZFEC and ZCFP metrics, since there is no shift in energy and there
are no external forces.

3. Force Leakage is simulated by keeping the force in the Pendulum system at zero, but falsely presenting a control input to the metric. This
disturbance aims to demonstrate the behavior of the ZCFP metric.

The intensity of each disturbance is scaled between zero and one, and example trajectories of each disturbance with maximum intensity are shown
on Fig. C.1. For each intensity value, we create 500 trajectories of length 1000 with random initial conditions as described in Appendix A and plot
the mean and standard deviation of each metric. In our analysis, we compare trajectory and test-set normalization with the unnormalized metric
and provide a base MSE metric to indicate overall deviation from ground truth.

C.1. Sensitivity analysis of ZFEC

Fig. C.2 shows a sensitivity analysis of the ZFEC metric on the energy drift and phase shift disturbances over ten intensity values. The results
demonstrate that normalization using aggregate test-set statistics most closely tracks the unnormalized metric while maintaining low standard
deviation. In contrast, trajectory-level normalization exhibits inconsistent behavior with substantially larger standard deviations that do not align
with the unnormalized trend.

C.2. Sensitivity analysis of ZCFP

Fig. C.3 shows a sensitivity analysis of the ZCFP metric on the force leakage and phase shift disturbances over ten intensity values. We provide
three versions of force leakage: a smooth profile proportional to ranh(p), a noisy profile which adds Gaussian noise and a discrete profile with
varying amplitude and frequency per trajectory. We compare trajectory and test-set normalization with the unnormalized version and provide a
base MSE metric to indicate overall deviation from ground truth. The results follow a similar trend as the ZFEC sensitivity analysis, with test-set
normalization closely tracking the unnormalized metric while maintaining low standard deviation, and trajectory-level normalization exhibiting
inconsistent behavior with substantially larger standard deviations that do not align with the unnormalized trend.

11
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Fig. C.2. Sensitivity analysis of various normalization approaches for the ZFEC metric.
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Fig. C.3. Sensitivity analysis of various normalization approaches for the ZCFP metric.

Appendix D. Extra trajectories
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Fig. D.1. Visualization of ground truth and predicted trajectories for controlled trajectories on the CartPole, Reacher and Acrobot systems. Note the truncated x-axis

range for Reacher and Acrobot trajectories.

Appendix E. Evaluation results including inter-seed standard deviations

Note that the reported results are presented over 3 random seeds, with the mean and standard deviation of each metric across seeds reported in
the tables below. While the standard deviations indicate low variability across seeds for almost all experiments, complete statistical significance can
not be claimed using 3 random seeds (Tables E.1-E.15).
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E.1. Architectural experiments

Table E.1

Results in Engineering 32 (2026) 111602

Reconstruction (Rec.) performance of different architectural variants of ACHGN, averaged across 3 random
seeds with standard deviation. Values are reported as multiples of 1072,

Environment ~ ACHGN p-VAE Leap Frog No Transform  Separable Learned At
Pendulum 0.07 + 0.00 0.71 + 0.02 0.04 + 0.00 0.07 +0.01 0.11 + 0.02 0.06 + 0.00
Reacher 0.12 +0.01 0.82 + 0.02 0.15 + 0.02 0.15 £ 0.02 0.10 £ 0.02 0.10 £ 0.01
CartPole 0.03 + 0.00 0.22 + 0.03 0.09 + 0.01 0.01 + 0.00 0.03 + 0.00 0.06 + 0.00
Acrobot 3.05 + 0.07 2.75 + 0.06 2.65 + 0.06 2.66 + 0.05 2.53 + 0.06 2.85 + 0.06
Cart2Pole 2.07 + 0.04 2.43 +0.05 2.65 + 0.05 1.45 + 0.03 1.77 + 0.04 2.86 + 0.06
Cart3Pole 24.89 +0.54 1697 +£0.37 26.22+0.57  19.30 + 0.40 63.11 +1.30  24.72 +0.51
Acro3bot 81.75+1.68 70.88+1.46 77.17+1.69 2454+ 0.54 62.89 +1.38  24.07 + 0.50
Table E.2

Extrapolation (Ext.) performance of different architectural variants of ACHGN, averaged across 3 random seeds

with standard deviation. Values are reported as multiples of 1072,

Environment =~ ACHGN p-VAE Leap Frog No Transform Separable Learned Ar
Pendulum 10.14 + 0.22 13.48 + 0.30 8.48 + 0.19 6.92 + 0.15 9.86 + 0.22 4.32 £ 0.09
Reacher 0.78 + 0.02 4.86 + 0.10 0.78 + 0.02 0.68 + 0.01 1.82 + 0.04 0.76 + 0.02
CartPole 0.68 + 0.01 2.48 £ 0.05 0.69 + 0.02 0.49 + 0.01 1.29 + 0.03 1.16 + 0.02
Acrobot 65.64 + 1.35 62.77 + 1.29 68.53 + 1.50 72.59 + 1.50 61.25 + 1.26 50.94 +1.11
Cart2Pole 35.17 + 0.72 36.15 + 0.75 34.28 + 0.71 33.89 + 0.70 33.45 + 0.69 24.01 + 0.49
Cart3Pole 125.34 +2.58  105.19+2.30 124.00 +2.56  108.45+2.24  122.36 +2.68  99.66 + 2.05
Acro3bot 143.53 +£2.96  124.89+2.73 13529 +296 129.75+2.84 12531 +274 111.95+ 2.45
Table E.3

Long-term prediction (VPT) performance (4 =0.9) of different architectural variants of
ACHGN, averaged across 3 random seeds with standard deviation.

Environment ACHGN p-VAE Leap Frog No Transform Separable Learned At
Pendulum 133+ 3 102 + 2 128 + 3 136 + 3 130+ 3 140 + 3
Reacher 210+ 5 194 + 4 226 +5 242+ 5 231 +5 218 +5
CartPole 160 +3 149 +3 191 + 4 181 + 4 180+ 4 163 +3
Acrobot 95+ 2 54+1 65+1 75+ 2 93+2 106 + 2
Cart2Pole 87 +2 80 + 2 98 +2 96 + 2 98 + 2 94 + 2
Cart3Pole 4+1 10+2 0+0 8+3 0+0 0+0
Acro3bot 0+0 0+0 0+0 7+4 0+0 0+0
E.2. Baseline experiments
Table E.4

Reconstruction (Rec.) performance of different architectural variants of ACHGN, averaged across 3 random
seeds with standard deviation. Values are reported as multiples of 1072,

Environment ACHGN B-ACHGN + + y-ACHGN + + LatNODE RGN HGN
Pendulum 0.07 + 0.00 0.16 + 0.02 0.04 + 0.00 0.29 + 0.01 0.29 + 0.01 1.19 + 0.03
Reacher 0.12 +0.01 0.92 + 0.02 0.72 + 0.01 0.94 + 0.02 0.84 + 0.02 6.25 +0.13
CartPole 0.03 + 0.00 0.14 + 0.03 0.12 + 0.01 0.20 + 0.02 0.19 + 0.03 2.75 + 0.06
Acrobot 3.05 + 0.07 2.03 + 0.04 2.65 + 0.06 2.96 + 0.06 4.00 + 0.09 35.01 + 0.77
Cart2Pole 2.07 + 0.04 0.97 + 0.02 1.78 + 0.04 1.24 + 0.03 1.18 + 0.03 3.77 £ 0.08
Cart3Pole 24.89 + 0.54 17.39 + 0.36 16.65 + 0.36 15.54 + 0.34 25.10 + 0.55 31.47 + 0.69
Acro3bot 81.75 + 1.68 25.61 + 0.56 26.39 + 0.58 28.12 +£ 0.58 27.00 + 0.56 57.58 + 1.26
Table E.5

Extrapolation (Ext.) performance of different architectural variants of ACHGN, averaged across 3 random seeds

with standard deviation. Values are reported as multiples of 1072.

Environment ACHGN p-ACHGN + + y-ACHGN + + LatNODE RGN HGN
Pendulum 10.14 £ 0.22 2.67 + 0.05 4.16 + 0.09 2.41 £ 0.05 3.20 + 0.07 19.24 + 0.42
Reacher 0.78 + 0.02 3.43 £0.08 0.48 +0.01 3.65 + 0.08 3.71 £ 0.08 26.84 + 0.55
CartPole 0.68 + 0.01 0.73 + 0.02 0.18 + 0.00 0.67 +0.01 0.89 + 0.02 13.42 + 0.29
Acrobot 65.64 + 1.35 27.07 + 0.56 48.19 + 0.99 23.97 + 0.52 45.51 + 0.94 102.98 + 2.25
Cart2Pole 35.17 £ 0.72 13.94 + 0.29 21.95 + 0.45 13.40 +0.28 13.52 + 0.30 42.56 + 0.93
Cart3Pole 125.34 + 2.58 93.59 + 1.93 98.09 + 2.15 86.31 + 1.89 90.91 + 1.87 114.07 + 2.35
Acro3bot 143.53 + 2.96 113.34 + 2.48 110.54 + 2.42 109.83 + 2.40 109.84 + 2.26 123.30 + 2.70

14



A. Troch et al.

Table E.6

Long-term prediction (VPT) performance (41 =0.9) of different architectural variants of

ACHGN, averaged across 3 random seeds with standard deviation.

Environment ACHGN B-ACHGN + + y-ACHGN + + LatNODE RGN HGN
Pendulum 133+£3 404 +9 113 £ 2 369+ 8 382+8 107 + 2
Reacher 210+ 5 282+ 6 206 + 4 256 + 6 312+ 7 54+1
CartPole 160 + 3 710 + 15 224+ 5 517 + 11 409+9 58x+1
Acrobot 95+ 2 100 + 2 85+2 89 +2 45+1 9+0
Cart2Pole 87 +2 100 + 2 103 +2 104 +2 81+2 52+1
Cart3Pole 4+1 2+1 14+2 8+3 0+0 0+0
Acro3bot 0x+0 4+2 9+1 7+4 0+0 0x+0

E.3. Physics-based metrics of regularization experiments

Table E.7
ZFEC of various
control test set,

EWB regularization schedules, measured on the zero-
averaged across three random seeds with standard

deviation.
Environment  a =0.0 a=1.0 a=1e% - 10
Pendulum 2.10e% + 4.33¢*  3.23 + 0.07 7.04e® + 1.54e?
Reacher 2.10e? + 4.61 1.24 + 0.03 2.10 + 0.04
CartPole 3.05e% + 6.28¢*  3.13e? + 6.64 3.92e? + 8.09
Acrobot 1.09¢° + 2.25¢* 1.48e! +0.13 1.11e® + 2.29¢!
Cart2Pole 8.98e% + 1.97e*  5.28e* +1.12e®  3.50e® + 7.66e3
Cart3Pole 1.75€5 + 3.61e>  2.00e* + 4.25¢?  4.53e% + 9.34e3
Acro3bot 9.65e* +2.11e®>  4.93e* + 1.05¢%  8.19¢* + 1.79¢3
Table E.8

ZCEC of various EWB regularization schedules, measured on
the zero-control test set, averaged across three random seeds
with standard deviation.

Environment  a = 0.0 a=10 a=1e®— 1.0
Pendulum 6.13 +0.13 1.55 + 0.03 1.40 + 0.03
Reacher 2.12 + 0.05 0.93 + 0.02 0.69 + 0.01
CartPole 2.62 + 0.05 0.30 + 0.01 0.26 + 0.01
Acrobot 10.87 + 0.24 5.16 + 0.11 4.19 + 0.09
Cart2Pole 14.28 + 0.29 3.40 + 0.07 9.21 +0.19
Cart3Pole 8.22 +0.17 8.55+0.18 7.45+0.16
Acro3bot 4.42 £ 0.10 8.00 £ 0.16 4.89 +0.10
Table E.9

ZCFP of various EWB regularization schedules, measured on
the zero-control test set, averaged across three random seeds
with standard deviation.

Environment  « =0.0 a=10 a=1e%-10
Pendulum 1.63 + 0.04 0.80 + 0.02 0.97 + 0.02
Reacher 5.77 +0.13 1.45 + 0.03 2.96 + 0.06
CartPole 1.83 + 0.04 0.54 + 0.01 0.32 + 0.01
Acrobot 0.87 +0.02 0.45 + 0.01 0.42 + 0.01
Cart2Pole 1.01 + 0.02 0.33 +£0.01 0.50 + 0.01
Cart3Pole 0.47 + 0.01 0.33 +£0.01 0.25 + 0.01
Acro3bot 0.28 + 0.01 0.38 + 0.01 0.32 + 0.01
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E.4. Reconstruction metrics of regularization experiments

Table E.10

Reconstruction (Rec.) performance of various EWB regulariza-
tion schedules, averaged across 3 random seeds with standard
deviation. Values are reported as multiples of 1072

Environment  « =0.0 a=10 a=1e® - 1.0
Pendulum 0.16 + 0.02 0.16 + 0.00 0.24 + 0.00
Reacher 0.92 + 0.02 0.83 + 0.02 0.91 + 0.02
CartPole 0.14 + 0.03 0.16 + 0.00 0.14 + 0.00
Acrobot 2.03 £ 0.04 2.21 +0.05 2.18 + 0.05
Cart2Pole 0.97 + 0.02 0.96 + 0.02 1.72 + 0.04
Cart3Pole 17.39 + 0.36 19.31 + 0.42 18.48 + 0.38
Acro3bot 25.61 + 0.56 21.96 + 0.48 26.95 + 0.59
Table E.11

Extrapolation (Ext.) performance for various EWB regularization
schedules, averaged across 3 random seeds with standard devia-
tion. Values are reported as multiples of 1072,

Environment  a = 0.0 a=10 a=1e% - 1.0
Pendulum 2.67 + 0.05 2.42 + 0.05 2.52 + 0.06
Reacher 3.43 + 0.08 3.72 + 0.08 3.41 + 0.07
CartPole 0.73 + 0.02 0.61 + 0.01 0.74 + 0.02
Acrobot 27.07 + 0.56 28.00 + 0.58 29.38 + 0.61
Cart2Pole 13.94 + 0.29 11.86 + 0.26 14.68 + 0.30
Cart3Pole 93.59 +1.93 94.69 + 1.99 91.41 + 2.00
Acro3bot 113.34 + 2.48 112.31 + 2.40 115.18 + 2.52
Table E.12

Long-term prediction (VPT) performance (4 =0.9) of
various EWB regularization schedules, averaged across
3 random seeds with standard deviation.

Environment  « =0.0 a=10 a=1e% - 10
Pendulum 404 +9 557 + 12 548 + 11
Reacher 282 +6 349 + 8 336 +7
CartPole 710 £ 15 742 + 10 752 + 12
Acrobot 100 +3 105 +2 78 + 4
Cart2Pole 100 + 5 111+ 2 113 +1
Cart3Pole 2+1 10+3 0+0
Acro3bot 4+2 12+2 7+3

E.5. Zero-control reconstruction metrics of regularization experiments

Table E.13

Zero-control reconstruction (Z-Rec.) performance of various
EWB regularization schedules on the zero-control test set, av-
eraged across 3 random seeds with standard deviation. Values
are reported as multiples of 102,

Environment  « =0.0 a=10 a=1e%-10
Pendulum 5.74 + 0.12 9.20 + 0.19 11.11 + 0.24
Reacher 2.19 + 0.05 0.23 + 0.01 0.26 + 0.01
CartPole 4.03 +0.08 1.45 + 0.03 1.09 + 0.02
Acrobot 6.12+0.13 11.81 + 0.24 11.02 + 0.23
Cart2Pole 5.88 +0.12 7.35+0.15 6.08 + 0.13
Cart3Pole 19.83 + 0.43 27.25 + 0.56 21.86 +0.48
Acro3bot 32.13 + 0.66 27.02 + 0.56 28.33 + 0.62
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Table E.1
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Zero-control extrapolation (Z-Ext.) performance for various EWB
regularization schedules on the zero-control test set, averaged
across 3 random seeds with standard deviation. Values are re-

ported as multiples of 1072,
Environment  « =0.0 a=10 a=1e°—10
Pendulum 40.06 + 0.88 20.42 + 0.45 30.74 + 0.67
Reacher 16.75 + 0.37 1.24 + 0.03 1.23 + 0.03
CartPole 58.50 + 1.28 21.53 + 0.47 20.67 +0.43
Acrobot 57.50 + 1.19 41.23 + 0.90 41.56 + 0.91
Cart2Pole 157.94 + 3.46 23.03 + 0.50 28.00 + 0.61
Cart3Pole 139.44 + 2.87 128.74 + 2.65 163.28 + 3.37
Acro3bot 196.77 + 4.31 146.00 + 3.20 138.39 + 3.03

Table E.15

Zero-control long-term prediction (Z-VPT) performance (4 = 0.9)
of various EWB regularization schedules on the zero-control test
set, averaged across 3 random seeds with standard deviation.

Environment a=0.0 a=10 a=1e®— 1.0
Pendulum 11+2 35+3 15+4
Reacher 18+1 912 + 21 840 + 18
CartPole 27 + 58+1 43+1
Acrobot 5+3 23 +2 2+1
Cart2Pole 7+4 20+ 3 11+2
Cart3Pole 0+0 0+0 0+0
Acro3bot 0+0 0+0 0+0

Table E.16

Hyperparameters and network architectures con-
sistent across experiments.

Hyperparameter Value
Batch size 64

Latent space dimension 32
Inference steps 5

Target steps 60
Learning rate 1.0x 1073
Epochs 200

qp - Number of units 128

gy - Number of layers 2

gy - Activation function Leaky ReLU
H, - Number of units 256

H, - Number of layers 3

H, - Activation function Swish

dy - Number of units 128

dy - Number of layers 2

d, - Activation function Leaky ReLU
Ay - Number of units 64

A, - Number of layers 2

A, - Activation function ReLU
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Table E.17
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Computational cost comparison of ACHGN and baselines. Param. represents the total number of parameters in the model. Inf. represents
the average and standard deviation inference time (in ms) on a batch 100 unrolled trajectories of length 1000 peformed on an Apple M5
CPU. Note that the model architecture is kept constant for each environment, so differences in parameter count and inference time are

entirely attributed to different input spaces.

Environment ACHGN B-ACHGN + + LatNODE RGN HGN
Param. Inf. Param. Inf. Param. Inf. Param. Inf. Param. Inf.
Pendulum 95K 71.78+0.72 159K 318.56+2.31 98K 76.02+7.66 98K 38.65+3.90 156K 317.67+3.10
Reacher 97K 77.30+1.21 161K 320.60+6.85 100K 83.22+9.68 100K 38.78+3.98 158K 321.49+2.23
CartPole 96K 72.10+4.80 160K 322.35+4.41 99K 76.74+8.56 99K 39.59+5.42 157K 321.72+5.91
Acrobot 97K 71.37+1.10 161K 322.73+8.03 100K 76.21+7.69 100K 38.67+3.91 158K 317.14+8.25
Cart2Pole 98K 72.94+2.81 163K 322.77+9.15 101K 78.65+9.40 101K 38.43+3.62 160K 331.09+9.91
Cart3Pole 101K 72.57+2.65 165K 320.69+4.10 104K 76.63+7.97 104K 38.77+3.98 162K 320.58+8.69
Acro3bot 99K 72.67+4.09 164K 321.44+8.06 102K 76.84+8.30 103K 38.81+3.89 160K 317.28+9.19
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