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Abstract

While simple random graph models often have a strong theoretical basis, graphs
with complex constraints can only be generated by heuristic algorithms. Using
these methods, there is no guarantee that the generated graphs are sufficiently
random. However, this is important knowledge in many applications of random
graphs, such as creating realistic and diverse synthetic datasets. To address this
problem, we propose a randomness measure based on pairwise graph distances,
and we present four new feature-based graph distance measures tailored to graphs
with bounded frequencies of small subgraphs (graphlets). Three of the distances
use features derived from graphlet frequencies, while the fourth is derived from
the joint degree distribution and therefore much easier to compute. We evalu-
ate these distances in a series of experiments on synthetic and real networks.
Our experimental results show that two graphlet-based distances do not reliably
show good results and, in particular, do not reproduce the expected trends in
experiments on measuring randomness. However, our novel Radial Graphlet Dis-
tribution Distance is effective, and comparable in performance to state-of-the-art
methods. These findings highlight the importance of selecting an appropriate
graph distance. Finally, we show that our easy-to-compute Joint Degree Dis-
tance is a viable alternative to graphlet-based distances, especially for measuring
randomness in sets of very large networks.

Keywords: complex networks, graph distances, network motifs, graphlet analysis,
random graphs



1 Introduction

Graphs are used extensively to represent complex data in many domains, such as
biology, social sciences, transport and logistics, and so on. As part of the analysis of
real-world networks, a common task is to generate realistic random graphs. A wide
variety of random graph models exists, most of which were designed to reproduce one
or several structural properties typically observed in certain real networks: long-tailed
degree distribution [1], small-worldness [2], community structure [3], etc. Random
graphs are particularly useful when evaluating algorithms for solving network prob-
lems [4, 5], or they can serve as a null model to identify significant, non-random
structures in real-world networks [6, 7]. In both applications, it is important that
certain properties are indeed reproduced by the random graph model.

On the other hand, the set of generated graphs must also be structurally diverse.
Assume a graph generation method is meant to produce graphs with, for example,
a fixed degree distribution. This constraint already lowers the diversity of possible
graph structures, but this effect is unavoidable and not undesirable. It allows to ana-
lyze whether other properties of real-world networks are significant, or merely a direct
consequence of the specific degree distribution. However, the generation method itself
might introduce additional, unwanted constraints. Suppose that our generated graphs
with fixed degree distribution also all have a small diameter, but that this small diam-
eter is purely a side-effect of the specific generation method. Then the large diameter
of a real network with the same degree distribution would be considered significant.
This inaccurate conclusion is entirely the result of the biased graph generator. For
some simple graph ensembles, such as graphs with a fixed degree sequence, there
exist generation methods that can be proven to sample uniformly from the ensem-
ble [8, 9]. However, the exact approach quickly becomes unfeasible when considering
more complex ensembles.

Therefore, in this paper, we address the challenging problem of how to measure
randomness in a set of graphs. We specifically consider graphs with constraints on
the degree distribution and graphlet frequencies. Graphlets or motifs are small, con-
nected subgraphs that were originally introduced as the basic building blocks of larger
networks [7, 10]. The frequency of occurrence of each graphlet topology can serve
as a fingerprint of the network structure. Graphlets have found widespread use in
network biology [11-14] and social network analysis [15, 16|, among other fields. Ran-
dom graphs with prescribed graphlet frequencies can serve as network models and
null models that preserve local structural patterns. This enables statistical analyses
of network properties beyond degree-based constraints while accounting for higher-
order network structure. However, generating unbiased graphs with fixed frequencies
of graphlets with three or more nodes is a very difficult task. While there exist some
Markov Chain Monte Carlo methods that can obtain correct samples by rewiring the
original network [17-19], the convergence time of the Markov Chain is prohibitively
long. Other generators that consider graphlets, rely on heuristic algorithms to obtain
graphs with graphlet frequencies close to a target network [7, 20, 21|. Machine learn-
ing models are an alternative, some of which have been shown to reproduce graphlet
frequencies in training graphs quite well [22, 23]. Both approaches have in common
that theoretically analyzing whether the generation algorithms are unbiased, is not an



option. For this reason, and given the importance of graphlet statistics in numerous
applications, graphs with constrained graphlet frequencies provide a quintessential
scenario in which a randomness measure computed directly from the generated graphs
is required.

A randomness measure derived from pairwise graph distances is a promising can-
didate. Many graph distances have been proposed in literature [24], but we find that
most of them do not satisfy all properties that we believe a distance measure should
have for the task considered here. These are (i) a clear interpretation, (ii) efficiently
computable for many pairs of graphs, and (iii) suitable for graphs with similar degree
distributions and graphlet frequencies. Moreover, we consider only unlabelled, undi-
rected graphs, which rules out all distances that require known node-correspondence
(e.g. [25, 26]). Therefore, we propose four new distance measures, each based on how
the small structures shared between graphs (i.e. nodes of a certain degree and graphlet
instances), are connected to form the entire graph.

The remainder of this paper is organized as follows. The next section provides a
brief overview of related work on measuring randomness in sets of graphs and graph
distances. Then we describe our new graph distances and show how to compute a
measure of randomness from them. In the experimental section, we first compare our
graph distances to each other and to some popular distance measures from literature.
Then we apply our randomness measure to evaluate several graph generation methods.
We conclude by summarizing the results of our work.

2 Related work

Randomness. Most works on measuring randomness or complexity of graphs consider
the intrinsic randomness of a single graph. That is not the aim of our paper. Instead,
we want to measure how much randomness is present in a set of graphs, without
drawing conclusions about how complex any individual graph in the set is. This was
also the topic of a recent paper by Velikonivtsev et al. [27]. Just as in the current
work, a randomness measure is derived from pairwise graph distances. However, their
paper focuses on generating diverse graphs, while little attention is paid to which
graph distance should be used in the randomness measure. In that sense, our work
fulfills a complementary role.

A few more theoretical measures related to randomness have been proposed in
literature as well. Bianconi introduced the entropy of ensembles of random graphs
[28], which is computed from the total number of graphs in the ensemble. Estimates
of entropy are given for some simple ensembles based on methods from statistical
mechanics, but the same computation methods cannot be applied to graphs with
more complicated constraints (e.g. constraints on graphlet frequencies). Moreover,
we consider sets of graphs generated by heuristic algorithms, which do not neces-
sarily correspond to well-defined ensembles. Fujita et al. study correlations between
random graphs [29], which the authors link to correlations between the parameters
of the corresponding random graph model (e.g. the probability of an edge in the
Erdss-Rényi model [30]). They tested several graph features and found that the
spectral radius of the graph spectrum is most strongly correlated to the parameters



of the models. While nothing prevents us from using spectral radii to identify differ-
ences and similarities between graphs, the link to the parameters of the generation
algorithm cannot be made. Therefore, this would be a rather arbitrary choice.

Graph distances. The literature on graph distances is abundant [24, 31]. We provide
a brief overview of different approaches followed to define graph distances, without
striving for completeness.

Perhaps the most straightforward distance measure for graphs is the graph edit
distance [32]. It is defined as the minimum number of elementary operations (e.g. edge
additions or removals) needed to transform one graph into another. The main downside
of the graph edit distance is that computing it exactly requires finding an optimal
alignment between the two graphs, which is an NP-hard problem. Moreover, even in
networks without edge attributes, some edges may be considered more important than
others. For instance, assume a network consists of two dense clusters, with very few
edges connecting the clusters. Removing one of the edges between the two clusters is
likely to have a bigger impact than removing an edge within a cluster. Nevertheless,
both operations result in a network with an edit distance of one compared to the
original network.

Many distance measures, including the ones proposed in this work, are computed
from a feature vector description of the graphs [33, 34]. These features can be derived
from node degrees, node centrality, shortest paths, subgraph counts, etc. Such mea-
sures are generally not metrics, because the feature vectors of two graphs can be the
same even though the graphs are not isomorphic. This is inevitable if you want to
avoid distance measures that are at least as hard to compute as graph isomorphism
testing, and it is rarely an issue in practice. Features derived from graphlet counts
have proven to result in effective distance measures. Popular examples of such dis-
tances are Relative Graphlet Frequency Distance [11], Graphlet Degree Distribution
Agreement [12], Graphlet Correlation Distance [35] and GRAFENE [36]. Two feature-
based distance measures, NetSimile [33] and Graphlet Correlation Distance, will be
discussed in more detail in the experimental section.

Another class of distance measures is based on the spectrum of a matrix rep-
resentation of graphs, usually the adjacency or Laplacian matrix [37-39]. Spectral
distances could be classified as feature-based as well, but they are usually considered
separately. Graph spectra carry information about the structure of the graph and are
therefore suitable for comparing networks. The main drawback of spectral distances
is their high sensitivity to small changes in the graph’s structure. Although this may
be an advantage in some applications, it becomes problematic when considering real
networks subject to noise.

3 Methods

In this section, we propose four new distance measures specifically designed to compare
graphs with similar degree sequences and/or graphlet frequencies. Then, we discuss the
actual randomness measure. We start by introducing some definitions and notations
that will be used throughout the manuscript.



Let G = (V, E) be an undirected, unlabelled graph consisting of a vertex set V'
with cardinality |V| = n, and an edge set E with cardinality |E| = m. The degree of
node v € V is denoted by k,. Graphlets are connected, induced subgraphs of a few
(usually < 5) nodes. All graphlets with up to five nodes are illustrated in Fig. 1. The
nodes in a certain graphlet topology can have different roles. For example, we can
make a distinction between the central node in graphlet G, and the two ‘leaf’ nodes.
The leaf nodes can be mapped to each other by an automorphism and are therefore
in the same automorphism orbit, or orbit in short. The frequency of graphlet G; in
a network G, i.e. the number of distinct induced subgraphs of G isomorphic to G,
is denoted by C2(G). Likewise, the number of times a node v is touched by orbit j,
referred to as the j' graphlet degree of v [12], is denoted by C5(v). We use the term
graph distance for any function or algorithm that receives two graphs G and H as
input and returns a non-negative real number d(G, H), that measures how different
G and H are.

3.1 Graph distance based on node degrees

Our first distance measure is based on the joint degree matriz [40]. The joint degree
matrix J of a simple, undirected graph with maximum degree ky.x is a symmetric
kmax X kmax matrix where entry Jg; counts the number of edges between nodes of
degree k and nodes of degree [. To the best of our knowledge, the joint degree matrix
has not been used to define a graph distance before. Nevertheless, we believe it pro-
vides an excellent basis for measuring distance between graphs with similar degree
distributions. Our reasoning is as follows. If we assume two non-isomorphic graphs G
and H have the exact same degree distribution, then the difference between G and
H must lie in other structural properties. Unless there is some motivation from the
application field from which G and H originate, there is no reason to favor any specific
property over another. However, since we know that the node degrees are the same,
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Fig. 1 All graphlets of up to five nodes. Automorphism orbits are labelled from 0 to 72. Within
each graphlet, nodes belonging to the same orbit are of the same colour



we argue that the most logical approach is to consider how nodes of certain degrees
are connected to each other to form the graph. This information is captured in the
joint degree matrix.

We define the Joint Degree Distance (JDD) between graphs G and H as the
Euclidean distance between the upper triangular parts of their respective joint degree
matrices:

& Jkl G) Jkl(H) >2 %
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where K = max(kmax(G), kmax(H)) and rows and columns of zeros are added to J(G)
or J(H) in case kmax(G) # kmax(H). We also divide the joint degree matrices by the
number of edges in the graph to reduce the dependency on graph size. However, the
JDD is still not perfect in that sense. As an example, consider the distance between
graphlets G4 and G1;. These graphs have the same star topology, and, therefore, the
distance between them should be small. But it is easy to see that this is not the case.
In G4, all edges lie between nodes of degree one and a node of degree three. This
means only element (1,3) in the upper triangle part of J(Gy) is different from zero.
In Gy1, the same holds for element (1,4) instead. The result is that the JDD between
G4 and Gy, is effectively maximal. We have experimented with alternative versions
of the JDD, in which rows and columns of zeros were removed from the joint degree
matrix or the degrees were sorted based on frequency of occurrence, but no version
consistently outperformed the base definition.

3.2 Graph distances based on graphlets

Next, we present several distance measures based on graphlets. Our starting point
is the same as before: since we assume the graphs we compare have similar graphlet
frequencies, we look at how graphlet instances ‘are connected’ (overlap) to form the
graph. The three distances discussed below measure the degree of overlap in different
ways. In the following definitions, we use IV, for the number of graphlets used in the
distance measure (e.g., Ny = 8 if all three- and four-node graphlets are used).

3.2.1 Reduced Node Number Distance

The idea behind the Reduced Node Number Distance (RNND) is to measure whether
instances of the same graphlet tend to cluster together, or are spread across the graph.
The frequency of graphlet G; in G provides an upper bound for the number of nodes
in G that can touch an instance of G;. This upper bound is given by n;C$(G), where
n; is the number of nodes in G;, and is only reached if separate instances of G; do not
have any nodes in common. However, in large networks, a single node may be part of
tens or even hundreds of different graphlet instances. This distinction is measured by
a new feature, which we call the Reduced Node Number (RNN) and from which the
RNND is derived.

As an illustration, consider a graph with the topology of Go3. This graph contains
four instances of graphlet G5. Forming four completely separate instances of G5 would



require 12 nodes, but due to the specific graph structure, only four nodes are needed
to form all four instances (the node of degree one does not touch a G3). We say that
the RNN of G5 in this graph is % = %

In general, for a graphlet G; in graph G, we define RN N;(G) as
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where CY(v) > 1 indicates that node v is part of at least one instance of G;. If a
graphlet does not appear at all in the graph, its RNN is zero. The RNN is hence
a value between zero and one. The maximum is reached for a graphlet with purely
non-overlapping instances, while low values indicate strong clustering. Our RNND
measure is calculated in a straightforward way from the vectors formed by the RNNs
of all considered graphlets:
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The RNND is sensitive to the degree to which instances of the same graphlet type
tend to overlap, but it does not contain any information about how different graphlet
types are connected. Furthermore, it does not measure how far apart non-overlapping
graphlet instances or clusters of instances typically are. The subsequent distances were
designed to overcome these limitations.

3.2.2 Joint Graphlet Distance

Whereas the RNND only considers overlapping instances of the same graphlet type,
the Joint Graphlet Distance (JGD) measures overlap between any combination of
graphlet types. We first introduce the joint graphlet matriz JG, from which the JGD
is derived. We use this term because we believe this concept is the most natural
extension of the joint degree matrix to graphlets. The joint graphlet matrix is an
Ny x N4y matrix where entry JG; counts how many times, on average, a node touches
graphlet G, for each time it touches graphlet Gi:
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Note that C#(v) is the number of times node v is touched by graphlet G;. If G; or
G; does not appear in G, JG;;(G) is zero by definition. We found that making a dis-
tinction between automorphism orbits does not in general lead to better results. The
division by C%(G) only serves as a normalization of the matrix elements. The combi-
nation of terms in the second factor is best explained by example. Consider a small
graph with the topology of Gg. In terms of three-node graphlets, this graph contains
two wedges (G1), with the leftmost and central node (according to the orientation
in Fig. 1) touching both wedges, and one triangle (G3). Ignoring the normalization



factor, matrix element JG 5 is equal to %. The interpretation is straightforward: for

each wedge, two of the three nodes touch the triangle. The matrix is not symmetric,
as JGo1 = % # JG1 2. The value of this element also makes perfect sense, as two
of the three nodes within the triangle touch one wedge, while the third node touches
both wedges.

The JGD is once again defined as the Euclidean distance between the joint graphlet
matrices:
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3.2.3 Radial Graphlet Distribution Distance

Our final distance measure is derived from another new graph feature, which we call
Radial Graphlet Distribution (RGD), and improves upon the RNND by taking into
account the full distribution of graphlet instances across the graph. The RGD of orbit
1 shows how instances of orbit ¢ are distributed with respect to a fixed node touched at
least once by orbit i, averaged over all relevant nodes. The exact form and the name
of this measure are inspired by radial distribution functions in physics and chemistry,
which describe density variations as a function of distance from a reference particle.
Similarly, RGD describes variations in orbit “density” as a function of hop distance
from a reference node.

Algorithm 1 describes how this feature is computed. We assume the input graph
is connected here, although it is also possible to include nodes at infinite distance
in the RGD vector. Element d in the rgd vector of a single node n; contains which
fraction of nodes touched by orbit 4, is at hop distance d from n. If a certain orbit is
homogeneously distributed over the graph, its RGD will be a broad distribution over
[0, D], with D the diameter of the graph. On the other hand, if a generally sparse
graph contains a single cluster of high density, the RGD of, for example, orbit 14 will
contain a peak at low hop distance.

We define the Radial Graphlet Distribution Distance (RGDD) as

D 3
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where N is a set of orbits and D, is the maximum hop distance in RGD;(G) and
RGD;(H). Through the use of orbit statistics and hop distances, the RGDD combines
locally determined node roles with a global view of the graph.

In [35], Yaveroglu et al. noted that orbit counts are not all independent. Instead,
orbit counts from large graphlets can be linked to orbit counts from smaller ones
through combinatorial equations. These redundancies introduce noise, and may result
in less sensitive distance measures. Based on the redundancy equations, Yaveroglu
et al. selected a set of 11 non-redundant orbits for up to four node graphlets. They
found that their Graphlet Correlation Distance (GCD) performs best when only the
non-redundant orbits are included, instead of all 15. This version even outperformed



Algorithm 1 Radial Graphlet Distribution

Input: Connected graph G = (V, E), orbit index ¢
Output: RGD of orbit ¢
C? « dictionary of orbit counts C9(v), Vv € V
total <= .\, C2[v]
Vi < all nodes v € V for which CQ[v] # 0
RGDs + empty list
for n; € V; do
rgd < empty vector of size diameter(G)+1
for ny € V; do
d < hop distance between nqy and no
rgd[d] < rgd[d] + C2[ns]/total
end for
Store rgd in RGDs
end for
RGD + avg(RGDs)
return RGD
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the GCD with all 73 orbits for up to five-node graphlets. We have compared a ver-
sion of RGDD that uses their set of non-redundant orbits to versions with all 15 or
73 orbits in, respectively, all four-node and five-node graphlets. We also concluded
that the version with non-redundant orbits generally performs best in classification
experiments (Section 4.3), although the differences are small. Concretely, we use the
set N =1{0,1,2,4,5,6,7,8,9,10,11} in the experiments in the next section, where the
numbers refer to the labels in Fig. 1. Other sets of non-redundant orbits are possible,
but, as in [35], we observed that the choice of orbits does not have a notable impact.

3.3 Computational complexity

The JDD is very easy to compute. Node degrees of each node can be determined
in O(m + n) time, while filling the joint degree matrix takes only O(m). For the
graphlet-based distances, computing graphlet counts of all size < g graphlets requires
O(nkg,+) time. The additional operations in the RNND and JGD take O(nNy) time.
Unless sparse graphs (small knax) and very large graphlets (large Ny) are consid-
ered, counting graphlets is the most time-consuming step. The RGDD additionally
requires the shortest path lengths between all pairs of nodes. This can be computed in
O(nm +n?) time by performing a breadth-first search from every node, since we con-
sider unweighted graphs. Once all shortest path lengths are known, the radial graphlet
distribution can be computed in O(n?) time (see Algorithm 1). Therefore, the total
complexity of the RGDD is O(nm + n? + nkf.1). The first two terms might be dom-

inating on sparse graphs, although graphlet counting will often still be the slowest
step in practice.



3.4 Measuring randomness

We define randomness of a set of graphs as the degree to which the set is similar to
graphs uniformly sampled from the full set of admissible graphs. As an example, if we
would consider graphs with a fixed number of nodes and edges, graphs obtained from
the Erdés-Rényi model [30] would be maximally random. In contrast, a (multi)set
containing only isomorphic graphs would show no randomness at all. The downside
of using any measure derived solely from pairwise graph distances, is that we cannot
measure randomness as such directly. What is actually measured, is better referred to
as diversity, the degree to which the set covers the space of admissible graphs. These
are two distinct concepts. However, we argue that high diversity is generally accom-
panied by high randomness in the application we envision: the evaluation of random
graph generators. Low randomness would be the result of an unwanted bias intro-
duced by, e.g., a heuristic generation method. It is highly unlikely that this bias would
simultaneously cause more diversity. Instead, the bias would lead to some subspace
of the full space of admissible graphs being sampled exclusively, and any acceptable
graph distance would therefore have to measure low diversity. It is, of course, possible
to construct a random graph generator that artificially increases diversity by intro-
ducing additional bias, resulting in less randomness. While our randomness measure
would lead to incorrect conclusions in this case, maximizing diversity (at the expense
of randomness) would clearly be an objective then, and there would be no reason to
evaluate the true randomness anymore.

The best way to measure randomness based on graph distances would be to
compare the full distance distribution to a reference distribution, obtained from an
unbiased model. However, this reference distribution is only available for graphs with
very basic constraints, and we must resort to measures that do not require a reference.
Therefore, to quantify the amount of randomness in a set S containing N graphs, we
use the average pairwise distance:

Randomness(S;d) = ﬁ Z d(G, H). (7)

G,HES
G#H

While some advanced measures have been shown to perform better in specific appli-
cations [41, 42|, the average is non-parametric and relatively easy to compute. Other
popular, suitable options are derived from maximum or minimum distances (either in
the whole set or between one graph and all others) [27], but we want to avoid measures
that could be dominated by outliers.

In recent work, Mironov and Prokhorenkova formulated three properties a diversity
(randomness) measure should have: monotonicity, uniqueness and continuity [43]. The
average does not have the uniqueness property. However, no popular measure satisfies
all three properties. While the authors present two new measures that do have all
desired properties, computing these measures is NP-hard.
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4 Results

In the following, we compare our distance measures to each other and to two existing
graph distances in several experiments. Finally, we evaluate three graph generative
models in terms of randomness. For the graphlet-based distance measures, we con-
sider graphlets of three and four nodes. Going beyond four-node graphlets increases
the computational cost of the distance measures significantly, while their performance
does not improve notably. This is because larger graphlets may also introduce noise,
as mentioned in the previous section.

Data. For several experiments, we use graphs generated from a target network. The
target networks are a combination of synthetic and real-world networks:

e BA: A Barabasi—Albert random graph [1] with 100 nodes and 300 edges. We used
a small (n = 10, m = 30) Erdés-Rényi random graph as the seed.

e GEO: A random geometric graph [44] with 200 nodes and 500 edges. Nodes were
placed at random in a three-dimensional unit cube.

e E. coli: A network of 682 interactions between 341 proteins in FEscherichia coli,
downloaded from the IntAct database [45].

e H. pylori: A network of 1465 interactions between 714 proteins in Helicobacter
pylori, downloaded from the MINT database [46].

® Windsurfers: A network of interpersonal contacts between windsurfers in Moreno
Beach, California, during the fall of 1986 [47]. The network contains 336 interactions
between 43 people. It was obtained from KONECT [48].

® NetScience: A network of co-authorships between scientists in the field of network
science [49]. The network contains 914 collaborations between 379 scientists. It was
obtained from NetworkRepository [50].

Baseline graph distances. We compare our distance measures to two graph distances
from literature. We provide a brief explanation here, and refer the reader to the
appropriate references for more information.

o Graphlet Correlation Distance [35]: The GCD considers correlations between the
frequencies of different orbits. As mentioned previously, some orbits are redundant,
and it was found that the best performing version of GCD uses only 11 orbits.
For an n-node graph, the orbit counts for all nodes are combined in an n x 11
matrix. Spearman’s correlation coefficient is computed between all column pairs to
obtain the 11 x 11 Graphlet Correlation Matriz. The distance between two graphs
is finally defined as the Euclidean distance between the upper triangular parts
of their Graphlet Correlation Matrices. Spearman’s correlation coefficient can be
computed in O(nlog(n)) time. Therefore, the time complexity is also dominated
by the complexity of counting graphlets. The GCD has been shown to outperform
many other distance measures, including several graphlet-based ones. However, to
the best of our knowledge, it has never been tested in the specific scenario where
graphs have similar graphlet frequencies.
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e NetSimile [33]: NetSimile was in the first place proposed as a graph descriptor,
but a distance is readily obtained from these descriptors. We will refer to the dis-
tance measure, rather than the descriptor, as NetSimile. First, a combination of
seven local and egonet-based features (e.g. degree, local clustering coefficient, size of
egonet, etc.) is computed for each node. Then, a feature vector for the entire graph
is obtained by computing the median, mean, standard deviation, skewness, and kur-
tosis of the node-specific features. The authors propose to use the Canberra distance
between these feature vectors as a graph distance. The local, node-specific features
can be computed in O(nk2,,) time. Computing the median requires O(nlog(n))
time, while the other aggregate statistics take only O(n). We include NetSimile in
our experiments because it is a prototypical feature-based method, that does not
use graphlets.

The experiments have been performed on a machine with a 10-core (1.8 GHz) Intel
Core i7-1365U CPU and 16 GB of RAM, running Windows 11 Pro. All distances have
been implemented in Python.

4.1 Watts-Strogatz random graphs

In our first experiment, we consider the Watts-Strogatz (WS) random graph model
[2]. This model has the interesting property that it contains a parameter p with which
the degree of disorder in the graph can be tuned. A WS graph with p = 0 has the
structure of a ring lattice, where every node is connected to its 27”‘ nearest neighbours.
For p > 0, this parameter indicates the probability of rewiring each edge in the graph.
As p increases, the rewired graph retains fewer and fewer structural properties of the
regular ring lattice. Complete disorder is obtained for p = 1. Of course, starting from
any other highly regular graph, we could construct models that are equally useful
for this experiment, but the WS model is well established in the graph modeling
community.

Since p reflects the degree of randomness in a WS graph, the ability of a distance
measure to distinguish clearly between graphs with varying p values provides an initial
indication of its suitability for capturing randomness. Therefore, we compared WS
graphs with n = 1000, m = 10,000, and 20 p values distributed log-uniformly over
[107%,1], to a WS graph of the same size and with p = 0. The results are shown in
Fig. 2. Two important properties of WS graphs are the clustering coefficient C' and
the average shortest path length L. Both are often studied as a function of p [2].
Hence, the quantities C'(0) — C(p) and L(0) — L(p) form two ‘natural’ distances for
WS graphs. We also show a rescaled version of these in Fig. 2 as reference curves for
our other distance measures.

The first thing to note is that the shape of the JDD curve is very similar to the
curves of the clustering coefficient and shortest path length. The RGDD shows a more
gradual increase over the entire p interval, although there is a slight decrease near
p = 1. Intuitively, we expect the distance to be a monotonically increasing function of
p. The distances based on the clustering coefficient and shortest path length confirm
that our intuition is correct. Since RNND and JGD show the exact opposite trend over
most of the p interval, these distances are less useful, at least in this specific context.
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Fig. 2 Distance from WS graphs (n = 1000, m = 10,000) with varying p to the WS graph of the
same size with p = 0. Curves are rescaled such that the maximum distance is one. C is the local
clustering coefficient averaged over all nodes, and L is the average shortest path length. Each point
is an average over 1000 graphs

Interestingly, NetSimile and GCD result in similar curves, despite being based on
very different features. Finally, note that the GCD does not vary much over a large
interval and decreases slightly between p = 10~3 and p = 1072, indicating that GCD
is perhaps also not perfect for measuring randomness.

4.2 dk-random graphs

The dk-series, introduced by Mahadevan et al. [51], is a series of probability distribu-
tions designed to systematically study the properties of a network. The dk-distribution
of a graph specifies all degree correlations within subgraphs of size d. By definition,
the 0k-‘distribution’ is the average degree of the graph. The 1k-distribution is the well-
known degree distribution, and the 2k-distribution is the joint degree distribution.
For d > 3, dk-distributions contain the frequencies of subgraphs of size d composed
of nodes of degrees ki, ko, k3, ..., for all combinations of node degrees. Note that
the set of 3k-random graphs belonging to a graph G (i.e. all graphs with the same
3k-distribution as G), is therefore only a small subset of the graphs with the same
frequencies of three-node graphlets as G.

The dk-series is inclusive, meaning that the (d+1)k-distribution contains the same
information about a graph as the dk-distribution, plus extra. This is easy to see for
the average degree (0k), which is completely fixed by the degree distribution (1k). A
direct consequence of inclusiveness is that the set of dk-random graphs always contains
more randomness than the set of (d + 1)k-random graphs, because (d + 1)k-random
graphs have strictly stronger constraints. Therefore, dk-random graphs have the use-
ful property that we know in advance that the randomness should be a decreasing
function of d. For this reason, they form an excellent test case for our randomness
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and distance measures. To the best of our knowledge, the only available algorithms to
uniformly sample dk-random graphs with d > 2 are the Markov Chain Monte Carlo
methods by Tabourier et al. [17, 19] and Tao [18]. However, the computation time
required to obtain just one unbiased sample in a strongly constrained graph ensemble
is impractically long. Therefore, we restrict our experiment to 0k-, 1k-, and 2k-random
graphs.

We generated 500 dk-random graphs, with d € {0, 1,2}, for each of the target
networks discussed at the beginning of this section. This was done by randomizing
the original network with a suitable edge swapping method, for which we used the
RandNetGen software provided by Colomer-de-Simoén et al. [52]. Then, we measured
the randomness with the six considered distance measures. The results are shown in
Fig. 3.

At first glance, the JDD again shows nice results, clearly distinguishing between
0k- 1k- and 2k-random graphs. However, there is a caveat. The JDD between graphs
with shared 2k-distribution is trivially equal to zero, because all those graphs have
the same joint degree matrix. This means that the JDD does not provide any useful
information for dk-random graphs with d > 2.

Overall, we see many shared trends with the results of the experiment on WS
graphs. Randomness measured with the RNND and JGD does not result in the correct
decreasing curve on several networks, and produces randomness values greater than
one in multiple cases. Since Ok-random graphs, with Randomness = 1 by definition, are
supposed to be maximally random, these results indicate that RNND and JGD are not
suited for measuring randomness. The GCD, NetSimile, and RGDD generally produce
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Fig. 3 Randomness in a set of 500 dk-random graphs, measured using our six graph distances. Data
from the same distance measure is rescaled such that Ok-random graphs have Randomness = 1. The
0k- 1k- and 2k-random graphs have the same average degree, same degree distribution, and same
joint degree distribution as the target network, respectively
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the expected outcome. Remarkably, the RGDD measures a higher randomness in 2k-
random graphs compared to 1k-random graphs in the experiment on the geometric
network. We have repeated the experiment for several random geometric graphs and
consistently reproduced this result. It is unclear why the RGDD fails in this specific
case.

4.3 Classification of generated graphs

As our last test, we consider a typical experiment for evaluating the quality of graph
distance measures. An effective graph distance should assign a larger distance to a
pair of graphs generated by two different models, than to a pair generated by the
same model. As such, the graph distance can identify graphs coming from the same
model. Even though this experiment does not have a direct link to randomness, it still
provides an objective evaluation of the general performance of our graph distances.

For this purpose, we use the Precision-Recall curve [53]. Graph pairs generated by
the same model define the true set, while graph pairs coming from different models
define the false set. Given a distance d(G, H) and a threshold ¢, the graphs G and H
are classified as positive (i.e. coming from the same model) if d(G, H) < ¢, otherwise
this is a negative pair. True positive and true negative pairs are correctly classified as
originating from the same and different models, respectively. Likewise, false positive
and false negative pairs are incorrectly classified. Based on these definitions, Precision
and Recall are given by P = TP/(TP+FP)and R =TP/(TP+FN), where TP, FP,
and F'N are the number of true positive, false positive, and false negative pairs. The
Precision-Recall curve plots the Precision versus the Recall for the threshold e varied
between the minimum and maximum distance over all graph pairs, where each point
on the curve corresponds to one value of €. The Area Under the Precision-Recall curve
(AUPR) provides a quantitative measure of the classification. It is a value between 0
and 1, where AUPR = 1 indicates a perfect classification.

Most graph classification experiments combine models that generate very different
graphs (e.g. ER, BA, random geometric, ...) [35]. However, it is more suitable in this
work to perform the experiment on multiple models that generate graphs with similar
degree distribution and graphlet frequencies, as our graph distances were tailored
to these types of graphs. The classification task will obviously be more challenging,
because all models are intended to generate graphs with some shared structure. But
since the models do not sample uniformly from the space of admissible graphs, there
will likely still be smaller differences between graphs coming from the same model,
than between graphs coming from different models. We will see below that this is
indeed the case.

In our experiment, we have included two heuristic algorithms and one machine
learning model. The heuristic methods were proposed in a previous work [21], where
we also compared them to the same machine learning model in terms of compu-
tation speed and quality of generated graphs (i.e. how well the degree distribution
and graphlet frequencies match those of the target network). We give a very short
explanation of each model below.
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GRAIP: The GRAphlet-based Incremental generator for Probabilistic networks
[21], GRAIP in short, derives bounds on the degree distribution and graphlet
counts from the uncertainty on edges in a probabilistic network, and incrementally
generates graphs of which the properties lie within these bounds.

SwapCon: This is an extension of the well-known edge swapping method [7, 20]
to probabilistic networks [21]. The configuration model [54] is used to generate an
initial graph with the correct degree distribution, again obtained from a probabilistic
network, and pairs of edges are swapped until the graphlet counts are close enough
to the target.

GraphGen: This is a graph generative machine learning model proposed by Goyal
et al. [22]. The authors showed that GraphGen is successful in reproducing the orbit
counts in training graphs. Although the model was designed for labelled graphs, it
still works well for unlabelled graphs. Moreover, node degrees can be used as labels
to facilitate training.

Both GRAIP and SwapCon use probabilistic networks as input, and GraphGen

requires a training set of sufficient size. The E. coli and H. pylori networks already
contain uncertainty information (which we ignored in the previous experiments). We
manually added a uniform edge existence probability of 0.7 to the Windsurfers and

Precision
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Fig. 4 Precision-Recall curves obtained by classifying 3000 graphs generated by three different
models with six distance measures
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NetScience networks. Property bounds for GRAIP and SwapCon were obtained by
sampling 10,000 graphs from the probabilistic networks. Those sampled graphs were
also used as training sets for GraphGen. For the synthetic networks (BA and GEO),
we do not add uncertainty, but instead generate 10,000 random graphs with the same
parameters and calculate the average properties. Finally, we generated 1000 graphs
per target network with each model. Hence, we included a total of 3000 graphs in
each classification experiment.

The Precision-Recall curves obtained by our four new distance measures, GCD,
and NetSimile, are shown in Fig. 4. The accompanying AUPR values are compared
in Fig. 5. First, we see that all distance measures perform better than a fully random
classifier (AUPR = 0.33), even when all graphs have a similar structure. There is no
distance that is clearly better or worse than all others in every classification experi-
ment. The GCD, NetSimile and RGDD show good performance overall. NetSimile, in
particular, is among the best distance measures in all six experiments. The combina-
tion of node- and egonet-based features is clearly effective in a classification task, and
even seems more reliable than graphlet-based features. We also note that, despite its
simplicity, the JDD still outperformed all other distances in the BA experiment.

Interestingly, each graph distance obtained the highest AUPR score in one out
of six experiments. This indicates how difficult it is to rank graph distance measures
in terms of ‘quality’. Even in a shared experimental setting, the ranking can change
entirely depending on the exact topology of the considered networks.

4.4 Evaluation of randomness

We evaluate the models from the previous experiment in terms of randomness. We
use the same sets of 1000 graphs per model. As distance measure, we use the RGDD.

1.0
B GCD
NetSimile
== DD
0.81 RNND
== GD
s RGDD
0.6
o
o
2
<
0.4
0.2 1
0.0-
BA GEO E. coli H. pylori Windsurfers NetScience

Fig. 5 Comparison of the Area Under the Precision-Recall curve (AUPR) quality metric obtained
by the six distance measures, in each of the classification experiments
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The JDD, GCD and NetSimile result in the same general trends. The RNND and
JGD do not reproduce these trends, but we already saw that these distances cannot
be relied upon for measuring randomness. The results are shown in Fig. 6.

We see that GraphGen and SwapCon generally produce graph sets with higher
randomness compared to GRAIP. One might have expected low randomness in Graph-
Gen graphs, because this model does not focus on any specific property, but rather
tries to reproduce the general structure of training graphs. However, GraphGen does
not impose any strict constraints on graph properties. As a result, we also saw much
more variety in size in graphs generated by GraphGen. The only exception is the
windsurfers network, where the randomness is notably smaller. This is likely because
GraphGen simply works ‘better’ (in terms of reproducing topologies in the training
set) on smaller networks, which we also observed in previous work [21].

Randomization through edge swapping is often criticized because it does not sam-
ple the space of admissible graphs uniformly, and may not be able to escape certain
structures in the initial graph within reasonable time [55]. Despite that, we see that
the SwapCon method still produces highly random sets of graphs, It is important to
note, however, that SwapCon does not use edge swaps to randomize a network, but
rather to bring graphlet frequencies of a random graph closer to those found in the
target network. Traditionally, the initial random graph is obtained by randomizing the
real network [7], but this approach is less suitable for probabilistic networks. Instead,
the stub matching method is used to generate a completely new initial graph. This
approach likely benefits randomness as well, although we did not have randomness in
mind when designing it.

GRALIP results in the lowest randomness in all six experiments. There are two
reasons for this. First of all, GRAIP imposes the strongest constraints on generated
graphs, with strict bounds on graphlet frequencies. Second, GRAIP generates graphs

0.200 1
Il GRAIP

[ SwapCon

0.1751 =m GraphGen

0.150 1

0.125 4

0.100 1

Randomness

0.075

0.050 1

0.025

0.000 -

BA GEO E. coli H. pylori Windsurfers NetScience

Fig. 6 Randomness in a set of 1000 graphs generated by GRAIP, SwapCon and GraphGen, measured
using the Radial Graphlet Distribution Distance
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incrementally by making small adjustments to a seed graph in each step. We ter-
minated this incremental generation process as soon as we obtained a graph with
graphlet frequencies within the bounds imposed by the target network. This approach
works well for obtaining high-quality graphs quickly, but it is probably not optimal if
high randomness is also required. This is something to keep in mind for practitioners
using GRAIP.

4.5 Runtime analysis

Finally, we report practical computation times of the proposed distances and analyze
the scaling behavior of their running times. This is included to provide empirical
context for the theoretical complexity discussed in the Methods section. Note that the
implementations are not optimized for computational speed.

All runtime measurements were obtained by computing the distance between pairs
of Erdés-Rényi (ER) random graphs, in two complementary settings. First, we fix
the number of edges per node at five (m = 5n) and increase the number of nodes n.
Second, we fix the number of nodes at n = 200 and increase the number of edges. The
mean and standard deviation over 100 independent runs are shown in Fig. 7.

The observed trends are consistent with the theoretical analysis. The RNND and
JGD exhibit nearly identical running times, as graphlet counting constitutes the dom-
inant computational cost for both methods. The RGDD is more expensive to compute
on low density graphs, although graphlet counting likewise becomes the dominant
cost as graph density increases. In contrast, the JDD has substantially lower absolute
running times and exhibits a weaker dependence on graph density.

5 Conclusion

To generate graphs with complex constraints, such as bounds on graphlet frequencies,
one must resort to heuristic algorithms or machine learning methods. These methods
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Fig. 7 Runtime comparison of the proposed graph distances. (a) Scaling with number of nodes at
fixed number of edges per node (m = 5n). (b) Scaling with edge density for fixed n = 200. Points
show mean runtime over 100 runs, where a run is a distance computation between a pair of ER
graphs. Error bars indicate the standard deviation.
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do not sample the space of admissible graphs uniformly. Yet the question of how ran-
dom the generated graphs are, is relevant in several applications. For that reason, we
have studied the challenging problem of quantifying randomness in a set of graphs.
We have proposed to use the average pairwise graph distance as a measure of ran-
domness, and we have presented four novel graph distances. We have then evaluated
these distances in a series of experiments. Our Reduced Node Number Distance and
Joint Graphlet Distance do not seem particularly useful. Neither managed to consis-
tently recover the correct trend in experiments where it is known in advance which set
of graphs is most random. The Radial Graphlet Distribution Distance showed much
better results, and is comparable to the popular and highly effective Graphlet Cor-
relation Distance in classification experiments. The Joint Degree Distance is much
easier to compute than graphlet-based distances, but still has excellent performance in
experiments on randomness. It is also not significantly worse than the other distances
for graph classification, and even outperformed its competitors in one experiment. Its
overall decent performance, combined with the ease of use, makes it a useful distance
for very large networks. Although our work primarily focused on graphs with bounded
node degrees and graphlet statistics, we expect comparable results in other scenarios.

Our experiments also indicate that the optimal graph distance can depend heavily
on the target network(s), even for a specific task like measuring randomness. In fact,
for many applications it is impossible to unambiguously define optimality in the first
place. There will often be more than one feasible and meaningful distance measure.
We have provided several experiments to test if a distance is feasible for measuring
randomness. We encourage practitioners to test different distance measures on the
type of networks being studied, and to consider using a combination of multiple dis-
tances. We also emphasize that measuring randomness should be just one aspect of
evaluating graphs generated by heuristic methods. It is at least as important to check
the quality of the generated graphs, although this is beyond the scope of the cur-
rent work. On a final note, each proposed graph distance is based on a graph feature
that could serve as a fingerprint of the network. Therefore, these features might have
additional applications beyond measuring distance, for example in machine learning.
Exploring these applications is a possible direction for future work.
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