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ABSTRACT

Automatic anatomical landmark localization in medical imaging requires not just accurate predictions but re-
liable uncertainty quantification for effective clinical decision support. Current uncertainty quantification ap-
proaches often fall short, particularly when combined with normality assumptions, systematically underesti-
mating total predictive uncertainty. This paper introduces conformal prediction as a framework for reliable
uncertainty quantification in anatomical landmark localization, addressing a critical gap in automatic landmark
localization. We present two novel approaches guaranteeing finite-sample validity for multi-output prediction:
multi-output regression-as-classification conformal prediction (M-R2CCP) and its variant multi-output regression
to classification conformal prediction set to region (M-R2C2R). Unlike conventional methods that produce axis-
aligned hyperrectangular or ellipsoidal regions, our approaches generate flexible, non-convex prediction regions
that better capture the underlying uncertainty structure of landmark predictions. Through extensive empirical
evaluation across multiple 2D and 3D datasets, we demonstrate that our methods consistently outperform existing
multi-output conformal prediction approaches in both validity and efficiency. This work represents a significant
advancement in reliable uncertainty estimation for anatomical landmark localization, providing clinicians with
trustworthy confidence measures for their diagnoses. While developed for medical imaging, these methods show

promise for broader applications in multi-output regression problems.

1. Introduction

Automatic anatomical landmark localization is crucial in advancing
diagnostic capabilities based on medical images. Despite the increas-
ing volume of publications within the biomedical domain addressing
this area (Payer et al., 2019; Thaler et al., 2021; Ryu et al., 2022; Pei
et al., 2023; de Queiroz Tavares Borges Mesquita et al., 2023), the cur-
rent emphasis on maximizing predictive accuracy neglects uncertainty
quantification. Uncertainty quantification is vital for unlocking the full
potential of clinical artificial intelligence by providing a more nuanced
understanding of model predictions, enhancing diagnostic accuracy and
decision support, and subsequently, improving human health (Banerji
et al., 2023).

The central emphasis on predictive accuracy prompts the need to
focus on the reliability of machine learning models, especially in clinical
settings. Deployed models must not only deliver accurate predictions
but also provide reliable uncertainty measures, increasing trust in their
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outputs and enabling decision support frameworks (Begoli et al., 2019;
Kompa et al., 2021).

Existing approaches to uncertainty quantification in anatomical
landmark localization often fall short of providing reliable estimates
(Kumar et al., 2019, 2020; Drevicky and Kodym, 2020; Lee et al., 2020;
Ma et al., 2020; Payer et al., 2020; Thaler et al., 2021; Kwon et al., 2021;
Schobs et al., 2023b,a), i.e., failing to accurately quantify the degree
of confidence in predictions or measurements, which is a fundamental
characteristic of any uncertainty quantification method. Approaches of-
ten also fail to address the total predictive uncertainty (Kumar et al.,
2019, 2020; Ma et al., 2020; Lee et al., 2020; Kwon et al., 2021; Mc-
Couat and Voiculescu, 2022; Schobs et al., 2023b), i.e., encompassing
all sources of variability and error. Consequently, there is a need to ex-
plore alternative methodologies that offer robust uncertainty estimates
in medical image analysis.

We propose introducing conformal prediction to anatomical land-
mark localization tasks, a methodology capable of generating prediction
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regions with finite-sample coverage guarantees. Besides evaluating sev-
eral existing multi-output conformal prediction approaches for the land-
mark localization task, this work also introduces two novel methods,
i.e., multi-output regression to classification conformal prediction set to
region (M-R2C2R) and multi-output regression-as-classification confor-
mal prediction (M-R2CCP), an extension of the R2CCP (Guha et al.) ap-
proach to multi-output regression. These approaches successfully over-
come key challenges in landmark localization and in multi-output re-
gression problems in general, including handling multi-dimensional out-
puts effectively and managing varying response domains across different
examples.

The remainder of the paper is structured as follows. Section 2 pro-
vides a comprehensive review of existing uncertainty quantification ap-
proaches for landmark localization, highlighting their limitations in ac-
counting for different sources of uncertainty and the lack of reliability
guarantees in current methods. Section 3 describes different uncertainty
quantification approaches for landmark localization and introduces our
novel multi-output conformal prediction approaches. Section 4 discusses
the experimental setup and datasets, followed by Section 5, which dis-
cusses and presents the results. Finally, Section 7 concludes the work
and outlines directions for future research.

2. Related work

Below, we briefly discuss different landmark localization approaches
and the related work to uncertainty quantification for this problem.

2.1. Landmark localization

Landmark localization in medical imaging has evolved significantly
with the emergence of deep learning approaches. Mainly, approaches
have been based on coordinate and heatmap regression (Jonkers et al.,
2025). While coordinate regression directly predicts landmark coordi-
nates, heatmap regression has gained prominence since its introduction
by Tompson et al. (2014), who demonstrated superior performance by
predicting likelihood maps for each landmark.

Recent advances in heatmap regression have led to several method-
ological variations. Direct heatmap regression methods can be catego-
rized into static and adaptive approaches (Jonkers et al., 2025). Static
approaches use fixed hyperparameters for heatmap distribution during
training, while adaptive methods dynamically adjust these parameters.
Some works have explored treating heatmap parameters as learnable
model parameters (Payer et al., 2019, 2020; Thaler et al., 2021), while
others have implemented scheduling methods that modify parameters
based on evaluation metrics (Teixeira et al., 2019).

The spatial configuration network (Payer et al., 2019) has emerged
as a particularly effective architecture for medical imaging applications
where anatomical structures maintain consistent spatial relationships,
such as cephalograms or pelvis radiographs. This approach integrates
spatial configuration information into the heatmap regression frame-
work, improving localization accuracy for positionally consistent medi-
cal images.

Another approach that allows for a better representation of pre-
dictive uncertainty is the contour-hugging method (McCouat and
Voiculescu, 2022), which transforms landmark localization into a clas-
sification task using one-hot encoded heatmaps.

Fully convolutional neural networks with differentiable decoding op-
erations, such as the soft-argmax operation (Luvizon et al., 2018; Dong
et al., 2018; Bulat et al., 2021), generate heatmaps as an intermediate
layer and optimize using coordinate-based loss. Some approaches fur-
ther account for annotation ambiguity through uncertainty-aware loss
functions (Kumar et al., 2019, 2020; Zhou et al., 2023), enhancing the
robustness of landmark predictions.

Two-stage approaches have proven particularly effective in the med-
ical domain (Jiang et al., 2022; Song et al., 2020; Zhong et al., 2019).
These methods first localize landmarks on low-resolution images before
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refining predictions on high-resolution patches centered around initial
estimates. These approaches have been successfully applied across vari-
ous medical imaging tasks, including cephalometric landmark localiza-
tion (Song et al., 2020).

2.2. Uncertainty quantification

In clinical machine learning, a model’s prediction is insufficient on
its own; a reliable measure of its confidence must accompany it. For a
clinician, the total predictive uncertainty is the most critical quantity, as
it directly answers the key question: how much might this prediction devi-
ate from the true outcome? This total uncertainty arises from two distinct
yet interrelated sources: aleatoric (data-related) uncertainty and epis-
temic (model-related) uncertainty (Hiillermeier and Waegeman, 2021).
Aleatoric uncertainty originates from inherent ambiguity in the data it-
self, such as ambiguous landmark definitions or high inter-rater vari-
ability (Kamoen et al., 2001). High aleatoric uncertainty indicates that
the case is intrinsically complex and that even an expert should pro-
ceed with caution. In contrast, epistemic uncertainty stems from the
model’s lack of knowledge, for instance, due to limited training data or
out-of-distribution inputs (Hiillermeier and Waegeman, 2021). Elevated
epistemic uncertainty is a critical warning, signaling that the model’s
prediction may be unreliable and should be manually reviewed or dis-
carded.

In this work, we focus on quantifying the total predictive uncertainty,
encompassing both aleatoric and epistemic components. This choice is
motivated by two considerations. First, in clinical applications involving
diagnosis or prognosis, the clinician’s primary concern is the overall de-
viation between the model’s prediction and the actual outcome, regard-
less of whether the uncertainty arises from model limitations or inherent
data variability. Second, although much of the literature seeks to iso-
late or disentangle these uncertainty sources, it is essential to recognize
their interdependence (Valdenegro-Toro and Mori, 2022; Banerji et al.,
2023); aleatoric variability can influence epistemic uncertainty, and the
estimation of one inherently contains aspects of the other. While our
focus remains on total predictive uncertainty, the underlying method-
ologies employed, such as density estimation and ensemble modeling,
can, if desired, be adapted to quantify aleatoric and epistemic compo-
nents separately. Such granularity may prove valuable in specific clini-
cal contexts where understanding the relative contributions of uncer-
tainty sources provides deeper insight (Banerji et al., 2023), though
these approaches do not offer the finite-sample guarantees provided by
the conformal prediction framework.

2.2.1. Uncertainty quantification in landmark localization

Table B.1 provides an overview of the current literature on uncer-
tainty quantification in landmark localization, highlighting the key dis-
tinctions and identifying existing gaps. A more elaborate literature re-
view can be found in B.1.

Current works exhibit varied approaches to uncertainty quantifica-
tion in landmark localization, such as MC dropout (Lee et al., 2020;
Drevicky and Kodym, 2020; Jafari et al., 2022), Gaussian processes
(Schobs et al., 2023a), ensembles (Drevicky and Kodym, 2020; Schobs
et al., 2023b), test-time augmentation (TTA) (Ma et al., 2020), maxi-
mum likelihood estimation (MLE) (Kumar et al., 2019; Avisdris et al.,
2021; McCouat and Voiculescu, 2022), or inferring uncertainty from
the predicted heatmaps (Drevicky and Kodym, 2020; Payer et al., 2020;
Thaler et al., 2021; Kwon et al., 2021; McCouat and Voiculescu, 2022;
Schobs et al., 2023b). However, all of these works fail to reliably account
for the total predictive uncertainty. Some only consider aleatoric un-
certainty by performing maximum likelihood estimation (Kumar et al.,
2019; Avisdris et al., 2021; McCouat and Voiculescu, 2022). Others only
try to model the approximation uncertainty and fail to consider aleatoric
and model uncertainty (Drevicky and Kodym, 2020; Lee et al., 2020;
Schobs et al., 2023b). Moreover, significant number of works also fail
to evaluate the validity of their proposed approaches and uncertainty
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measures (Kumar et al., 2019, 2020; Drevicky and Kodym, 2020; Lee
et al., 2020; Ma et al., 2020; Payer et al., 2020; Thaler et al., 2021;
Kwon et al., 2021; Jafari et al., 2022; Schobs et al., 2023a). Most exist-
ing methods are also restricted to 2D landmark localization despite the
growing use of 3D imaging as a standard in clinical practice. This shift
from 2D to 3D imaging highlights the urgent need for uncertainty quan-
tification techniques tailored to anatomical landmarks in 3D images. The
existing literature should address this development more prominently,
as only Ma et al. (2020), Payer et al. (2020) addresses 3D landmark
localization.

This work aims to resolve the shortcomings by producing predic-
tion regions with marginal validity guarantees for a specified confidence
level, ensuring reliable uncertainty estimates for 2D and 3D landmark
predictions. This is achieved by introducing the conformal prediction
framework for anatomical landmark detection to account for all sources
of uncertainty and to give a notion of validity. We will also empirically
validate the reliability/validity of these regions and those produced by
other approaches.

3. Uncertainty quantification for landmark localization
3.1. Notation and problem setup

In this work, we denote the training data as a sequence of pairs
(X,,Y)=Z; € Z=XxY, where X; is the input image and Y, is the
corresponding anatomical landmark. The input space X is defined as
X C RHXWXC for 2D images of height H, width W, and C channels, or
X C RDPXHXWXC for 3D volumetric images with depth D. The response
space Y satisfies ) C R?, where d € 2,3 denotes the spatial dimension-
ality of the input. €,(X,.; Z;.,) represents the estimated prediction in-
terval with a targeted confidence level 1 — « for the image X, based
on the previous examples Z;., := Zi, ..., Z,. For conciseness, we will
often drop the conditioning on the previous examples in the prediction
interval notation, i.e., Co(X,11)-

3.2. Conformal prediction

Conformal prediction (Vovk et al., 1999; Saunders et al., 1999; Pa-
padopoulos et al., 2002; Vovk et al., 2022) is a framework that quanti-
fies predictive uncertainty by outputting a prediction set with a related
confidence level 1 — a, which comes with a finite-sample coverage guar-
antee,

I]:]>Z~PZ (Yn+l € CA‘oz()(nJrl;Zl:n)) >1- a, (1)

under distribution-free assumptions, only requiring exchangeability of
the training observations Z, ..., Z, and test object Z, ;. The prediction
sets in conformal prediction are formed by comparing nonconformity
scores of examples to see how unusual a predicted label is. These scores
measure the disagreement between the prediction and the actual tar-
get. In regression problems, the prediction sets are often referred to as
prediction intervals in the case of a univariate response and prediction
regions in the multivariate case, such as landmark localization.

One of the main advantages of conformal prediction is its model-
agnostic nature, i.e., it can be applied to almost every machine learning
model, as well as neural networks and anatomical landmark localization
algorithms. However, the initial proposed approach, transductive (full)
conformal prediction (TCP) (Saunders et al., 1999), is computationally
expensive for most algorithms since it requires a refitting of the model
for every possible label in the response domain. For regression prob-
lems, one refits the model for several grid points spanning the domain to
make it somewhat computationally feasible, but still, for computation-
ally expensive fitting procedures such as neural networks, this approach
is practically infeasible.

To overcome this limitation, we adopt inductive (split) conformal
prediction (ICP) (Papadopoulos et al., 2002), a computationally effi-
cient variant of TCP. ICP achieves this efficiency by dividing the avail-
able data into two disjoint subsets: a proper training set, used to fit the
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predictive model, and a calibration set, used solely to estimate the dis-
tribution of prediction errors and determine prediction intervals. This
separation avoids the need for repeated model refitting, enabling the
use of conformal prediction with computationally demanding models
such as neural networks. The trade-off, however, is that the calibration
data cannot be used to optimize the model parameters, which can make
ICP slightly less statistically efficient than TCP. The general procedure
of ICP is summarized in Algorithm 1.

Algorithm 1 General procedure of ICP.

1: Assumption: Exchangeability of calibration set Z, and test
example Z, ;.

2: Input: Training data sequence Z.,, test object X, , landmark lo-
calization model £, and size of the calibration set m.

3: The data sequence Z, ., is split into a proper training data set Z,.,_,,
and a calibration set Z,_,,,.,-

4: The proper training dataset Z,.,_,, is used to train a landmark lo-
calization model L.

5: For each example i in the calibration set Z,_,,, ;.,, calculate the non-
conformity score S; = s(X;,Y;), which relies on the landmark local-
ization model.

6: The nonconformity scores from the calibration set are sorted in de-
scending order: S;‘, R

7: For each new test object X,,,; and confidence level 1 — «, we return
the prediction region

n—m+1:n

érx(Xn+l) = {y EY: S(Xn+]’y) < Sra(m+1)j } @

Validity and efficiency are the two main criteria to evaluate a confi-
dence predictor (Fontana et al., 2022); they are also sometimes referred
to as reliability and sharpness. In conformal prediction, confidence pre-
dictions are marginally valid under the assumption of exchangeability
and can be exactly valid when using a smoothed conformal predic-
tor (Vovk et al., 2022; Fontana et al., 2022). Because validity is gen-
erally guaranteed under these assumptions, the main objective becomes
to optimize efficiency, i.e., to minimize the uncertainty associated with
predictions. However, efficiency should never be optimized at the ex-
pense of validity. Fontana et al. (2022) phrase it quite clearly that "Va-
lidity is the priority: without it, the meaning of predictive regions is lost, and
it becomes easy to achieve the best possible performance". This is the pri-
mary problem with the current state-of-the-art uncertainty quantifica-
tion for landmark localization. Few of these works that discuss and pro-
pose methods for uncertainty quantification, evaluate the reliability of
their methods (see Table B.1), while that should be the starting point.
For regression problems, efficiency in conformal prediction is often as-
sessed with the width of the resulting prediction intervals, which we
want to minimize to increase efficiency. However, in our landmark lo-
calization problem, the target has two or three dimensions. Thus, we also
require multi-dimensional prediction regions, where the area or volume
of the prediction region evaluates efficiency.

3.2.1. Beyond marginal coverage

Conformal prediction traditionally provides calibrated prediction in-
tervals with marginal coverage. However, we often desire conditional
coverage, which guarantees coverage across different data strata. How-
ever, unfortunately, true conditional coverage,

[FDZNPZ (Yn+1 € éa(Xn+1;Zlin)|Xn+]) 21-a (3)

is impossible without making modeling assumptions or returning triv-
ial intervals (Vovk, 2012; Foygel Barber et al., 2021). Several ap-
proaches have emerged to address this limitation and create more adap-
tive prediction intervals, guaranteeing something between finite-sample
marginal and true conditional coverage or giving asymptotic conditional
guarantees.
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Mondrian conformal prediction (Vovk et al., 2003) offers an intuitive
solution by partitioning the example space using a measurable function
that assigns each data point to a specific category. By applying the gen-
eral conformal prediction framework to each category, one can obtain
coverage guarantees conditional on these categories. However, this ap-
proach reduces the calibration set size, potentially increasing variance
around the target coverage level.

3.2.2. Adaptive prediction regions under marginal coverage

A more sophisticated approach leverages nonconformity scores that
incorporate conditional uncertainty estimates. Instead of using classical
absolute residual errors, these methods use distributional predictions
or statistics like quantiles or moments to create more adaptive predic-
tion intervals. One can leverage the conditional estimate to obtain more
conditionally relevant prediction intervals while still controlling the
marginal coverage through the conformal prediction framework. This
would make marginally valid prediction intervals more adaptive to the
local variability of prediction error. A large region should indicate a
high point prediction error, and a small region should indicate a low
prediction error.

Several works have been proposed following this idea. Normalized
nonconformity scores, proposed by Papadopoulos and Haralambous
(2011), combine absolute error with a reciprocal uncertainty estimate.
The uncertainty can be derived from separate models, MC dropout vari-
ance, or MLE. In regression problems, generally, these normalized scores
consist of the product of the absolute error |Y; — f(X,)| and the recip-
rocal of a 1D uncertainty estimate i(X;), S; = %
(2019) introduced conformalized quantile regressior{ (CQR), which uses
a novel nonconformity score using conditional upper and lower quantile
estimates. Lei et al. (2011, 2013) proposed to leverage the conditional
density estimation /. x,» €8, kernel density estimation, to construct the

. Romano et al.

nonconformity score S; = —f x,(Y;) to create more adaptive prediction
intervals. Similarly, Chernozhukov et al. (2021) proposed distributional
conformal prediction, leveraging the probability integral transform in
the nonconformity score. Sesia and Romano (2021) also leveraged the
conditional distribution by using a histogram binning approach and
nested prediction sets (Gupta et al., 2022), allowing to get more effi-
cient intervals for heavily skewed distributions.

A recent innovative approach is the regression to classification con-
formal prediction (R2CCP) method proposed by Guha et al.. This tech-
nique transforms the regression problem into a classification task by
binning the response domain and estimating a discrete probability dis-
tribution. The discrete distribution is then interpolated to create a con-
tinuous conditional distribution score, which is used to construct predic-
tion intervals. The idea behind this approach is that it results in more
stable training and is better at learning conditional expectations (Stew-
art et al., 2023; Guha et al.). Specifically, they propose to transform the
response domain into K bins covering the entire response domain Y, re-
sulting in a described label space ¥ = {¥,,..., ¥k}, where ¥, represent
the midpoints of the kth bin. They then fit a classifier with K classes for
estimating a discrete probability distribution p(-|X;). This distribution
is transformed to a continuous conditional distribution score £, x, ) by
taking the linear interpolation of the discrete probability estimates,

fx[(Y)=7kﬁ(Yk|Xi)+ (1 _Vk)ﬁ(Yk+1|Xi)’ “)
where ¥, <y < ¥, and y, = Sl =Y
Yir1 =Yk

This estimated continuous conditional distribution is then leveraged
in the same manner as in Lei et al. (2011, 2013), using the nonconfor-
mity scores S; = — fy (¥).

3.2.3. Multi-output conformal prediction

Most existing conformal prediction approaches primarily address
univariate output regression problems despite landmark localization be-
ing inherently a multi-output regression task. Multi-output conformal
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prediction has emerged as a growing research area that provides valid
prediction regions for multiple target variables.

Since the pioneering work by Lei et al. (2013), researchers have pro-
posed various approaches to extend single-output conformal prediction
techniques. These approaches focus on critical aspects such as valid-
ity guarantees, efficiency, adaptivity, and computational feasibility. Our
work categorizes multi-output conformal prediction approaches into
five classes: statistically corrected, maximum nonconformity, copula-
based, ellipsoidal, and density-based conformal prediction. A compre-
hensive review of these approaches is available in Appendix B.2.

This work discusses and benchmarks all these approaches except
copula-based methods. Copula-based approaches require two calibra-
tion sets when employing split conformal prediction (Sun and Yu, 2024),
which can significantly reduce prediction efficiency. Furthermore, these
methods produce hyperrectangular prediction regions aligned with the
axes of the output dimensions, which may be suboptimal for coordinate
predictions like landmark localization (see Figs. 1 and 2). Such regions
tend to overcompensate for uncertainty, reducing the prediction regions’
efficiency.

In this section, we review statistically corrected (Figs. 1 and 2,
top-left), maximum nonconformity (top-middle), and ellipsoidal (top-
right) conformal prediction, focusing on their application to landmark
localization. We also introduce two novel density-based approaches
for multi-output regression in Section 3.2.4. The first is a method
termed multi-output regression-as-classification conformal prediction
(M-R2CCP), which extends the R2CCP framework proposed by Guha
et al.. Second, we introduce multi-output regression to classification con-
formal prediction set to region (M-R2C2R). This approach allows us to
leverage conformal prediction approaches for classification problems,
such as adaptive prediction sets (APS) (Romano et al., 2020). APS is a
conformal prediction approach that specifically addresses the challenge
of constructing prediction sets for classification problems that adapt to
the difficulty of each instance, ensuring better efficiency (smaller sets)
while maintaining coverage. As shown in the bottom panels of Figs. 1
and 2, our approaches are way more flexible in the prediction regions
they can represent and are, therefore, often more efficient.

Statistical correction. In statistically corrected multi-output conformal
prediction, predictions are initially generated separately for each output
dimension. Global coverage across dimensions is achieved by applying
dimension-wise corrections; see Algorithm 2.

While previous work (Messoudi et al., 2020) used the Sidak correc-
tion, setting individual significance levels to o, = 1 — {/1 — &, which pro-
vides exact validity for independent scores but becomes conservative
when the nonconformity scores are positively dependent and can re-
sult in invalid prediction regions when they are negatively dependent,
we instead opt for the Bonferroni correction, a, = 5, for benchmarking
purposes (Dunn, 1961). This correction comes with the marginal cover-
age guarantee (Eq. (1)) without any assumptions about the dependence
structure of the nonconformity scores across dimensions (see Proposi-
tion 1). Note that one can use any nonconformity score; here we use
normalized scores based on variance estimates of uncertainty, which
yield hyperrectangular prediction regions aligned with the coordinate
axes (see Figs. 1 and 2). We obtain these variance estimates using one
of the approaches discussed in Section 3.3.

Proposition 1. Suppose that Z, ., are exchangeable, and a, = g (Bon-
ferroni correction). Then, the prediction region defined by Algorithm 2 satis-
fies the marginal coverage guarantee in Eq. (1).

Proof. See Appendix A. [

Maximum nonconformity score. The maximum nonconformity (Diet-
terich and Hostetler, 2022; Diquigiovanni et al., 2022) approach does
not change anything to Algorithm 1. It only uses a specific family of
nonconformity scores,

S, r=max (S, .... S 4)s (6)

i
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Fig. 1. Examples of prediction region produced by different multi-output conformal prediction approaches (2D).

Algorithm 2 Statistically corrected ICP.

1: Assumption: Exchangeability of calibration set Z,_,,, ., and test
example Z, ;.

2: Input: Training data sequence Z,.,, test object X,,,, landmark lo-
calization model £, size of the calibration set m, and output dimen-
sion d.

3: The data sequence Z, ., is split into a proper training data set Z,.,_,,
and a calibration set Z,_, ...

4: The proper training dataset Z,.,_,, is used to train a landmark lo-
calization model L.

5: for j < 1tod do

6:  For each example i in the calibration set Z,_,,,.,, calculate the

nonconformity score S; ; = s(X;,Y; ;) for dimension j, which relies
on the landmark localization model.

7:  The nonconformity scores from the calibration set are sorted in

descending order: S*’j, . S:uf

8: end for

9: For each new test sample X, ,; and confidence level 1 — a, we return
the prediction region

Co(Xp) = {yey C5(Xor103) S ST ey fOT T = 1,...,d} )

where «, is the adjusted significance level based on a.

which allows for dealing with multi-output response values. The non-
conformity score S, ; for example i and dimension j, can be any non-
conformity score used for single-output regression problems, such as

the absolute error, normalized absolute error, or CQR. This work will
use the normalized absolute error, like for the Bonferroni correction.
Similarly, as for the Bonferroni correction, this approach will result in
hyperrectangular prediction regions aligned with the axes (see Figs. 1
and 2).

Ellipsoidal conformal prediction. Approaches (Johnstone and Cox, 2021;
Messoudi et al., 2022; Henderson et al., 2024) using Mahalanobis-based
nonconformity score enable multi-output response handling without
changing Algorithm 1 by calculating scores as:

5=\ (%= F00) 571 (- X)), @)
These methods produce ellipsoidal prediction regions that can be ori-
ented in any direction based on the estimated covariance matrix. Un-
certainty estimates can be derived from heatmaps, MC dropout, deep
ensembles, or test-time augmentations (see Section 3.3). Note that this
can be seen as an extension of the normalized absolute residual scores
to multivariate response domain.

3.2.4. Multi-output regression-as-classification conformal prediction

The existing single-output R2CCP approach proposed by Guha et al.
presents limitations when applied to multi-output problems, such as
anatomical landmark localization. This work extends the R2CCP frame-
work to address three key challenges:

Challenge 1: Handling multi-output response scenarios.

Challenge 2: Allow leveraging conformal prediction approaches
for the classification setting (e.g., APS Romano et al., 2020)
for regression problems.
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Fig. 2. Examples of prediction region produced by different multi-output conformal prediction approaches (3D).

Challenge 3: Managing varying response domains across differ-
ent examples (e.g., different image resolutions).

To resolve these challenges, we introduce two key methodological ad-
vances. The first challenge leads to the development of multi-output
regression to classification conformal prediction (M-R2CCP). The so-
lutions to the second and third challenges are formally established in
Propositions 2 and 3, respectively. Combining these solutions results in
multi-output regression to classification conformal prediction set to re-
gion (M-R2C2R).

Challenge 1: Addressing multi-output responses. We propose binning the
response space into equally sized hyperrectangular regions to han-
dle multi-output responses. While pixel-level binning is conceptually
straightforward for medical images, it quickly becomes computation-
ally intractable. Instead, we recommend creating bins that encompass
multiple pixels or voxels. Like the univariate approach, we fit a clas-
sifier with K classes for estimating a discrete probability distribution
B(-|X;). We then transform this discrete distribution into a continuous
conditional distribution score f x,(») using linear interpolation:

d
Z |:Hyk,/'j:|ﬁ(?(kl,,..,kd)lX[)a (8)
j=1

fx,» =

ij+1,/—yj

where 7 is the set of all interpolation indices, Vi, = for

Yij+1=Yhyj
f/kj, <y < ij +1,- In Eq. (8), the summation covers all hypercube ver-
tices involved in the n-linear interpolation and Hj:] Yx,; computes the
interpolation weight for each vertex. The nonconformity scores are com-
puted as S; = —f x; (). Algorithm 3 provides a more detailed implemen-
tation of the M-R2CCP. While various interpolation methods can trans-

form discrete bins into continuous responses, the specific approach may
impact interval efficiency. Future research could systematically investi-
gate the performance of different interpolation techniques.

One minor problem with (M-)R2CCP is that it requires an evalua-
tion of the entire target domain to construct the prediction interval (Al-
gorithm 3, line 9). This is often resolved by performing a grid search
evaluation on the target domain.

Challenge 2: Classification conformal prediction for regression. Rather than
treating the multi-output regression problem through traditional grid
search methods, we propose leveraging classification conformal predic-
tion approaches. This strategy allows us to leverage advanced classi-
fication conformal prediction techniques that generate more adaptive
prediction sets.

Our multi-output regression to classification conformal prediction
set to region (M-R2C2R) approach transforms the regression problem
into a classification task. By generating prediction sets through classifi-
cation conformal prediction and converting these discrete sets to con-
tinuous prediction regions, we can utilize sophisticated methods like
adaptive prediction sets (APS) (Romano et al., 2020).

Standard conformal prediction approaches typically use .S; = 1 — py,
as a conformity score for each class y independently when constructing
prediction sets. While these methods guarantee coverage, the resulting
set sizes can vary substantially: “easy” inputs (with high model confi-
dence) may still produce unnecessarily large sets, whereas “hard” inputs
(with uncertain or flat probability distributions) may yield sets that are
too small or even empty, providing little practical benefit. APS addresses
this issue by redefining the conformity score. Instead of scoring each
class y independently, APS bases the score on the entire sorted proba-
bility distribution (from highest to lowest). Specifically, the conformity
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Algorithm 3 Multi-output regression to classification conformal predic-
tion (M-R2CCP).

1: Assumption: Exchangeability of calibration set Z,
example Z,, ;.

2: Input: Training data sequence Z,.,, test object X, , landmark lo-
calization model L, size of the calibration set m, and output dimen-
sion d.

3: Hyperparameters: number of bins K; > 1 for each dimension j

4: For each dimension j of the output space Y, discretize the out-
put space dimension into K; equidistant bins with midpoints
P Vi g}

5: The data sequence Z, ., is split into a proper training data set Z,.,_,,
and a calibration set Z,_,, ..

6: Find a discrete probability distribution p(-|X;) by optimizing the
landmark localization model £ on the proper training dataset
Z,.,—m- For example, by using the one-hot heatmap approach.

7: For each example i in the calibration set Z,_,, ., ,.,, calculate the non-
conformity score .S; = —fAX[(Y,-) (see Eq. (8)).

8: The nonconformity scores from the calibration set are sorted in de-
scending order: S7,..., Sy

9: For each new test sample X, and confidence level 1 — a, we return
the prediction region

w_ma1:n and test

CalX) = {¥ €9 1 =Fy, V) < S}y } ©

score corresponds to the cumulative probability mass of classes more
likely than the observed class Y;. As a result, for “easy” inputs, predic-
tion sets are forced to be small, while for “hard” inputs, the quantile
threshold naturally expands the set to include more classes-achieving
size adaptivity while maintaining rigorous coverage guarantees.

Classification conformal prediction approaches offer several ad-
vantages for regression problems. They can potentially produce more
example-driven prediction sets that adapt more flexibly to the underly-
ing data distribution; in some cases, we can also reduce the computation
burden of the M-R2CCP grid search.

The M-R2C2R approach outlined in Algorithm 4 and its validity of
the generated prediction regions is guaranteed by Proposition 2. The
transformation of the prediction region in M-R2C2R is handled next.

Proposition 2. Suppose a transformation g : Y — P(Y'), where g()
maps each y € Y to a set in V', and assuming we have a marginal cov-
erage guarantee on Y, ; C Y, then the marginal coverage guarantee holds
under the transformation of the response and prediction set,

Pzop, (&,1) € 2(Co(Xp13 Z1)) 21— a, (10)
provided that the transformed prediction set is constructed as

gCXuwZi)= U e an
VECa(XnH Zyn)

Proof. See Appendix A. O

Challenge 3: Addressing varying response domains. We propose a domain
transformation approach that standardizes input and response dimen-
sions. We prove that we maintain marginal coverage guarantees by con-
verting all examples to a fixed dimension (e.g., 512 x 512), computing
nonconformity scores, and subsequently rescaling prediction regions.
This method seamlessly integrates with existing anatomical landmark
localization pipelines, which typically perform inference on rescaled
images. The procedure still comes with the marginal coverage guaran-
tee since it is a monotonic transformation of the response domain; see
Proposition 3. Note that it can also be applied to previously described
conformal prediction approaches.

Proposition 3. Suppose the transformation of the response domain is de-
noted by g : Y — ', and assuming we have a marginal coverage guarantee
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(see Eq. (1)) onY, ., C Y, then the marginal coverage guarantee holds under
the transformation of the response and prediction set,
Pz.p, (e € g(éa(XrHI;ZI:n))) 21-a, 12
when g is a monotonic OR invertible transformation.

Proof. See Appendix A. O

Algorithm 4 Multi-output regression to classification conformal predic-
tion set to region (M-R2C2R).

1: Assumption: Exchangeability of calibration set Z,
example Z, ;.

2: Input: Training data sequence Z,.,, test object X, , landmark lo-
calization model £, size of the calibration set m, and output dimen-
sion d.

3: Hyperparameters: number of bins K; > 1 for each dimension j

4: Transform the output space Y to Y*. E.g., transform all images and
corresponding coordinates to a 512 x 512 resolution. (Challenge 3)

5: For each dimension j of the output space Y, discretize the out-
put space dimension into K; equidistant bins with midpoints
P Vi

6: The data sequence Z, ., is split into a proper training data set Z,.,_,,
and a calibration set Z,_,,,;.,.

7: Find a discrete probability distribution p(-|X;) by optimizing the
landmark localization model £ on the proper training dataset
Z,.,_n For example, by using the one-hot heatmap approach.

8: Create a discrete prediction set C(;(X,, +1) using p(-| X)), the calibra-
tionset Z,_,..,, test object X, and conformal prediction for cat-
egorical labels.

9: Transform the discrete prediction set C;(X" +1) to the original re-
sponse domain creating the continuous prediction region C,(X,,, ;).
If a bin is present in C; (X,,4+1) then all response values corresponding
to that bin will be present in C};(X,,,).

10: Transform prediction region C;(X,,,) to the original output space
Y resulting in prediction region C,(X,, ). (Challenge 3)

w_ms1:n and test

3.3. UQ approaches without validity guarantees

Several non-conformal techniques, prevalent in the anatomical land-
mark localization literature (see Table B.1), serve as benchmarks for
our study. We specifically incorporate one of these, the heatmap-
derived weighted sampled covariance matrix, into our statistical cor-
rection, maximum nonconformity, and ellipsoidal conformal prediction
approaches. While deep ensembles are also used in our conformal pre-
diction methods, their application is restricted to the heatmap localiza-
tion model, which yields more accurate and stable heatmap predictions
(see Section 5.2).

3.3.1. Test-time augmentation

Test-time augmentation (TTA) randomly samples multiple augmen-
tations of the input image during inference. It performs prediction on
these samples, resulting in sample predictions that can be represented by
sample statistics or empirical distributions. These transformations can
be spatial, such as affine or elastic transformations, or intensity trans-
formations, such as adding Gaussian noise or applying histogram shifts.
TTA is also often used to improve accuracy and robustness.

Wang et al. (2019) provided a mathematical framework for TTA in
image segmentation, comparing it with Monte Carlo dropout. While they
argue that TTA can quantify image-related aleatoric uncertainty, the ap-
proach likely does not capture all sources of aleatoric uncertainty, such
as label noise arising from inter- and intra-rater variability. The authors
additionally proposed a combined approach integrating TTA and Monte
Carlo dropout to quantify the more exhaustive notions of uncertainty,
i.e., predictive uncertainty.
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3.3.2. Monte Carlo dropout

Introduced by Gal and Ghahramani (2016), Monte Carlo (MC)
dropout is a method for modeling epistemic uncertainty in deep neu-
ral networks by leveraging dropout layers. Typically, dropout is used
only during training as a regularization technique. In MC dropout, mul-
tiple forward passes are performed through the network with dropout
enabled during inference, allowing uncertainty estimation through the
variance of these passes. Similar to TTA, it can also be used to improve
accuracy and robustness.

Gal and Ghahramani (2016) demonstrated that dropout approxi-
mately integrates over model weights and mathematically equates a
neural network with dropout to a deep Gaussian process. In our work,
we extend this approach by estimating the covariance of response out-
put for our multivariate problem, which can be derived directly from
the MC samples.

3.3.3. Deep ensemble

Lakshminarayanan et al. (2017) proposed deep ensembles as a
method for predictive uncertainty estimation. This approach involves
creating an ensemble of neural networks with identical architecture
but different weight initializations. Uncertainty is estimated by gen-
erating multiple prediction samples and analyzing their distribution.
While primarily addressing epistemic uncertainty in regression contexts,
Fort et al. (2020) argued that deep ensembles generally outperform MC
dropout due to more decorrelated inference models.

3.3.4. Temperature scaling

Temperature scaling, introduced by Guo et al. (2017), is a cali-
bration technique applicable to multi-class problems, specifically use-
ful for one-hot heatmap approaches (McCouat and Voiculescu, 2022).
The method introduces a single parameter r (temperature) to calibrate
heatmap probabilities by dividing each channel pixel before softmax ac-
tivation. Optimal 7 is determined using a calibration set to minimize the
negative log-likelihood of the one-hot encoded heatmap.

3.3.5. Heatmap derived uncertainty

Research by Payer et al. (2020), Thaler et al. (2021) has explored
uncertainty derivation by fitting multivariate Gaussian distributions to
predicted heatmaps using least-squares curve fitting. In our work, we
derive anatomical landmarks and their corresponding covariance matrix
by calculating the weighted sample mean and covariance. This is also
the approach we will use for our CP ellipsoidal approach which requires
a covariance estimate.

Naive R2C2R. In this work, we also introduce another approach,
the naive regression-to-classification-to-regression (Naive R2C2R) ap-
proach. We primarily introduce this approach to show why we need
conformalization, as we can not (always) trust the probabilities repre-
sented by the heatmaps. Naive R2C2R uses the heatmap as a probabil-
ity distribution. It works similarly as the APS approach (Romano et al.,
2020); however, it does so without an adjustment to control coverage
and thus consequently assumes an "oracle" distribution, i.e., a perfectly
calibrated distribution, and thus does not come with any coverage guar-
antees. In practice, it ranks pixel locations in descending order based on
predicted probabilities and then progressively adds these pixels to the
prediction regions until the cumulative probability of that region meets
the desired confidence level. This method can also be enhanced with
temperature scaling and/or pixel averaging through deep ensembles,
MC dropout, or TTA.

4. Datasets

4.1. ISBI 2015 automatic cephalometric X-ray landmark detection
challenge (ISBI 2015)

The ISBI 2015 automatic cephalometric X-ray landmark detection
challenge selected 19 landmarks commonly used in clinical practice
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for evaluating the ability of automatic detection of these landmarks
(Wang et al., 2015). These landmarks suffer from relatively high intra-
and inter-observer errors (Kamoen et al., 2001). The dataset consists of
400 annotated radiographs. While the original challenge protocol de-
fines two predefined test sets, several subsequent studies, such as Lind-
ner et al. (2016), Zhong et al. (2019), and Thaler et al. (2021), have
adopted an alternative 4-fold cross-validation scheme to improve ro-
bustness and mitigate the systematic annotation shift (in landmark 8
and 16) observed between Test 1 and Test 2. Following these works, we
also employ a 4-fold split of the data and use only the annotations from
the junior annotator to maintain consistency across folds. However, our
protocol slightly deviates from these prior setups, as we use two folds
for model training, one fold for calibration, and one fold for testing.
This additional calibration fold is required for our conformal prediction
framework.

4.2. Canine hip dysplasia (CHD) landmark dataset

A second dataset used to evaluate the proposed approach in this work
is a private dataset consisting of annotated canine pelvis X-rays where
each radiograph has 12 annotated landmarks (see Fig. C.4), which we
refer to as the canine hip dysplasia (CHD) dataset. These landmarks are
used to derive radiograph measurements, which in turn are used to as-
sess the development of hip dysplasia, one of dogs’ most prevalent dis-
eases. The dataset consists of 472 radiographs, which we use to evaluate
our approaches using a 4-fold subject-level cross-validation. Specifically,
we split the radiographs into four equal folds and alternated the train-
ing, calibration, and test sets. The training set always contains two folds,
and the calibration and test always contain one.

4.3. Mandibular molar landmarking dataset

Finally, we also use the mandibular molar landmarking (MML)
dataset (He et al., 2024), which consists of 658 annotated CT volumes
of the skull. The CT volumes are transformed to a uniform scale of
512 x 512 x 256. Multiple junior and senior clinicians annotated the CT
volumes. It includes 14 mandibular landmarks, specifically, 4 crowns, 8
roots of the second and third mandibular molars, and 2 cups of cuspids.
Note that the number of landmarks in a single CT volume is arbitrary,
i.e., some landmarks are absent in the images. Since this work only fo-
cuses on landmark localization, we filter out all CT volumes where not
all landmarks are present, reducing the dataset size to 399. For eval-
uating uncertainty quantification approaches, we split the data into a
proper training dataset of 199 images, and a calibration and test set of
each 100 images. For benchmarking the landmark localization model
against the state-of-the-art, we use the evaluation procedure proposed
by He et al. (2024). However, we propose to correct their determinis-
tic evaluation procedure. The authors did not correct the pixel spacing
for the scaling that is possibly performed during their center crop trans-
formation. The pixel spacing should be divided by the applied scaling
to get a correct point error in metric units (e.g., mm). This adjustment
gives a slightly higher point error for the evaluation dataset, as seen
in Tables C.3 and C.4 presenting deterministic performance, where the
only difference is the scale adjustment.

5. Experiments
5.1. Evaluation metrics
We evaluate landmark localization accuracy and UQ regions using

the following metrics. Definitions here apply to all subsequent experi-
ments.

Landmark localization metrics. Let samples be indexed by i=1,...,n
and landmarks by / = 1,...,n,. Denote the predicted and ground-truth
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coordinates by f’il .Y! € RY with d € {2,3} and units in mm. The per-
landmark Euclidean point error (PE) is

= i1 ], - s

We report the dataset mean and standard deviation (SD) over all nm
€errors:

(14

The success detection rate (SDR) at threshold r mm is the percentage of
landmark errors below z:

100

non
> Y YPE <t} % te€{225 3 4mm. (15)
nn

I i=1I1=1

SDR(7) =

Uncertainty quantification metrics. For an image X; and landmark /, let
C!(X;) c R? be the prediction region at confidence 1 —a, and let r(-)
denote region size (area in 2D, volume in 3D; mm?). We assess:

1. Validity (coverage) using empirical marginal coverage:
v/ eclox ). ae)

A method is calibrated when cov, ~ 1 — a.

2. Efficiency by calculating the per-example region size Aﬁ = r(@ X ,-)).
At matched coverage, smaller regions are preferable. We summarize
the distribution of {Aﬁ };; (mean + SD and median [Q1-Q3]).

3. Adaptivity. To quantify whether regions enlarge for harder examples,
we compute the Spearman rank correlation between region size and
realized error:

ps = Spearman({Aﬁ}[',, {PEﬁ}[J). 17

Higher p, indicates that region sizes increase monotonically with er-
rors, a desirable property of conditional adaptivity. Scatter plots in
Figs. C.1-C.3 visualize this relationship.

Remark 1. When heatmaps are decoded separately for each stochas-
tic sample and landmark predictions are then averaged (landmark sam-
pling, LS), both PEI’. and the estimated spread can increase, which may
mechanically raise p,.

5.2. Landmark localization

This work emphasizes model-agnostic uncertainty quantification in
landmark localization. However, we employ two distinct approaches to
landmark localization to assess the effectiveness of different uncertainty
quantification approaches. Performance is reported using the PE and
SDR metrics defined in Section 5.1.

First, we utilize the spatial configuration network (SCN) model,
which incorporates learned homoscedastic aleatoric uncertainty for
each landmark, as introduced by Payer et al. (2020), Thaler et al. (2021).
The SCN is used as a landmark localization model across all 2D datasets
presented in Section 4. We use the same loss function, hyperparameters,
and optimization strategies described in Payer et al. (2020).

Second, we implement the one-hot approach, introduced in McCouat
and Voiculescu (2022), which transforms landmark localization into a
classification task using one-hot encoded heatmaps. For 2D landmark lo-
calization, we propose using a UNet architecture that employs a ResNet-
34 encoder pre-trained on ImageNet, with a depth of 5 layers. The de-
coder features channels of size 256, 128, 64, 32, and 32, respectively. A
softmax activation is applied at the output layer to ensure proper proba-
bility distribution. This approach is ideal for the M-R2CCP and M-R2C2R
approaches proposed in this work.
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In this work, we suggest adapting the one-hot technique for the 3D
landmark task. The foundational principle remains unchanged: we uti-
lize a 3D UNet that integrates an EfficientNet-BO encoder with Medi-
calNet’s pre-trained weights, featuring a depth of 5 layers. The decoder
comprises of channels sized 256, 128, 64, 32, and 16. A softmax activa-
tion is implemented at the output layer to ensure a probability distribu-
tion summing to one. This adaptation demonstrates strong performance,
surpassing other methods assessed on the MML datasets (see Table 1).

For both methodologies and across all datasets, we apply a data aug-
mentation strategy that includes random spatial transformations (affine
transformations) and intensity transformations, such as adding Gaus-
sian noise, scaling, gamma adjustments, and nonlinear transformations
of the image histogram.

We also assess how sampling-based uncertainty quantification meth-
ods, like TTA, MC dropout, and deep ensembles, enhance predictive per-
formance. Our evaluation consists of two strategies: the first involves
averaging the heatmaps at the pixel level, leading to a more robust
heatmap that is subsequently decoded into predictions of anatomical
landmarks. The second method aligns more with uncertainty quantifi-
cation approaches, as it decodes the heatmap for each individual sample
and averages the landmark predictions across samples. This approach is
denoted as LS. Results are presented in Tables C.1, C.2, and C.3 in Ap-
pendix C). We observed that pixel-level sampling significantly increases
performance across all datasets compared to the baselines and the LS
approaches.

5.3. Empirical results of uncertainty quantification approaches

We assess the various prediction regions of the uncertainty quantifi-
cation methods according to the three criteria defined in Section 5.1:
validity (coverage), efficiency, and adaptivity. The evaluation is con-
ducted on the two 2D datasets and the 3D dataset to ensure diversity
in our assessments. Quantitative results for coverage, efficiency, and
adaptivity (p,) are summarized in Tables 2-4. MC dropout is evalu-
ated with the SCN backbone (Payer et al., 2019) (the only setup with
dropout in the heatmap head). In contrast, all other UQ variants, in-
cluding TTA, deep ensembles, the heatmap-derived method, and all CP
methods (M-R2CCP, M-R2C2R), use the one-hot/contour-hugging back-
bone (McCouat and Voiculescu, 2022). We adopt this pairing because
SCN imposes a (bi)variate Gaussian and suits only the MC setting, while
the one-hot/contour-hugging representation better captures uncertainty
without a parametric heatmap assumption; moreover, the 2D contour-
hugging network has no dropout, making MC dropout inapplicable.

Coverage of prediction regions

We evaluate the validity of this work by measuring the marginal
coverage of the prediction regions of different landmarks on different
datasets. The marginal coverage for the ISBI 2015 (2D), CHD (2D) and
MML (3D) datasets are presented in box plots in respectively Figs. 4,
5 and 6. We immediately observe that the frequently used sample in-
ference approaches (MC dropout, deep ensemble, and TTA), combined
with the normality assumption of the predictive uncertainty, drastically
underestimate the prediction uncertainty. This can be attributed to the
inability of the approaches to account for all sources of uncertainty, as
discussed in the related work (see Section 2.2). The heatmap-derived
approach, proposed by Thaler et al. (2021), seems to account a bit more
for the predictive uncertainty, but it still systematically underestimates
the total predictive uncertainty. To resolve this underestimation of total
predictive uncertainty, we propose the conformal prediction framework
to give us a finite-sample probabilistic coverage guarantee. The coverage
results, presented in Figs. 4, 5, and 6, show that the conformal predic-
tion framework gives us a valid prediction region. We note that across all
three datasets, as expected, the Bonferroni correction and max noncon-
formity approaches give slightly more conservative prediction regions.

When temperature scaling is applied, the Naive R2C2R approaches
perform reasonably well on the ISBI 2015 and CHD datasets, meaning
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Table 1
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Landmark localization results on the MML (3D) dataset compared against existing approaches. This benchmark dataset is the same as the data subset, only
with complete landmarks, used as a benchmark in He et al. (2024). Performance is reported using the PE, i.e., the Euclidean distance (in mm) between
predicted and reference landmarks, reported as mean + standard deviation (SD), and the SDR, defined as the percentage of landmarks with PE below
predefined thresholds (2, 2.5, 3, and 4 mm). The best results are highlighted in bold.

Model name Validation Test
PE (mm) SD (mm) SDR (%) PE (mm) SD (mm) SDR (%)
2mm 25mm 3mm 4mm 2mm 25mm 3mm 4mm
Pruning-ResUNet3D (He et al., 2024) 1.82 - 73.21% 82.14% 88.93% 94.76% 1.96 1.39 70.03% 79.97% 86.10% 92.73%
One hot ensemble 1.60 - 77.81% 87.76% 89.92% 93.37% 1.39 1.12 81.67% 91.31% 93.33% 96.31%
Overlay Region Contour Line ® True Landmark

Statistical Correction

Maximum Nonconformity

Ellipsoidal Conformal Prediction

M-R2C2R (APS)

Fig. 3. Cephalogram example of conformal prediction regions.

that the temperature scaling ensures that probability distribution resem-
bles the Oracle predictive distribution. However, temperature scaling
cannot guarantee this, and this can be clearly seen for MML (3D) dataset,
as the prediction regions are significantly undercover even with temper-
ature scaling, pressing the need for the conformal prediction framework.
It is interesting to note that, in general, the pixel-averaging approach
using deep ensembles generally increases the validity of the prediction
regions. Thus, in general, the pixel-averaging approach using deep en-
sembles increases the landmark localization approach and calibration of
the pixel probabilities in the one-hot approach.

Efficiency and adaptivity of prediction regions
In the evaluation of prediction regions, validity serves as the primary
criterion, as it underpins the interpretability and reliability of predic-

10

tion regions. Additionally, it is easy to get good efficiency when you
compromise on validity. Consequently, our efficiency analysis focuses
exclusively on conformal prediction approaches, which provide theo-
retical finite-sample marginal validity guarantees. We assess efficiency
through the measurement of prediction region area or volumes, utilizing
both mean and median metrics to account for the variability in region
size across different images, a variation that may appropriately reflect
underlying predictive uncertainty. The results of our experiments are
presented in Tables 2, 3, and 4. Additionally, to give an idea of the pre-
diction regions, Fig. 3 shows the different conformal prediction regions
on a cephalogram from the ISBI 2015 dataset.

We observe that the Bonferroni correction and max nonconformity
approaches generate the largest prediction regions. This can be at-
tributed to two factors: their inherently conservative nature in region
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Fig. 4. Box plot showing the empirical per-landmark coverage of prediction regions (19 landmarks), evaluating various uncertainty quantification approaches at
different confidence target levels on the ISBI 2015 (2D) test set. Each box summarizes the distribution of coverage values across landmarks, while the coverage
percentages reported in Table 2 correspond to the overall empirical marginal coverage aggregated over all landmarks and subjects.
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Fig. 5. Box plot showing the empirical coverage of prediction regions for different landmarks (12 landmarks), evaluating various uncertainty quantification ap-
proaches at different confidence target levels on the CHD (2D) dataset test set. Each box summarizes the distribution of coverage values across landmarks, while the
coverage percentages reported in Table 2 correspond to the overall empirical marginal coverage aggregated over all landmarks and subjects.

estimation and, more significantly, their constraint to axis-aligned hy-
perrectangular prediction region. In contrast, the Mahalanobis noncon-
formity scores offer enhanced flexibility through ellipsoidal prediction
regions, whose dimensions and orientations are determined by the pre-
dicted covariance matrix, resulting in improved efficiency.

Our M-R2CCP and M-R2C2R approaches demonstrate superior per-
formance, capable of representing non-convex regions (as illustrated
in Figs. 1 and 2), and consistently achieve the highest efficiency met-

11

rics. Across datasets, the two methods show similar typical behaviour:
median region sizes and IQRs are comparable. The APS variant of M-
R2C2R produces a small number of extremely large regions on the MML
(3D) test set (mean = 4440.1 mm?, std = 24056; median = 51.07 mm?,
IQR = 27.71-94.82). These outliers occur when the predicted heatmap
is essentially flat (very high model uncertainty), causing the confor-
mal region to span most of the image and thus inflating the reported
mean and standard deviation. In practice, such extreme regions are more
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Fig. 6. Box plot showing the empirical coverage of prediction regions for different landmarks (14 landmarks), evaluating various uncertainty quantification ap-
proaches at different confidence target levels on the MML (3D) dataset test set. Each box summarizes the distribution of coverage values across landmarks, while the
coverage percentages reported in Table 2 correspond to the overall empirical marginal coverage aggregated over all landmarks and subjects.

Table 2

Evaluation of 95% prediction regions of different UQ approaches on the ISBI 2015 (2D) test set. The best results are high-

lighted in bold.

UQ Approach Model Coverage (%) Efficiency (mm?) Adaptivity (p,)
Mean Std. Median Q1 Q3
MC SCN 5.47% 0.3015 1.2333  0.0862 0.0472  0.1836  0.2642
TTA One hot  20.68% 2.7351 50.134  0.5793 0.3694  0.9650  0.3699
MC TTA SCN 25.47% 1.4625 3.9245 0.5889 0.3778 1.0562 0.3732
Ensemble One hot  25.21% 5.0906 65.185  0.7687 0.4734  1.6475  0.4056
Heatmap derived One hot  78.63% 5.8981 5.5784  4.2713 3.2454  6.6309  0.3958
Naive R2C2R One hot  86.26% 19.950 506.75  5.7200 3.9200 9.0150  0.4310
Naive R2C2R (ensemble) One hot  92.47% 9.1205 6.9787  6.9300 4.8200 11.035  0.3867
Naive TS R2C2R One hot  95.32% 676.41 3959.4  10.305 6.4650  17.940  0.3860
Naive TS R2C2R (ensemble) ~ One hot ~ 94.26% 10.921 9.3519  8.0900 5.6300 13.263  0.3773
CP Statistical Correction One hot 95.53% 55.291 245.29 14.620 7.9068 32.157 0.3703
CP Max Nonconformity 93.42% 44.982 226.92  11.465 6.4124  23.266  0.3833
CP Ellipsoidal One hot  94.63% 15.812 18.067  9.7825 7.2443 18.094  0.3385
M-R2CCP One hot  94.63% 12.081 8.0110  9.0000 7.2200 14.348  0.3360
M-R2C2R One hot  94.84% 12.202 9.1147  8.3350 6.6300 15.163  0.3127
M-R2C2R (APS) One hot  94.63% 13.213 13.278  8.5900 6.3175 16.463  0.3528

useful when surfaced as a low-confidence flag (suppressing the oversized
region) rather than shown directly; to make the behaviour transparent,
we report both mean (std) and median (IQR) in Table 4.

The relationship between prediction error and region size is visu-
alized through scatter plots in Figs. C.1, C.2, and C.3. While the APS
variant of M-R2C2R exhibits enhanced adaptivity, aligning with its de-
sign objectives, the practical significance of these adaptivity differences
requires further investigation. It is noteworthy that conformal ellipsoid
prediction regions can inherit adaptivity characteristics from sampling-
based uncertainty quantification approaches (MC dropout, TTA, or deep
ensembles) by leveraging their covariance matrices.

Furthermore, it is important to note that the high Spearman corre-
lation observed for the MC dropout approach on the MML dataset (Ta-
ble 4) does not completely reflect true conditional adaptivity. This in-
flated p, arises from the landmark sampling decoding strategy, in which
landmarks are decoded separately for each stochastic sample and then
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averaged. This process increases both the predicted covariance and the
magnitude of the point error, thereby increasing the correlation between
region size and error. Accordingly, these results should be interpreted
as a methodological artifact rather than genuine adaptivity.

6. Discussion
Main findings

This work adapts conformal prediction to 2D/3D anatomical land-
mark localization and evaluates a family of model-agnostic UQ ap-
proaches; axis-aligned (Bonferroni, max nonconformity), ellipsoidal,
and two region-building approaches (M-R2CCP, M-R2C2R). Across three
datasets, CP-based methods achieve empirical marginal coverage close
to target levels while offering competitive or superior efficiency rela-
tive to baselines lacking finite-sample guarantees. Ellipsoidal regions
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Table 3
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Evaluation of 95% prediction regions on the CHD (2D) dataset using 4-fold subject-level cross-validation. For each method and metric, we report the min-max
across folds for disjoint train/calibration/test splits. The best results are highlighted in bold.

UQ Approach Model Coverage (%) Efficiency (mm?) Adaptivity (p,)
Mean Std. Median Q1 Q3

MC SCN [4.2398-5.0195]  [0.0517-0.0803] [0.1906-0.5304]  [0.0216-0.0275] [0.0099-0.0141]  [0.0498-0.0612]  [0.3055-0.3622]
TTA One hot  [17.769-20.417]  [0.2710—3.6059] [0.1889-124.55]  [0.1935-0.2423] [0.1349-0.1561]  [0.2734-0.3486]  [0.2088-0.3297]
MC TTA SCN [47.612-50.390]  [0.5793-0.7322] [0.7075-1.1261]  [0.4487-0.5261] [0.1666-0.2070]  [0.7345-0.9028]  [0.1243-0.1920]
Ensemble One hot  [38.889-62.259]  [1.5745-17.044] [16.373-124.74]  [0.4254-6.3289] [0.1609-2.6780]  [0.7029-23.016]  [0.3219-0.8384]
Heatmap derived One hot  [83.678-85.139]  [1.5984—1.8587] [0.7447-2.8803]  [1.4652-1.6682] [1.0367-1.1093]  [2.0351-2.3113]  [0.3338-0.3855]
Naive R2C2R One hot  [81.528-92.431]  [1.7363-3.4995] [1.3431-38.172]  [1.4684-2.6083] [1.0820-1.4298]  [2.0287-3.9028]  [0.3145-0.4380]
Naive R2C2R (ensemble) One hot  [95.110-96.528]  [2.7887-13.113] [1.4914-276.16]  [2.6083-2.9561] [1.5795-1.7196]  [3.7145-4.2313]  [0.3216-0.3821]
Naive TS R2C2R One hot  [93.750-95.868]  [4.0793-227.55] [9.8052-1435.6]  [2.7532-3.3232] [1.7727-2.1640]  [4.0574-4.9655]  [0.3200-0.4372]
Naive TS R2C2R (ensemble)  One hot  [94.284-95.694]  [2.7222-7.9374] [1.5363-191.53]  [2.5504-2.7436] [1.4684-1.5843]  [3.7096-3.9415]  [0.3184-0.3740]
CP Statistical Correction One hot  [94.215-96.667] [4.7676—15.412] [5.2142-315.40] [3.2554-3.9176] [2.0653-2.5526]  [5.4749-6.2880]  [0.3122-0.3473]
CP Max Nonconformity One hot  [93.595-96.319]  [4.5614—13.429] [4.8519-260.16]  [3.0653-3.6965] [1.9244-2.3359]  [5.3645-6.0715]  [0.3157-0.3618]
CP Ellipsoidal One hot  [94.167-96.319]  [2.8205-3.3084] [1.6544-4.2948]  [2.3653-2.6200] [1.6675-1.9937]  [3.6202-4.2782]  [0.3398-0.3709]
M-R2CCP One hot  [93.958-96.042]  [2.7097-3.0595] [1.3698-1.6368]  [2.3185-2.4151] [1.6036-1.9321]  [3.6903-4.1927]  [0.3170-0.3562]
M-R2C2R One hot  [93.264-96.597]  [2.4629-2.9754] [1.4209-1.6502] [2.0094-2.3958] [1.3911-1.7582] [3.3425-4.0622] [0.3147-0.3493]
M-R2C2R (APS) One hot  [94.306-96.875]  [2.6752-13.278] [1.6847-282.68] [2.1350-2.3185] [1.4491-1.6954] [3.5551-4.1057] [0.3322-0.3641]

Table 4

Evaluation of 95% prediction regions of different UQ approaches on the MML (3D) dataset test set. The best results are

highlighted in bold.

UQ Approach Model Coverage (%) Efficiency (mm?) Adaptivity (p,)

Mean Std. Median Q1 Q3

MC One hot 29.50% 232.50 1776.9 2.1958 0.8617 8.9424 0.5794

Ensemble One hot 13.36% 63.108 574.84 0.2323 0.0732 1.3626 0.4437

Heatmap derived One hot 81.86% 626.91 3453.1 21.555 9.2268 69.694 0.3015

Naive R2C2R One hot 89.86% 1739.4 9990.2 39.653 22.812 75.474 0.3547

Naive R2C2R (ensemble) One hot 90.29% 1661.5 10,607 29.803 20.506 53.173 0.3395

Naive TS R2C2R One hot 92.57% 3133.1 13,212 52.697 28.582 116.43 0.3499

Naive TS R2C2R (ensemble) One hot 87.50% 572.89 4783.6 23.842 16.767 41.376 0.3415

CP Statistical Correction One hot 97.43% 3.6e+07 5.6e+08 542.33 109.93 7733.2 0.2652

CP Max Nonconformity One hot 95.36% 2.8e+07 4.1e+08 483.26 101.36 6759.5 0.2520

CP Ellipsoidal One hot 95.00% 2971.7 19,684 73.406 33.235 251.00 0.2869

M-R2CCP One hot 93.21% 66.044 65.039 51.268 33.728 76.817 0.2756

M-R2C2R One hot 93.71% 68.323 62.958 53.617 34.928 82.819 0.2922

M-R2C2R (APS) One hot 93.07% 4440.1 24,056 51.067 27.707 94.819 0.2765

improve efficiency over axis-aligned sets by exploiting anisotropy in pre-
dicted covariance. The proposed M-R2CCP and M-R2C2R are the most
efficient across datasets, with median sizes and IQRs comparable to or
better than alternatives (Tables 2-4; examples in Fig. 3).

Adaptivity of prediction regions

We quantify adaptivity via the Spearman rank correlation p,; between
per-example region size and realized error (Section 5.1). Larger p, in-
dicates regions expand for more complex cases, aiding conditional in-
terpretability. We do not claim finite-sample conditional coverage per
image/landmark; like most practical CP constructions, our guarantees
are marginal.

Related to adaptivity, two empirical caveats merit attention: the
high p, observed for MC dropout on MML stems from the landmark-
sampling decoding pipeline: decoding a landmark separately for each
stochastic sample and averaging can inflate both covariance and point
errors, inducing a mechanical correlation between region size and
error (C). Second, the APS variant of M-R2C2R may produce very
large regions when the predicted heatmap is nearly flat (very high
model uncertainty), yielding heavy right tails in mean+SD; medians
and IQRs remain comparable to other methods. In practice, such rare
cases are best surfaced as low-confidence flags rather than displayed
as oversized regions; hence, we report both mean+SD and median

(IQR).
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From learned regions to displays

Learned regions can be non-convex or fragmented. When desired,
we propose displaying simple conservative summaries alongside raw
regions. Convex supersets (e.g., convex hulls) provide smooth overlays
whose coverage cannot decrease relative to the original region, preserv-
ing marginal validity while trading some efficiency. Applications can
expose both views (raw and summarized) and flag highly fragmented
cases. Future work will investigate algorithms that directly produce
compact convex regions (e.g., minimum-volume or shape-regularized
convex sets) to further simplify presentation without sacrificing cover-
age unduly.

Per-landmark versus image-level guarantees

Our guarantees are finite-sample per-landmark (marginal) cov-
erage under exchangeability; they do not imply that all », land-
marks in an image are simultaneously covered. Consequently, image-
level success typically decreases with n;, heuristically, under in-
dependence, P(all covered) ~ (1 — «)", while a union bound gives
P(at least one miss) < n,a. When image-level control is required, one
may trade efficiency for stronger joint protection via family-wise correc-
tions across landmarks (Bonferroni with per-landmark level o’ = a/n;;
Sidak under independence with o’ =1 — (1 —a)'/™), or by calibrat-
ing a max-over-landmarks nonconformity that yields a single image-
level region. If spatial consistency is enforced by post-processing (e.g.,



J. Jonkers et al.

shape/graph priors, largest-component views, convex hulls), we rec-
ommend recalibrating with the operator in place to preserve nominal
levels. While clinicians may not routinely reason at the all-landmarks-
simultaneously level, joint control can be valuable for derived metrics
(e.g., distances/angles) and robust decision rules.

Calibration behavior and training-conditional guarantees

Split CP requires a held-out calibration set of size n,, trading train-
ing signal for calibration precision. Realized marginal coverage fluc-
tuates around 1 —a with variability O(1/4/nc,); reporting a binomial
confidence interval makes this uncertainty explicit. Beyond marginal
coverage, the training-conditional coverage P(¥,,, €C(X,,;) | D,) un-
der i.i.d. data and split CP with a fixed score stochastically dominates
Beta((1 — a)(ngy + 1), a(ng + 1)) and equals it for continuous scores, im-
plying concentration around 1 — « with variance at most a(1 — a)/(n.y +
2) (Angelopoulos et al., 2024, Sec. 4.1, Thm. 4.1). A PAC-style vari-
ant provides high-probability control by running split CP at 1 — o’ with
o =a— O(nc_all/ 2) chosen via the Beta CDF (or a sub-Gaussian bound),
ensuring

|1:>(uw(y,,+l ¢ C(X,,)) | D,) < a) >1-6.

When data are scarce, data-reuse schemes such as cross-conformal
(Vovk, 2015) or jackknife+ (Barber et al., 2021) reduce variance ver-
sus a single split while retaining exchangeability-based guarantees. All
guarantees assume distributional similarity between calibration and de-
ployment; under shift (e.g., scanners, hospitals, populations), recalibra-
tion on in-domain samples, covariate-shift-aware weighting (Tibshirani
et al., 2019), Mondrian calibration (Vovk et al., 2003), and out-of-
distribution (OOD) detection or abstention are advisable.

Practical guidance for deployment

Efficiency (region size) is sensitive to discretization and decoding,
whereas coverage is robust post-calibration. We recommend aligning
the conformal grid with the backbone’s deterministic heatmap resolu-
tion; pushing to finer grids beyond the output stride typically yields di-
minishing gains while increasing memory and latency. For M-R2CCP,
upsampling does not change the result because the refinement map-
ping is already encoded in the score. Prefer bilinear (2D) or trilinear
(3D) interpolation over nearest-neighbor when mapping between grids:
coverage remains intact after calibration, and smoother interpolation
reduces jagged boundaries and often improves efficiency and visualiza-
tion. Use M-R2CCP/M-R2C2R when uncertainty is anisotropic or mul-
timodal (often yielding tighter, possibly non-convex regions). The APS
variant of M-R2C2R offers a simple monotone probability-mass accu-
mulation scheme but can return very large sets on near-flat heatmaps;
this behavior is helpful for flagging or withholding predictions in low-
confidence cases or OOD cases.

Computational overhead and code availability

Our CP procedures are model-agnostic and add negligible overhead
beyond a single forward pass of the chosen backbone; optional sampling-
based UQ (MC dropout, test-time augmentation, ensembles) is the main
additional cost. We want to clarify that (i) conformal region construc-
tion only adds negligible overhead beyond a single forward pass (at most
0.5s for inference), and (ii) the dominant cost stems only from optional
sampling-based UQ (MC dropout, TTA, ensembles), which can be paral-
lelized or omitted if desired. Code and experiment scripts are available
in a public repository,' and we integrate the CP-based UQ methods into
landmarker? (PyTorch), which provides standardized data loaders, pre-
trained backbones, inference pipelines, and reference implementations.

1 https://github.com/predict-idlab/landmark-uq
2 https://github.com/predict-idlab/landmarker
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Limitations and threats to validity

Key limitations include reliance on exchangeability between calibra-
tion and deployment, potential efficiency degradation under severe do-
main shift, occasional non-convex/fragmented regions that may hinder
readability, and the lack of simultaneous image-level guarantees with-
out additional corrections. Human-in-the-loop effects (e.g., how region
shape/size influences reading time and error) were not measured and
warrant study.

Future directions

Promising directions include covariate-shift-aware CP (e.g., weight-
ing, Mondrian partitioning), training-conditional and locally adaptive
variants that modulate scores by difficulty while preserving marginal
validity, structured multi-landmark constructions with family-wise con-
trol, and systematic human-factors evaluations to quantify clinical im-
pact.

7. Conclusion

Commonly used UQ approaches for landmark localization (e.g., MC
dropout, deep ensembles, test-time augmentation) coupled with normal-
ity assumptions often underestimate total predictive uncertainty. We
introduce a conformal prediction framework for anatomical landmark
localization that delivers finite-sample marginal validity and practical
efficiency in both 2D and 3D. In extensive experiments, M-R2CCP and
M-R2C2R match nominal coverage while producing tighter regions than
axis-aligned and ellipsoidal baselines, and can represent flexible, non-
convex uncertainty patterns. These properties make the resulting con-
fidence regions well-suited for clinical workflows. Future work could
explore extending these methods to handle missing landmarks, inves-
tigating alternative interpolation techniques for discrete-to-continuous
mapping, extending to other multi-output regression tasks, and integrat-
ing decision rules that leverage the prediction regions.
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Appendix A. Proofs

Proposition 1.  Suppose that Z, ., are exchangeable, and a, = % (Bon-
ferroni correction). Then, the prediction region defined by Algorithm 2 satis-
fies the marginal coverage guarantee in Eq. (1).

Proof. The validity of each ICP follows from Proposition 4.1 in Vovk
et al. (2022), and by applying Boole’s inequality of the individual pre-
diction intervals,

Prep, Vet & CaXpu13 Z1:0) S @ (A1)
d
Pz.p, <U Y, € Ca,,/(Xn+|§Zl:n)> <a (A.2)
j=1
d
Z Pz.p, (Ye1; € Coj(Xup13Z1:0)) S @ (A.3)
j=1
which shows that inequality can only be guaranteed when «, < %. O

Proposition 2.  Suppose a transformation g : ¥ — P(Y’), where g(»)
maps each y € Y to a setin V', and assuming we have a marginal coverage
guarantee on Y, C Y, then the marginal coverage guarantee holds under
the transformation of the response and prediction set,

IP’Z~PZ (g(Yn+1) Eg(éa(XnJrl;Zl:n))) zl-a (10)
provided that the transformed prediction set is constructed as
gC X Zi) = U 2w an

y€CaXps1321:0)

Proof. Starting from the marginal coverage guarantee in the origi-
nal domain (see Eq. (1)), we aim to show that this extends to the
transformed domain. By the construction of the transformed predic-
tive set: the set g(C,(X,11; Z.,)) = Uyeéa(xn+1:ll ) &) contains all pos-
sible transformed values g(y) for y € C,(X,,; Z,.,). By definition of
the transformation g, the event g(¥,,)) N g(Co(X,11; Z;.,)) # 9 is true
if and only if there exists y € C,(X,,; Z,.,,) such that g(¥,,,) overlaps
with g(y). Since Y,, | € C,(X,,1: Z,.,,) implies that g(¥,,,) is included in
€' (X415 Z1.,), the inclusion relationship is preserved:

Pep, (Var1 € Cal(Xpa13Z1:n)) S Pzop, (8 N 8(ColX i3 Z110)) #6).

Finally, since the original coverage guarantee holds for Y, in the
untransformed space (Eq. (1)), the transformed set g(Cy(X,,: Z;.,))
constructed as a union ensures the marginal guarantee in the trans-
formed space:

Pz.p, (g(Yn+]) N g(éa(XrHl;Zl:n)) # ﬂ) zl-a

O

Proposition 3.  Suppose the transformation of the response domain is de-
noted by g : ¥ — Y, and assuming we have a marginal coverage guarantee
(see Eq. (1)) onY,,; C Y, then the marginal coverage guarantee holds under
the transformation of the response and prediction set,

I]:DZ~PZ (g(Yn+1) Eg(ézx(XnH;Z]:n))) 21-a, (12)

when g is a monotonic OR invertible transformation.

Proof. The marginal coverage guarantee in Eq. (12) for monotonic and
invertible transformation g are guaranteed because the inclusion rela-
tionships are preserved under transformation g. For the invertible trans-
formation, this evident invertibility ensures that no information is lost,
$0 Y, € (X413 Zy.,) is equivalent to g(¥,,)) € g(Co(X,115 Z1.0))-
The same equivalence is present for monotonic transformation since the
transformation preserves the relative ordering of elements. [
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Appendix B. Extensive literature review
B.1. Uncertainty quantification in landmark localization

B.1.1. Dropout variational inference (Monte Carlo dropout)

Drevicky and Kodym (2020) utilize Monte Carlo (MC) dropout Gal
and Ghahramani (2016) to quantify the uncertainty of a static heatmap
regression model, deriving solely approximation (epistemic) uncertainty
from the variance in MC sample predictions.

Lee et al. (2020) adopt a two-stage model combining CNN-based
region-of-interest (ROI) detection with a coordinate regression model
using a CNN. They apply MC dropout in the second stage, use the vari-
ance of the MC samples as an uncertainty estimate, and leverage it for
producing 95% confidence regions, assuming that the uncertainty dis-
tribution is a bivariate normal. The reliability of these regions is not
validated, which is crucial for use in a clinical context.

Additionally, Jafari et al. (2022) applies MC dropout to measure
pixel-level epistemic uncertainty in static heatmap regression. Epistemic
uncertainty is leveraged to detect out-of-distribution (OOD) frames, as
the authors believe and demonstrate that OOD frames generally have
higher epistemic uncertainty. They demonstrate this on the critical video
frame landmark detection tasks in ultrasound imaging videos of the
heart. Besides quantifying epistemic uncertainty, in Jafari et al. (2022),
they also quantify pixel-level aleatoric uncertainty, as they expect that in
non-key frames, the regions around an obscured landmark region have
high aleatoric uncertainty. They learn the aleatoric uncertainty by per-
forming variational inference on the pixel level.

B.1.2. Test-time augmentations

Ma et al. (2020) introduce a test-time augmentation (TTA) strategy
to improve prediction accuracy and robustness while generating 90%
prediction regions. Their method involves applying random translation
shifts as the augmentation technique. To form the prediction regions,
they calculate the standard deviations of the TTA predictions along the
three spatial axes, assuming that the error distribution follows an uncor-
related multivariate Gaussian. The evaluation of uncertainty estimates
is limited to examining the correlation between the size of these predic-
tion regions and the localization error.

B.1.3. Gaussian processes

Schobs et al. (2023a) propose a two-stage method for uncertainty
quantification using Gaussian processes. The initial stage employs a
static heatmap regression model to generate a coarse landmark predic-
tion. This prediction defines a region of interest, which is input for a
convolutional Gaussian process (CGP). The CGP then produces a distri-
bution of probable landmark locations, modeled as a bivariate normal
distribution, capturing total uncertainty. The authors primarily assess
the model’s fit to the bivariate normal distribution but do not evaluate
the validity of the uncertainty estimates comprehensively. Additionally,
this approach’s point prediction performance is considerably lower than
that of other methods.

B.1.4. Ensemble learning

In Drevicky and Kodym (2020), Schobs et al. (2023b), they propose
to use an ensemble model consisting of independently trained and ran-
domly initialized static heatmap regression models; the uncertainty is
quantified by measuring the variance in the landmark predictions of the
ensembles. This approach only considers epistemic uncertainty, more
specifically, approximation uncertainty. However, it is argued that this
approach generally performs better than Monte Carlo dropout methods
due to more decorrelated sampled inference models (Fort et al., 2020).

B.1.5. Maximum likelihood estimation

McCouat and Voiculescu (2022) approach landmark localization as
a classification problem by utilizing one-hot encoded heatmaps as tar-
gets. They implement an encoder-decoder network architecture and ap-
ply a 2D softmax function separately to each output channel, with each
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Table B.1
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Overview of related works on uncertainty quantification for anatomical landmark localization.

Epistemic
Work Approach Uncertainty Aleatoric Model Approx. VBN 7S CRT Dim.
repres. eval. eval.
Variance,
Leeetal. (2020)  MC dropout rogion ® ® © ® (%) 2D
Dreviekyand — LCTER o Varian © © ®© © © w»
Kodym (2020) ensemble, heatmap ariance
derived
Jafari et al. l\t/zllga(:ir(?rﬁ)::lut, Variance @ @ @ @ @ 2D
(2022) .
inference
Maetal. (2020)  TTA Region © (%) () (50) © 3D
Schobs et al. Ensemble .
; 2D
(2023b) heatmap derived Variance @ @ @ @ @
Schobs et al. . .
(20232) Gaussian process Covariance @ @ @ @ @ 2D
Kwon et al. . .
2021) Heatmap derived Covariance @ @ @ @ @ 2D
f;g;(r))e't"?tl)-:ﬂer Heatmap derived Coemtes, @ @ @ @ @ 2D/3D
! entropy
et al. (2021)
Kumar et al. .
(2019, 2020) MLE Covariance @ @ @ @ @ 2D
McCouat and
. ) MLE, heatmap Expected
éoolzgl)escu derived radial error @ @ @ @ @ 2D

@ Yes @ No @ Not Clear

channel corresponding to a specific landmark’s heatmap. To improve
model calibration, they use temperature scaling. This approach produces
non-parametric, contour-hugging heatmaps closely following anatomi-
cal features, such as the skull in cephalometric landmark detection. The
authors assess the reliability of pixel-wise probability estimates, which
are generally very low (below 0.10), achieving an expected calibration
error (ECE) of 0.7. However, since the probabilities are so small, the
effectiveness of calibrated confidence regions remains uncertain, as the
study does not implement or evaluate these regions. The authors intro-
duce the expected radial error (ERE) as an uncertainty estimate, which
shows a strong correlation (0.96) with the true radial error and can be
used to identify potentially inaccurate predictions. They use this uncer-
tainty estimate to flag erroneous predictions (ERE > 4 mm).

Another approach is to leverage an intermediate heatmap approach
and use a maximum likelihood estimation, assuming a specific proba-
bility distribution and an estimated covariance matrix. In Kumar et al.
(2019), they assume a bivariate Gaussian distribution and minimize the
negative log-likelihood. They evaluate the uncertainty estimate by plot-
ting the estimated uncertainty (represented as the determinant of the
covariance matrix) and the localization error. In Kumar et al. (2020),
they extend the approach to deal with occluded landmarks.

B.1.6. Infering uncertainty from heatmaps

Drevicky and Kodym (2020) introduce normalized maximum
heatmap activation (MHA) from a static heatmap regression model as
a confidence measure for landmark predictions. A limitation of this
method is that it only identifies landmarks at the peak value of the
heatmap, lacking subpixel accuracy. Additionally, the confidence met-
ric lacks a true statistical interpretation of uncertainty, instead serv-
ing as a correlate of confidence. Determining the source of uncertainty
quantified is challenging, though it likely encompasses elements of both
aleatoric and epistemic uncertainty. Schobs et al. (2023b) enhance this
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approach by using an ensemble of models to compute an ensemble-
MHA, averaging MHA values across ensemble predictions for greater
robustness.

In Payer et al. (2020), Thaler et al. (2021), they propose to learn the
Gaussian covariances of target heatmaps such that they represent, as
they call, a dataset-based annotation uncertainty. This could be seen as ho-
moscedastic aleatoric uncertainty. They learn these covariance param-
eters of the anisotropic Gaussian function (6;, o-;"”j ) al?“i“) simultaneously
with weights of the network. For the ith landmark, 6; represents the ro-
tation of the Gaussian function’s major axis, and o-,.'"“j and a{“i“ present its
extent in major and minor axis, respectively, for the ith landmark. They
add to the mean squared error loss function, which minimizes the pre-
dicted h; and target h; heatmaps, a regularization term which penalizes
"% Min with « to avoid that 6" ™" — oo and ; ~ 0. The authors also
propose quantifying so-called sample-based annotation uncertainty, which
you could see as a combination of aleatoric and epistemic uncertainty,
by fitting a Gaussian function to the predicted landmarks using a robust
least squares curve fitting method. Besides the proposed approach un-
certainty quantification capabilities, they also show strong performance
in terms of accuracy and robustness. They evaluate the reliability of their
uncertainty estimates by plotting the relation between the learned Gaus-
sian sizes &:"”j &I.mi" and the point prediction errors, but fail to evaluate
the calibration of their fitted Gaussian distribution properly.

Payer et al. (2020), Thaler et al. (2021) also try to connect the
inter-observer variability of landmark annotation and the learned ho-
moscedastic aleatoric uncertainty, as the latter represents this inter-
observer variability. To evaluate this hypothesis, Thaler et al. (2021)
annotated five selected landmarks by a total of 11 annotators for 100
images and compared it with the learned homoscedastic aleatoric un-
certainty and the average of the distribution parameters of the sample-
based annotation uncertainty. Based on their visual comparisons of the
fitted annotation Gaussian distribution, using the 11 annotations and
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their proposed approach, they conclude that there is a correspondence
between them. However, the estimated inter-variability through the
learned homoscedastic aleatoric uncertainty and sample-based annota-
tion uncertainty is consistently smaller. We believe this is primarily due
to an error in their training approach since they trained their proposed
method on the mean coordinate of the 11 annotations per image. Fol-
lowing this procedure, you are actually trying to determine the intra-
variability of the mean estimate of the 11 annotators, assuming their
proposed approach can even model the true aleatoric uncertainty. We
believe training the model with augmented datasets would be a better
approach to estimating the inter-variability. Each image is presented 11
times with a different annotator label. Additionally, due to the construc-
tion of the training procedure and loss function, the parameters of the
uncertainty distribution are learned in a heuristic way, even assuming
the true aleatoric uncertainty is homoscedastic and follows the bivariate
normal distribution. We leave this for future work.

In Kwon et al. (2021), they propose to use intermediate heatmaps,
which represent probability density function, and a softmax operation
(Luvizon et al., 2018) to get the desired anatomical landmarks. They
use these intermediate heatmaps to get confidence regions of the es-
timated landmark position. They propose to visualize it with standard
deviational ellipses of 30, thus essentially assuming a bivariate normal
distribution.

B.2. Multi-output conformal prediction

B.2.1. Density-based

The foundational work by Lei et al. (2011, 2013) introduced the first
framework for multi-dimensional target conformal prediction, combin-
ing density estimation, e.g., kernel density estimation (KDE), and con-
formal prediction. Their method uses the estimated density evaluated
at y as a nonconformity measure. Lei et al. (2015) further extend this
work to functional data, which was later generalized by Diquigiovanni
et al. (2021, 2022). In English and Lippert (2024), they proposed using
conditional normalizing flows for producing the density estimation to
deal with the computational burden, mitigate a grid search, and gener-
ate prediction regions; they propose to use Monte Carlo sampling of the
multivariate label space.

B.2.2. Statistical correction

Much research has focused on constructing hyperrectangular pre-
diction regions by considering each target dimension as a separate con-
formal predictor and treating it as the multiple comparison problem
prevalent in statistics. Messoudi et al. (2020) proposed extending single-
dimensional nonconformity scores to m-dimensional problems by ap-
plying conformal prediction for each dimension separately. To achieve
the desired global coverage (1 — a), they employed the Siddk correc-
tion, setting the individual significance levels to a, = 1 — {/1 — a. While
computationally straightforward, this approach has limitations. It only
maintains exact validity for independent scores (considering the individ-
ual conformal prediction approaches have an exact validity guarantee)
and provides conservative validity for positively dependent nonconfor-
mity scores. A problem arises when the scores are negatively dependent,
which can invalidate the prediction regions.

Concurrently, Stankeviciute et al. (2021) proposed a conformal pre-
diction approach to provide validity guarantees for prediction regions of
multi-step time-series forecasting using a Bonferroni correction, setting
the individual significance levels to a, = <. The validity proof relied on
the validity guarantee inductive conformal prediction and Boole’s in-
equality. Note that this often results in highly conservative prediction
regions.

B.2.3. Copula-based

Messoudi et al. (2021) introduced a more sophisticated approach
than the simple and conservative statistical correction approaches, us-
ing copulas to model dependencies between target variables. Their
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method uses Sklar’s theorem to define individual (Sklar, 1959) to de-
fine individual significance levels a, based on global significance level
a and m-dimensional copula C. They proposed three specific copulas:
the independent copula (equivalent to Sidak correction), the Gumbel
copula (single-parameter estimation), and the empirical copula (non-
parametric estimation). A downside of their approach is that validity
guarantees are only given when the copula is known. In Mukama et al.
(2024), they applied copula-based conformal prediction to the object
detection problem. Copula-based conformal prediction was extended by
Zhang et al. (2023), who allowed different significance values across di-
mensions by optimizing prediction region volume. Sun and Yu (2024)
further formalized the approach, providing validity proofs under IID as-
sumptions and using the empirical copula. They achieve validity by us-
ing two calibration sets, one for getting the cumulative distribution of
the conformity score for each time-step or output variable and the other
to estimate the copula. A downside of this approach is that you need
quite a large calibration set.

B.2.4. Ellipsoidal prediction regions

A parallel research stream focuses on ellipsoidal prediction regions.
Kuchibhotla (2021) introduced the Mahalaobis distance, a nonconfor-
mity measure, requiring both m-dimensional output predictions and
an m x m-dimensional sample inverse-covariance matrix. Johnstone and
Cox (2021) formalized ellipsoid conformal prediction regions in the con-
text of robust optimization and full conformal prediction. Messoudi et al.
(2022) extended the method to generate object-specific ellipsoidal re-
gions by estimating conditional covariance matrices. Henderson et al.
(2024) proposed the conformal conditional linear expectation method,
providing adaptive ellipsoid regions with validity guarantees by lever-
aging the Mahalanobis distance and ridge estimations of covariance ma-
trix condition on the object x. Additionally, they study the asymptotic
properties of the ellipsoid.

B.2.5. Multi-modal prediction regions

Several works focus on multi-output regression problems with multi-
modal prediction regions. Conventionally, conformal prediction ap-
proaches often produce single-connected areas, which can be inefficient
when the true conditional distribution is multi-modal. The density-based
approach of Lei et al. (2011) can capture a multi-modal structure. A pos-
sible problem of the produced prediction regions of the density-based
approach is that they are possibly non-convex and can be a problem for
downstream tasks, such as decision-making (Johnstone and Cox, 2021).
Additionally, the interpretability of these regions for end users can be
confusing. Therefore, Tumu et al. (2023) proposed a method for multi-
modal prediction regions, ensuring flexible but convex prediction re-
gions, using a two-stage calibration process using two calibration sets.
The first calibration set clusters residuals using KDE and defines shape
template functions; the second set combines the shape template into
a single nonconformity score. Besides the computational complexity of
the method, a downside is that shapes are determined by the calibration
set and, thus, are not fully adaptive.

Wang et al. (2023) introduced probabilistic conformal predic-
tion (PCP), which allows discontinuous prediction regions through a
sampling-based approach. Their methodology begins by fitting a condi-
tional generative model on the training data. For calibration, the method
generates K-independent prediction samples for each example and cal-
culates the conformity score as the minimum distance between these
samples and the true label. When making predictions for test examples,
the approach generates K samples from the fitted distribution and con-
structs prediction regions by centering balls at each sample point, with
radii equal to the calibrated conformity score quantile. The final predic-
tion region is formed by taking the union of these individual balls.

Feldman et al. (2023) developed a distribution-free approach for
multi-modal quantile regression using deep learning techniques. Their
method uses a conditional variational autoencoder to learn a represen-
tation where the multi-output distribution becomes unimodal. In this
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transformed space, they construct quantile regions using non-parametric
directional quantile regression, which are then mapped back to the orig-
inal space and conformally calibrated. While the approach effectively
handles complex multi-modal structures and provides theoretical guar-
antees, it requires substantial training data and involves computation-
ally intensive transformation steps that may lose some fine structural
details.

B.2.6. Mixed-variables types

Dheur et al. (2024) addressed bivariate prediction with mixed
continuous-discrete variables, proposing the conformal HDR (C-HDR)
method, which generalizes the high predictive density approach (Izbicki
et al., 2022). While they only consider the bivariate case, this general-
ization can be used for higher dimensions multi-output problems with
continuous and discrete outcomes.

B.2.7. Other approaches
Notably, Diquigiovanni et al. (2022) introduced the maximum non-

Statistical Correction

Maximum Nonconformity
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conformity score S; := max (|¥;; — ¥;,1...., Y4 — ¥; 41), which has been
leveraged in many subsequent approaches. Dietterich and Hostetler
(2022) built upon this and proposes SBox and SQbox, which adapt
the maximum conformity score by replacing the absolute error as mea-
sure with a normalized absolute error (Papadopoulos and Haralambous,
2011) and CQR (Romano et al., 2019). This evolution continued with
Cleaveland et al. (2024), who proposed a time series approach using
linear complementary programming that generates prediction regions
over multiple time steps. Their method introduces a weighted maximum
nonconformity score S; := max(a;S;,...,arS; ) across time horizon T,
where parameters g, sum to one and are optimized using two calibra-
tion sets-one for parameter optimization to minimize region size, and
another for computing nonconformity scores. While this approach yields
less conservative regions than the Bonferroni correction, it requires re-
optimization for different significance levels.

Appendix C. Additional experiments results

Ellipsoidal Conformal Prediction
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Fig. C.1. Scatter plot that illustrates the relationship between prediction error and efficiency (area) on the ISBI 2015 (2D) dataset.
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Fig. C.3. Scatter plot that illustrates the relationship between prediction error and efficiency (volume) on the MML (3D) dataset.

Table C.1

Anatomical landmark localization performance results on ISBI 2015 (2D) dataset. The best results are highlighted in bold.
Model name Validation Test

PE (mm) SDR (%) PE (mm) SDR (%)
2mm 2.5mm 3mm 4mm 2mm 2.5mm 3mm 4mm

SCN 1.1446 86.26% 90.53% 93.84% 97.21% 1.2051 83.58% 89.68% 93.32% 96.84%
SCN ensemble 1.101 87.21% 91.16% 94.42% 97.58% 1.1672 84.95% 90.68% 93.89% 97.16%
SCN ensemble LS 1.084 87.21% 91.53% 95.11% 97.74% 1.1463 85.37% 91.37% 94.47% 97.42%
SCN MC 1.1364 86.11% 90.63% 94.05% 97.32% 1.2065 83.47% 89.84% 93.11% 96.95%
SCN MC LS 1.1255 86.58% 91.00% 94.47% 97.32% 1.1888 84.53% 90.32% 94.00% 97.11%
SCN MC TTA 1.0977 87.37% 91.16% 94.58% 97.47% 1.1617 85.05% 90.42% 93.68% 96.89%
SCN MC TTA LS 1.1029 86.95% 92.11% 94.68% 97.63% 1.163 85.58% 90.79% 93.58% 97.42%
SCN TTA 1.0939 87.21% 91.68% 94.42% 97.53% 1.1612 84.95% 90.42% 93.42% 97.11%
SCN TTA LS 1.1128 86.26% 91.74% 94.68% 97.68% 1.1654 85.00% 90.63% 93.74% 97.16%
One hot 1.3149 84.26% 90.47% 93.16% 96.58% 1.2502 84.53% 90.11% 93.58% 96.68%
One hot ensemble 1.0861 88.11% 93.16% 95.95% 98.32% 1.116 87.42% 93.00% 95.53% 98.05%
One hot ensemble LS 1.123 87.37% 92.47% 95.11% 97.68% 1.1366 86.74% 92.37% 94.89% 97.84%
One hot TTA 1.1958 86.32% 90.95% 94.05% 97.16% 1.1564 86.21% 91.37% 93.89% 97.21%
One hot TTA LS 1.1958 86.42% 91.74% 94.42% 97.47% 1.1688 86.11% 91.00% 94.05% 97.42%
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Fig. C.4. Canine pelvis example of conformal prediction regions.

Table C.2

Anatomical landmark localization performance results on CHD (2D) dataset. The best results are highlighted in bold.
Model name Validation Test

PE (mm) SDR (%) PE (mm) SDR (%)
2mm 2.5mm 3mm 4mm 2mm 2.5mm 3mm 4mm

SCN 0.4591 99.20% 99.68% 99.84% 100.0% 0.4867 99.32% 99.76% 99.95% 100.0%
SCN ENSEMBLE 0.4358 99.52% 99.84% 99.84% 100.0% 0.4670 99.51% 100.0% 100.0% 100.0%
SCN ENSEMBLE LS 0.4231 99.76% 100.0% 100.0% 100.0% 0.4569 99.76% 100.0% 100.0% 100.0%
SCN MC 0.4599 99.20% 99.68% 99.84% 100.0% 0.4863 99.27% 99.76% 99.95% 100.0%
SCN MC LS 0.4519 99.36% 99.84% 99.92% 100.0% 0.4816 99.37% 99.85% 100.0% 100.0%
SCN MC TTA 0.3934 99.36% 99.84% 99.92% 100.0% 0.4161 99.61% 99.95% 100.0% 100.0%
SCN MC TTA LS 0.3775 99.68% 99.92% 100.0% 100.0% 0.4096 99.95% 100.0% 100.0% 100.0%
SCN TTA 0.3912 99.28% 99.76% 100.0% 100.0% 0.4131 99.76% 99.90% 99.95% 100.0%
SCN TTA LS 0.3772 99.52% 99.92% 100.0% 100.0% 0.4059 99.95% 100.0% 100.0% 100.0%
One hot 0.6115 99.24% 99.58% 99.65% 99.79% 0.5601 99.17% 99.72% 99.86% 99.86%
One hot ensemble 0.4835 99.72% 99.79% 99.93% 99.93% 0.4750 99.79% 99.93% 100.0% 100.0%
One hot ensemble LS 0.5646 98.89% 98.96% 99.17% 99.24% 0.4987 99.38% 99.52% 99.59% 99.66%
One hot TTA 0.6179 99.31% 99.72% 99.72% 99.79% 0.5672 99.10% 99.72% 99.86% 99.86%
One hot TTA LS 0.5998 98.96% 99.31% 99.51% 99.58% 0.5630 99.31% 99.79% 99.93% 99.93%
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Table C.3

Medical Image Analysis 110 (2026) 103953

Anatomical landmark localization performance results on MML (3D) dataset. This benchmark dataset is the same as the data subset,
only with complete landmarks, used as a benchmark in He et al. (2024). The best results are highlighted in bold.

Model Name Validation Test
PE (mm) SDR (%) PE (mm) SDR (%)
2mm 2.5mm 3mm 4mm 2mm 2.5mm 3mm 4mm

One hot 1.983 71.81% 80.23% 84.57% 90.31% 1.6938 77.50% 86.43% 90.24% 94.29%
One hot ensemble 1.601 77.81% 87.76% 89.92% 93.37% 1.3918 81.67% 91.31% 93.33% 96.31%
One hot ensemble LS 1.632 76.02% 85.46% 89.41% 93.62% 1.4694 81.67% 89.40% 93.10% 96.55%
One hot MC 2.0249 73.09% 84.06% 86.86% 91.20% 1.6392 77.98% 87.98% 90.48% 94.05%
One hot MC LS 2.0557 71.30% 79.21% 84.57% 90.18% 1.6433 77.98% 86.07% 90.12% 95.24%

Table C.4

Anatomical landmark localization performance results on MML (3D) dataset with adjusted pixel spacing. This benchmark dataset is
the same as the data subset, only with complete landmarks, used as a benchmark in He et al. (2024). The best results are highlighted

in bold.
Model name Validation Test
PE (mm) SDR (%) PE (mm) SDR (%)
2mm 2.5mm 3mm 4mm 2mm 2.5mm 3mm 4mm
One hot 21221 69.90% 78.32% 83.93% 89.41% 1.6937 77.50% 86.43% 90.24% 94.29%
One hot ensemble 1.6947 75.64% 86.61% 89.29% 92.86% 1.3922 81.67% 91.31% 93.21% 96.31%
One hot ensemble LS 1.7366 74.11% 83.42% 88.14% 92.86% 1.4693 81.67% 89.40% 93.10% 96.55%
One hot MC 2.2365 71.05% 82.14% 85.46% 89.41% 1.6769 75.48% 86.79% 89.29% 92.74%
One hot MC LS 2.1655 69.13% 78.70% 83.93% 89.29% 1.6556 78.10% 85.36% 90.24% 95.24%
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