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Abstract
Treatment effect analysis investigates the effect of a treatment or intervention. The variables that will determine the

treatment effect are called, predictive variables, while prognostic variables determine the outcome regardless of treatment,

based on existing conditions on characteristics. The identification of these predictive factors facilitates understanding the

treatment effect and even allows for improving its success. However, in many cases, the predictive factors of a treatment or

intervention are unknown. Furthermore, methods to find these predictive factors are limited and only focus on quantifying

the predictive performance of a CATE estimator instead of discerning predictive from prognostic variables. Therefore, to

find these predictive variables we present Causalteshap. Causalteshap is a Shapley-based method that leverages multiple

statistical tests and treatment effect estimators to discern prognostic from predictive features. The method is benchmarked

on multiple fully synthetic datasets and four semi-synthetic datasets. In most of these benchmarks, Causalteshap

demonstrates high precision and recall performances above 0.9. Subsequently, Causalteshap is applied to a real-world ICU

use case using the AmsterdamUMCdb dataset. We analyzed the effect of Noradrenaline on Atrial Fibrillation in the ICU to

display the potential of Causalteshap as a tool for treatment effect analysis. Our results demonstrate that Causalteshap has

the potential of combining treatment effect estimators with Shapley values and statistical tests to provide a novel method

for discerning predictive from prognostic features in treatment effect analysis and making understanding treatment effects

more accessible.
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1 Introduction

Causal thinking is a vital part of what makes humans

inventive and creative. Reasoning about hypothetical

worlds and understanding the effects of actions is what

makes us unique [1]. However, this cannot yet be said

about Artificial Intelligence (AI). Although, efforts are

being made to reach this status using causal AI and causal

inference, both emerging subdomains within AI and

machine learning [2]. Their significance for AI lies in their

potential to explain, interpret, analyze, and pave the way

for groundbreaking research and applications. The primary

goal of causal inference is to unravel causal relationships

between variables. In contrast to traditional AI or machine

learning (ML), causal AI or causal ML focuses on lever-

aging machine learning models to estimate and understand

causal relationships. This approach enables informed

decision-making, accurate predictions, and the ability to

answer ’what-if’ questions by identifying the underlying

mechanisms that drive outcomes [3]. Causal AI is para-

mount for clinical trials, policy formulation, and marketing

strategies by harnessing causal knowledge to generalize

predictions, provide insights, and guide decision-making

processes [1].

The estimation and analysis of the impact of treatments

or actions on a specific outcome is a branch of causal AI,

defined as treatment effect analysis [4]. Treatment effect
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analysis has large importance in healthcare, policy, and

marketing, to understand which actions or treatments will

be the most beneficial. This involves quantifying the

impact of an action, such as the introduction of a policy by

a government or the administration of a medication to a

patient, on a particular outcome [2]. Fully understanding

treatment effects can facilitate providing personalized

healthcare, personalized marketing, or fully targeted pol-

icy-making.

A key component of understanding and interpreting the

treatment effect is identifying predictive features (also

called predictive covariates) that can influence it [5]. Pre-

dictive features are variables that increase or decrease the

treatment effect, and their identification can provide valu-

able insights into how the system operates and can even be

improved. In contrast, prognostic features are features that

contribute to the outcome but their contribution is not

influenced by treatment. This distinction can be formally

described as y ¼ yprog þ T � ypred , where prognostic fea-

tures yprog fully characterize the treatment-independent

outcome, and predictive features ypred determine the

treatment effect, activated only when treatment is present.

Predictive features are modelled as parents of mediators

that transmit treatment effects, while prognostic features

influence outcomes directly, independent of treatment.

However, a feature can be both as well. Recognizing this

distinction is crucial for effective treatment strategies in

various domains.

For example, in clinical trials, predictive features could

include a patient’s age, gender, and medical history, which

influence the effectiveness of a treatment. Prognostic fea-

tures in the same context might be demographic factors like

baseline health status or genetic predispositions that affect

outcomes regardless of treatment. It is also possible for

features to be both predictive and prognostic, such as Age.

An example Directed Acyclic Graph (DAG) or Causal

graph is presented in Fig. 1. In this example, it might be,

for example, more beneficial to give the treatment to

patients with a specific medical history as the treatment

will be more effective compared to those who do not have

this medical history. Similarly, in marketing campaigns,

predictive features might encompass customer demo-

graphics, buying habits, and preferences that determine the

success of a promotion, while prognostic features relate to

consistent purchasing behaviour unaffected by marketing

efforts. A feature can be both predictive and prognostic,

therefore, it is important to know if there is a predictive

component as only the predictive features can help tailor

treatments to individual characteristics, in turn optimizing

the chances of favourable outcomes. Additionally, access

to predictive features in causal AI can enhance the inter-

pretation and impact of causal AI models.

Therefore, in this paper, we present a method, named

Causalteshap (Causal Treatment Effect Shapley values),

that fully focuses on identifying predictive features for

treatment effect models. Our contributions are as follows:

• We propose a novel method leveraging Shapley values,

based on meta-learners and combined statistical tests to

differentiate predictive features from purely prognostic

ones, providing a model-agnostic method that applies to

any gradient-boosting model while generalizing to other

ML models supporting Shapley values.

• We demonstrate the effectiveness of Causalteshap

through extensive experiments and compare them to

other methods on newly proposed and expanded

synthetic and semi-synthetic datasets for identifying

predictive features.

• We showcase a real-world use case using Causalteshap,

highlighting the benefit of discerning predictive features

from prognostic and how this can impact future

research.

With this work, we aim to position Causalteshap as a

valuable method for distinguishing predictive features from

purely prognostic ones in causal AI and treatment effect

analysis.

Fig. 1 Directed Acyclic graph

or causal graph of the example.

The predictive features are

Gender, Medical History, and

Age. The prognostic features are

Age, Baseline Health, and

Genetic Predisposition. This is

merely an illustrative example

and does not necessarily reflect

the real world
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2 Background

2.1 The potential outcome framework
for treatment effects

The potential outcomes framework, introduced by Neyman

and Rubin, provides a formalized framework for inference

of treatment effects in causal analysis [6]. The framework

is based on the idea of potential outcomes, which are the

outcomes that would be observed under each possible

treatment assignment. Therefore, each individual has two

possible or potential outcomes (can be binary or continu-

ous), one under treatment Y(1) and one without treatment

Y(0). We can never observe both at the same time as only

the performed action can be observed. Given the frame-

work, it is possible to estimate the Conditional Average

Treatment Effect (CATE) for an individual with covariates

X = x [5]:

CATEðxÞ ¼sðxÞ ¼ E½Yð1Þ � Yð0ÞjX ¼ x�
¼l1ðxÞ � l0ðxÞ

ð1Þ

With lTðxÞ ¼ E½YðTÞjX ¼ x� the expected potential out-

come for treatment T, or in this case, treatment (T ¼ 1) or

control (T ¼ 0). Setting T to either 0 or 1 is defined as

intervening and tries to mimic random assignment because

T is changed while other variables are not. Furthermore,

only one of the outcomes can be observed, therefore the

other outcome should be inferred for a given patient. Here

is where machine learning can fit in. This CATE estimation

requires three standard assumptions [6]:

• Unconfoundedness: YðtÞ ?? T jX; 8t 2 T . This

assumption implies that, given the observed covariates,

the treatment assignment is independent of the potential

outcomes. In simpler terms, all confounding factors

affecting both the treatment and the outcome have been

accounted for, with no hidden variables influencing

both.

• Overlap or positivity: 0\PðT ¼ tjX ¼ xÞ\1; 8t 2 T

with x 2 X. The overlap assumption guarantees that, for

every covariate value x, there is a non-zero chance of

receiving each treatment option. This is essential for

reliably estimating treatment effects across all treatment

groups.

• Consistency: Y ¼ YðtÞ with probability 1. This

assumption connects the observed outcomes to the

potential outcomes, stating that the observed outcome

matches the potential outcome associated with the

treatment actually received.

Meta-learners in causal AI are frameworks in which

machine learning models are used to perform CATE esti-

mation [4, 7]. These meta-learners are popular and already

widely available for CATE estimation use cases [4].

Examples are T-learners, S-learners, X-learners, and R-

learners. The simplest of these meta-learners is the S-

learner or Shared-model. This meta-learner only trains a

single model M and predicts the outcome y, however, the

treatment is added as a feature. After training, a patient is

put through the single model twice: once with T ¼ 1 and

once with T ¼ 0. The CATE can then be estimated as:

CATEðxÞ ¼ MðX; T ¼ 1Þ �MðX; T ¼ 0Þ. However, if the
treatment effect is small or weak, the S-learner could learn

to disregard the treatment variable as it is not informative

enough during training. Each meta-learner has its advan-

tages and disadvantages and varying complexity [7].

2.2 Predictive and prognostic features

In classic machine learning problems, some features are

informative to predict the outcome. Likewise, as there are

variables that are informative for a specific outcome, there

are variables that are informative to explain the treatment

effect. Variables that model the prediction outcome with-

out the influence of any treatment are called prognostic

variables. On the other hand, variables that model the

treatment effect of a specific treatment are called predictive

variables. This is modeled as follows [8]:

y ¼ yprog þ T � ypred ð2Þ

Here, the predictive features fully characterize the treat-

ment effect. The prognostic variables fully characterize the

treatment-independent outcome. These predictive features

can be interpreted as determinants of the treatment sus-

ceptibility that only get activated when the treatment is

given. This interpretation is visualized using a Directed

Acyclic Graph, called a causal graph, in Fig. 2. In the

graph, only the prognostic, predictive, Y, and treatment

variables are observable. Do note that there can also be a

direct path from predictive to Y as variables can be both

predictive and prognostic, this causal graph simply visu-

alizes the prognostic versus predictive variable theory.

Another interpretation of the graph is that giving the

treatment or not is separated from its treatment effect. This

treatment effect can be seen as the mediator through which

the treatment achieves its effect. This effect is also

dependent on variables that determine the treatment sus-

ceptibility, which can be deemed the predictive variables.

Hence, predictive variables are thus defined as parents of

mediators.

Knowing these predictive features facilitates explaining

and understanding the success or failure of treatment.

Furthermore, if these variables are modifiable, these can

also increase the chance of success for specific treatments,

enable targeting a sub-population that benefits more from
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it, or avoid a sub-population that suffers from the

treatment.

2.3 Shapley values

Determining whether a feature is predictive or prognostic

requires quantifying its feature contribution when T ¼ 1

and T ¼ 0. There are various methods to find and explain

the contributions of variables to the predictions of machine

learning models. A popular technique to explain model

predictions is SHAP [9]. SHAP aims at quantifying the

marginal contribution of each feature to the output pre-

diction. This is defined as the average marginal contribu-

tion of a feature to all possible combinations of features.

The so-called Shapley values measure how much each

feature contributes to the prediction when considered in

combination with other features [9]. Mathematically

Shapley values try to reconstruct the prediction using their

contributions. Given a trained estimator M on data X, with

K features and N samples, and MðXiÞ being the prediction

of M on Xi, we first define the baseline Shapley value Sb as

the mean prediction over X:

Sb ¼
1

N

XN

i¼1
MðXiÞ ð3Þ

We then define the Shapley values for each sample and

each feature SðXk
i ;MÞ as the marginal additive contribution

of feature k in sample Xi in the prediction MðXiÞ compared

to the mean prediction of baseline Shapley value Sb. Now,

given Sb and SðXi;MÞ we can define the local accuracy of

Shap:

MðXiÞ ¼ Sb þ
XK

j¼1
SðXk

i ;MÞ ð4Þ

The method is model-agnostic and available for various

models, e.g., linear, kernel-based, deep learning, and tree-

based models. Although SHAP suffers from shortcomings,

such as the TreeExplainer variant (i.e. the SHAP method to

explain ensemble tree models) providing non-zero Shapley

values to noise features, it is technically strong and very

popular [10].

2.4 Related work

In the causal machine learning field, only limited work is

available to provide interpretations to treatment effect

estimators [5]. Even though the literature on finding pre-

dictive variables is limited in the causal machine learning

field, the concept is more explored in the statistical field

under interaction effects and subgroup analysis [11–13].

Several studies have attempted to identify subgroups with

differential treatment effects, mentioning distinguishing

between prognostic and predictive variables.

In early work, Bonetti and Gelber [14] introduced the

STEPP (Subpopulation Treatment Effect Pattern Plot)

method, which identifies subgroups with distinct treatment

effects on the outcome. Their approach is mainly for

clinical trials, requiring predefined subpopulation regions,

making it heavily parameter-dependent. Similarly, Lip-

kovich et al. [15] proposed the SIDES (Subgroup Identi-

fication based on Differential Effect Search) method, which

recursively partitions data to determine subgroups with

significant treatment differences, extending ideas from

interaction trees. The features used in splits could be seen

as predictive features. However, their method does not

scale well with the number of features and data.

Foster et al. [16] explicitly mentioned the distinction

between prognostic and predictive roles in subgroup anal-

ysis and tried to find them using a Virtual Twins frame-

work. This method, an early form of a meta-learner,

estimates treatment effects via a two-step modelling

approach. In the first step, they train an S-learner with

either a random forest or a linear regression model and then

fit a new model on the pseudo outcomes. However, their

focus was mainly on finding subgroups, not on finding the

predictive variables. Cai et al. [17] also mentioned that

finding predictive features is an important issue for

covariate selection, however, the conclusions depend on

Fig. 2 Theoretic causal graph of

the predictive and prognostic

feature theory. Y is the

measured outcome
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the underlying model (mis)specification. Doove et al. [18]

developed QUINT, a tree-based method that partitions

patients into three groups: those who benefit more from

treatment A, those who benefit more from treatment B, and

those with no significant difference. However, QUINT is

computationally expensive and only applicable to ran-

domized controlled trials (RCTs) without handling con-

founders. A solution for high-dimensional settings was

proposed by Guo et al. [19] which applied bootstrapped

sparse logistic regression models to identify vulnerable

subgroups in electronic health record data.

Instead of directly searching for subgroups, several other

studies have focused on statistical and machine-learning

methods for identifying treatment-interaction effects. For

example, Tian et al. [20] proposed a modified covariate

method (MCM) that transforms the features to better esti-

mate the treatment-interaction effects in linear models.

Consequently, the coefficients of these models can then be

interpreted to understand which features influence the

treatment. Park et al. [21] proposed a solution with sparse

additive models (SAM) for high-dimensional problems to

find treatment-interaction effects. The estimated nonzero

components in the SAM model can then be seen as pre-

dictive features.

Within causal machine learning, Hermansson et al. [8]

analyzed causal trees and virtual twins for ranking pre-

dictive features using gradient boosting trees but did not

propose a method to separate predictive from prognostic

variables. Crabbe et al [5] introduced the ITErpretability

framework, evaluating treatment effect models on their

accuracy and ability to attribute prognostic and predictive

contributions. However, they focused on attribution mea-

surement rather than directly separating predictive vari-

ables. Besides these works, the literature for finding

predictive variables is limited in causal machine learning.

While the above methods focus on distinguishing

prognostic and predictive features, another line of work has

focused on selecting the minimal adjustment set required

for unbiased treatment effect estimation. These methods

aim to control for confounding rather than identifying

features that modify treatment response. For example, De

Luna and Waernbaum [22] addressed covariate selection

for nonparametric treatment effect estimation, providing

minimal adjustment sets in the Neyman-Rubin framework.

Similarly, Cheng et al. [23] refined treatment effect esti-

mation by using local search algorithms to determine

optimal adjustment sets even in the presence of hidden

variables. However, these methods primarily target valid

treatment effect estimation rather than identifying predic-

tive variables for treatment heterogeneity. Unlike these

approaches, our work focuses on discovering predictive

features that influence treatment response, independent of

their role as confounders.

Building upon these works, Causalteshap introduces a

novel approach that explicitly separates predictive and

prognostic variables by leveraging Shapley values in

combination with statistical testing. Unlike prior methods

that focus on either interaction-based subgroup discovery

or tree-based importance attribution, Causalteshap pro-

vides a model-agnostic framework that applies to any

gradient-boosting model while generalizing to other ML

models supporting Shapley values. This enables more

precise identification of predictive features while avoiding

the scalability and parametric limitations of prior approa-

ches. Compared to treatment subgroup methods,

Causalteshap focuses solely on identifying predictive fea-

tures in a computationally efficient manner. Unlike previ-

ous approaches that either rely on linear models, tree-based

importance measures, or strong parametric assumptions,

our method remains flexible and scalable, making it

applicable to a wider range of machine-learning-based

meta-learners.

3 Methods

3.1 Causalteshap

Causalteshap leverages meta-learners, such as an S-lear-

ner, to find predictive features. The current algorithm

employs an S-learner and is extendable to other meta-

learners with the requirement that the baseline Shapley

value should be the same. First, we train an S-learner M on

the data. Given Eq. 2, the T1-model models the potential

outcome as yT1 ¼ yprog þ ypred while the T0 models it as

yT0 ¼ yprog. Therefore, subtracting yT1 � yT0 leaves us only

with ypred in the ideal case. To find these features we

leverage Shapley values using the SHAP library [9] to

explain the attribution of these features. For this, we define

the Predictive Shapley features SpredðXÞ as follows, with S

representing the function for Shapley value calculation:

ST0ðXÞ ¼ SðX; T ¼ 0;MÞ ð5Þ

ST1ðXÞ ¼ SðX; T ¼ 1;MÞ ð6Þ

SpredðXÞ ¼ ST1ðXÞ � ST0ðXÞ ð7Þ

The T ¼ 1 or T ¼ 0 represents performing an intervention

on the data or not respectively. To avoid bias, these

Shapley values are calculated on a validation set of unseen

data, i.e., data that was not used to train the model M.

Ideally, a purely prognostic feature X will have

SpredðXÞ ¼ 0. However, the SHAP library, especially tree-

SHAP, tends to attribute non-zero importance to noise, as

noted in prior studies [10]. This occurs due to model-in-

duced randomness, overfitting tendencies in complex
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models (e.g., gradient boosting), and the inherent variance

in Shapley value estimation. Consequently, simply com-

paring SpredðXÞ to zero is not reliable, as random fluctua-

tions can lead to false positives even when no true

predictive effect exists.

To address this, Causalteshap employs a two-part

approach designed to mitigate the impact of such noise.

The first part tests whether the variable’s effect differs

between treatment groups, a necessary condition for a

feature to be predictive. The second part further controls

for false positives by comparing the variable’s Shapley

contributions to those of a known random (non-informa-

tive) feature. This composite strategy ensures that identi-

fied predictive variables are robust to both model-related

noise and the stochastic nature of SHAP explanations. The

two parts are as follows:

1. If the feature is purely prognostic, then the ST0ðXÞ and
ST1ðXÞ distribution should have the same variance and

same mean.

2. When these distributions are different and the feature X

is truly prognostic, then jSpredðXnoisyÞj of a known noise

variable Xnoisy that contains no information should be

larger or equal compared to jSprogðXÞj. This covers the
cases where these differences would be caused by

noise.

The following subsections explain how each part is

addressed by Causalteshap.

3.1.1 Part 1: test whether the prognostic features have
the same variance & mean

To address the first part we use Welch’s t-test, i.e. student

t-test with unequal variance, to check for different means

and the Fligner test to check for different variances. The

combination of these tests compares ST1ðXÞ with ST0ðXÞ to
test the following null-hypothesis:

‘‘The Shapley values ST1ðXprogÞ of a prognostic feature

Xprog when T ¼ 1 should have the same mean and same

variance as the Shapley values ST0ðXprogÞ of the feature

when T ¼ 0.’’

If the p-value of either Welch’s t-test or the Fligner test

is below our predefined threshold a, the hypothesis is

rejected. A mathematical explanation of the Welch’s t-test

can be found in the appendix A.1. Welch’s t-test assumes

that the mean of the sampled distribution is normally dis-

tributed. Given the central limit theorem and the size of the

tested datasets (N[ 100), this can be assumed to be true

[24]. Therefore, the test can be applied.

The second test is the Fligner test, or the Fligner–Killeen

test of homogeneity of variances, which is a distribution-

free test of variances [25]. A mathematical explanation of

Welch’s t-test can be found in the appendix A.2.

3.1.2 Part 2: test whether the difference in distributions
of a predictive feature is due to noise

To check whether the difference is caused by noise, we add

a random feature sampled from a uniform distribution to

the dataset. This feature provides a baseline of what

SpredðXÞ should be for a pure prognostic feature and can

therefore be used as a comparison. Shapley values are

signed, therefore, we take the absolute value of the dif-

ference as we are only interested in the amplitude of the

difference. Now, given the predictive Shapley values of the

features and those of the random feature, we can statisti-

cally test whether they are predictive. This part is built on

the following null hypothesis:

‘‘The Cumulative Distribution Function (CDF) of the

absolute predictive Shapley values jSpredðXpÞj of a prog-

nostic feature Xp should be lower or equal to the CDF of

the absolute predictive Shapley values jSpredðXrÞj of the

random feature Xr.’’

To verify this hypothesis we use the Kolmogorov–

Smirnov test (KS-test). As already stated, this KS-test is

mainly a method to compensate for the importance attri-

bution to the noise of TreeShap. A mathematical expla-

nation of the Welch’s t-test can be found in the

appendix A.3.

If a feature passes both parts, i.e. significant result on

both the KS-test and either the t-test or Fligner test (that

tests whether either the mean and or variance is different),

we determine the feature to be predictive. In the case any of

the parts fail, the feature is flagged as prognostic. Addi-

tionally, while these specific tests are well-suited to our

hypotheses, they are not the only options: Any test that

fulfils similar requirements, e.g. testing comparable null

hypotheses with fewer assumptions, could of course be

substituted.

3.1.3 Main algorithm

We can now present the Causalteshap algorithm. The

complete algorithm can be found in Algorithm 1. The

function returns the predictive features, given an S-Learner

M, treatments T for n samples, data Dn�m with n samples

and m features, all feature names Fset, and the significance

threshold a. Causalteshap is implemented in Python as an

open-source plug-and-play sklearn compatible component1

to enable direct usage in meta-learner machine learning

pipelines [26].

1 The code, documentation, and more benchmarks can be found using

the following link: https://github.com/predict-idlab/causalteshap.
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This section describes the Causalteshap algorithm. The

algorithm begins by generating an array Dn
random of length

n, sampled from a uniform distribution over the interval

½�1; 1�. Next, we construct the dataset Dn�ðmþ2Þ, which

includes the original m features, the treatment variable T,

and the random variable Dn
random. The dataset D is then split

into a training set Dtrain and a validation set Dval based on

the specified ratio x. This results in ð1� xÞn samples in

Dtrain and xn samples in Dval. The S-learner model M is

subsequently trained on Dtrain. After training, we create two

interventional datasets, DT1

val and DT0

val, by setting the treat-

ment covariate to 1 and 0, respectively. The Shapley val-

ues, ST1 and ST0 , are then computed using the SHAP library

[9] for both interventional datasets. For each feature i in

Fset, we then calculate the test p-values. First, representing

Part 1, we calculate the Kolmogorov–Smirnov test statistic

Dþ to compare the distribution of Spred½i� with that of the

random variable Spred½mþ 2�. Then, representing Part 2,

we compute the p-values for both Welch’s t-test (pWt) and

the Fligner test (pFl), comparing ST1 ½i� and ST0 ½i�. A feature

is marked as predictive (P½i� ¼ 1) if the Kolmogorov–

Smirnov test statistic Dþ exceeds the threshold value

QKðaÞ (Appendix A.3) and at least one of the p-values (pWt

or pFl) is less than or equal to the significance threshold a.
Otherwise, the feature is marked as prognostic (P½i� ¼ 0).

Finally, the algorithm returns all features Fi for which

P½i� ¼ 1, indicating their predictive relevance.

3.2 Experiments

To objectively evaluate Causalteshap it is not possible to

benchmark the method on real-world data as it is hard to

know the true relationships of the prognostic or predictive

features in many of these datasets. Therefore, Causalteshap

is first benchmarked on fully synthetic data with predefined

cases each testing different possible treatment effect rela-

tions. Afterwards, the methods are benchmarked on semi-

synthetic data using a randomly generated Data Generating

Process (DGP) inspired by the ITErpretability Benchmark

[5]. Only predictive or prognostic features will be simu-

lated. Non-informative features will not be included as

finding which variables are informative and which ones are

not is a feature selection problem and not in the scope of

Algorithm 1 Causalteshap loop
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this paper. As predictive and prognostic features are both

informative features to predict the outcome, we advise first

using some high-sensitivity feature selection algorithms

such as PowerShap [27] to eliminate non-informative fea-

tures. Afterwards, we demonstrate how Causalteshap can

be applied to a real-world use-case where we try to find the

predictive variables of the treatment effect of Nora-

drenaline on the occurrence of Atrial Fibrillation (AF) in

the Intensive Care Unit (ICU) using published risk outcome

models [28]. All experiments are performed using a Cat-

boost S-learner using 1000 iterations, categorical feature T,

use best model set to True, a Causalteshap split size of

0.3, and a data 80%=20% train-test split for fitting and

evaluating Causalteshap. In all these experiments the

random feature is sampled from a uniform distribution with

lower and upper bounds of -1 and 1, respectively. This

sampling can be changed according to knowledge of the

data distribution. These experiments are evaluated on the

precision and recall of finding the true predictive features.

3.2.1 Synthetic benchmarks

The synthetic experiment setup is an expansion of the

paper by Hermansson and Svensson [8]. In the original

paper, there were 11 cases (M1 to M11), however, we

expanded these to include 7 more difficult cases incorpo-

rating small and large treatment effects, as well as complex

relations with predictive and prognostic features. All cases

can be found in Table 1. � represents the Gaussian noise

with a mean of 0. Each case covers a specific scenario.

Case M4 is a case that does not have any predictive vari-

ables while cases M14 and M15 cover the scenarios with

very large treatment effects. Other cases such as M2, M6,

M8, M9, M11, M12, M14, and M16 are scenarios with

features having both a prognostic and predictive compo-

nent. M9 on the other hand covers a non-linear treatment-

effect relationship. In Table 2, different setups for con-

founding which influences treatment assignment are also

presented. The T0 case is for experiments without con-

founding resulting in balanced treatment groups. T1 has

some small confounding where treatment assignment is

dependent on features x1 and x2 while T2 has stronger

confounding and is more influenced by x1. All variables xi
are drawn from independent normal distributions with

mean 0 and standard deviation 1.

All synthetic experiments are performed with

100, 250, 500, 1000, 2500, 5000, and 10, 000 generated

samples to investigate the impact of data availability on the

Table 1 The different cases for

the evaluation on synthetic data
Case Relationship

M1 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ T � ðIðx6 [ 0Þ þ Iðx7 [ 0ÞÞ þ �

M2 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ T � Iðx1 [ 0Þ þ �

M3 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ T � Iðx19 [ 0Þ þ �

M4 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ �

M5 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þþ
T � ðx9 þ x10 þ x11 þ x12 þ x13 þ x14Þ þ �

M6 y ¼ �1þ 3 � ðIðx0 [ 0Þ þ Iðx1 [ 0Þ þ Iðx2 [ 0Þ þ Iðx3 [ 0Þ þ Iðx4 [ 0ÞÞþ
T � Iðx4 [ 0Þ þ �

M7 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4 þ x5 þ x6 þ x7 þ x8 þ x9Þþ
T � Iðx19 [ 0Þ þ �

M8 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4 þ x5 þ x6 þ x7 þ x8 þ x9Þþ
T � Iðx0 [ 0Þ þ �

M9 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ T � sinðx0Þ þ �

M10 y ¼ �1þ 10 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ T � Iðx0 [ 0Þ þ �

M11 y ¼ �1þ ðx0 þ x1 þ x2 þ x3 þ x4Þ3 þ T � x30 þ �

M12 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ T � x0 þ �

M13 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ T � x19 þ �

M14 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ 50 � T � ðIðx6 [ 0Þ þ Iðx7 [ 0ÞÞ þ �

M15 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ 50 � T � x0 þ �

M16 y ¼ �1þ 3 � ðx0 þ x1 þ x2 þ x3 þ x4Þþ
T � ðIðx0 [ 0Þ þ 10 � Iðx1 [ 0Þ þ 5 � Iðx7 [ 0ÞÞ þ �

M17 y ¼ �1þ 10 � ðx0 þ x1 þ x2 þ x3 þ x4Þ þ T � Iðx5 [ 0Þ þ �

M18 y ¼ �1þ ðx0 þ x1 þ x2 þ x3 þ x4Þ3 þ T � Iðx5 [ 0Þ3 þ �
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performance. The experiments are repeated 10 times, each

with different random seeds to quantify the variance of the

method. The standard deviation of the added Gaussian

noise is also varied from 0.001, 0.01, 0.1, 0.5, 1.0, 2.5, 5,

to 10 to check the robustness against noise. A significance

threshold of a ¼ 0:02 is chosen as a setting in Causalte-

shap to represent a false positive rate of 2%. Causalteshap

will also be compared to other models capable of finding

predictive variables: the modified covariate method by

Tian et al. [20] and the Sparse Additive Models by Park

et al. [21]. For the MCM method, we fitted an Ordinary

Least Squares regression on the modified features and

picked the coefficients that had an a\0:05. For the SAM

model we took all nonzero components and determined

them as predictive as mentioned in their work [21].

3.2.2 Semi-synthetic benchmarks

Synthetic data is optimal for testing ideal performance,

however, it is difficult to model realistic interactions

between features, such as unobserved interdependency and

confoundness. Therefore, to expand the experiments we

also included a DGP evaluation using semi-synthetic data.

Here, we use available features in real-world datasets and

use these features to model an outcome where we can

specify the amount of prognostic and predictive features. In

this way, we have more realistic complex data while still

having a ground truth for benchmarking. The DGP algo-

rithm is shown in Algorithm 2 and follows the

ITErpretability benchmark method presented by Crabbe

et al. [5].

Four datasets were used: the TCGA [29], Twins [30],

News [31], and ACIC2016 [32] datasets. The number of

samples is set to be equal to available data points in the

dataset. For the News and ACIC datasets the 100 most

varying features were selected for the DGP as these data-

sets have large amounts of features. The resulting datasets

have 38, 64, 100, and 100 features respectively. The

experiments are performed using multiple amounts of

prognostic and predictive variables; 10%; 25%; 40%; and

65% of all features being prognostic and 3%; 12:5%; 28%;

and 50% being predictive to test increasing data com-

plexity. These features can overlap and are selected inde-

pendently of each other. The experiments are repeated 10

times, each with different random seeds. The strength of

the treatment effect wpred is also varied to investigate the

sensitivity of the method using four settings:

0.01, 0.1, 0.5, and 1.0. There is no added Gaussian noise

for the DGP as the added noise should be adjusted

according to the relative size of the output, wpred, the

number of features, and every dataset for realistic evalua-

tion. However, as an added experiment, to understand the

impact of noise on the semi-synthetic data, the News

Table 2 The different cases for the evaluation on synthetic data for

treatment assignment generation

Case Relationship

T0 Random(0, 2, N)

T1 Binomialð1; expð0:1þ0:5�x1�0:25�ð2þx2ÞÞ
1þexpð0:1þ0:5�x1�0:25�ð2þx2ÞÞ ;NÞ

T2 Binomialð1; expð0:1þ1:5�x1�0:25�ð2þx2ÞÞ
1þexpð0:1þ1:5�x1�0:25�ð2þx2ÞÞ ;NÞ

Algorithm 2 Semi-Synthetic Data generating process
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dataset is also benchmarked using 0.001, 0.01, 0.1, 1, 5,

and 10 Gaussian noise standard deviations. The News

dataset has lower absolute feature values, making it the

most sensitive dataset of the four for the chosen noise

standard deviations.

3.3 The effect of noradrenaline on atrial
fibrillation

Although benchmarking is not feasible on real-world

datasets, the method can be applied to one. To test the

method on a real-world use case, Causalteshap is applied

to a treatment effect analysis of noradrenaline (= the

treatment) on the occurrence of Atrial fibrillation (AF) (=

the outcome) in the ICU using the AmsterdamUMCdb

dataset [33]. AF is a heart rhythm disorder that causes an

irregular and often abnormally fast heart rate. It affects

between 4.5 to 15% of patients admitted to the intensive

care unit (ICU). Several studies have indicated that the

occurrence of AF in critically ill patients is associated with

poorer outcomes, including prolonged length of stay (LOS)

and increased hospital mortality [34, 35]. Although several

risk factors for AF are non-modifiable (e.g., age), identi-

fying patients at high risk of developing AF could allow

clinicians to preemptively address modifiable risk factors

(e.g., electrolyte imbalances or medication). In the study of

Verhaeghe et al. [28] noradrenaline was an important

predictor for the occurrence of AF in the final model and is,

therefore, a candidate for causal analysis of the medication.

Model-6 from the same study was used as the outcome

model for the S-learner and applied to the Amster-

damUMCdb dataset [33]. This model used features

aggregated from routinely collected time series data 18 h to

6 h before the diagnosis of AF or from the same time point

as an AF patient for matched non-AF samples. The final

features of the S-learner are determined using double fea-

ture selection which selects the union of the selected fea-

tures of the propensity model and the selected features of

the outcome model. The feature selection of both the out-

come and the propensity model was performed using

PowerShap [27]. Both the outcome and the propensity

model use the same preprocessing method as described in

the original study.

4 Results

4.1 Synthetic

The results for the synthetic benchmarking results are

shown in Fig. 3. For Causalteshap, for all sample sizes,

noise levels, and confounding levels, the precision mostly

stays above 0.95. However, we see that the recall, or the

capability of finding predictive features, is related to the

number of available samples. This is a result of using a

wrapper-based method that has all the limitations of model-

driven approaches, e.g. limited data limiting the overall

performance. Only when the number of samples exceeds

2500, does the noise start affecting the recall as the results

are less limited by the sample size. For the synthetic

benchmarks, given an adequate-sized dataset, Causalte-

shap finds most predictive variables without outputting

false positives, even in more high-noise situations. In

contrast, for the MCM approach both the precision and

recall are much lower for all confounding cases, indicating

difficulty in finding all predictive variables while prevent-

ing false positives. For the SAM method, interestingly the

recall drastically increases with more confounding, how-

ever, the method is not robust against false positives. In

contrast, the MCM approach exhibits substantially lower

precision and recall across all confounding scenarios,

suggesting difficulties in identifying predictive variables in

these various scenarios. Interestingly, the SAM method

demonstrates a significant increase in recall with higher

levels of confounding, however, it lacks robustness in

controlling false positives.

On the case level for Causalteshap, there are difficulties

with finding predictive features for cases M10 and M11

even with more than 10,000 samples finding no predictive

features. This is mainly attributed to the strength of the

prognostic features that drown out the much smaller pre-

dictive component of x0. For cases M2, M9, and M7, only

when the number of samples exceeds 2500, does

Causalteshap also find the predictive features. On the other

hand, for cases M13, M14, M15, M3, and M5, Causalte-

shap already finds all predictive features with only 500

samples. The relation between the contribution of the

predictive features and the prognostic features determines

how difficult finding all predictive features will be. If there

is a shared prognostic and predictive component, where the

predictive component is relatively small, the chance of

detecting the specific predictive component is smaller, such

as in case M10 or case M11.

4.2 Semi-synthetic

The results for all semi-synthetic benchmarks are shown

in Fig. 4. For all four datasets, the strength of the predictive

effect greatly influences whether the predictive features are

found or not. This effect is worsened when the number of

prognostic features grows, increasing the overall data

complexity of the benchmark. In lower dimensionalities,

i.e. a low number of prognostic features, the recall reaches

levels of 0.8 to 1.0 with a precision above 0.95 showing
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that Causalteshap finds most predictive features without

outputting many false positives. However, when the num-

ber of prognostic features grows, the performance reduces

as the data complexity increases. Even in those situations

recalls above 0.8 are still reached while retaining preci-

sions above 0.8, depending on the dataset. Counterintu-

itively, if the strength of the treatment effect increases, the

false positive rate also increases. This is not the case for the

synthetic benchmarks and is attributed to an inherent

contradiction in the way semi-synthetic datasets are built.

This will be further specified in the discussion section.

The effect of noise on the News semi-synthetic dataset is

shown in Fig. 5. Unlike the synthetic benchmarks, the

noise here does have a much larger effect. With increased

noise, both recall and precision are reduced. However, even

with higher noise levels, Causalteshap retains precision

levels of around 0.7 while having a lower recall. If the

treatment effect is masked by noise, it is intrinsically

harder to detect. Because the approach is wrapper-based,

Causalteshap is not immune to this phenomenon. How-

ever, in reduced noise situations Causalteshap manages to

achieve low false positive rates while finding on average

80% of all predictive features.

4.3 Noradrenaline

The added value of Causalteshap shines through when

applied to real-world datasets to facilitate mediator and

treatment effect analysis. As mentioned in Sect. 2.2, pre-

dictive values are defined as parents of unobserved medi-

ators that influence the treatment, hence these features

might provide pointers to the underlying mechanism

through which the treatment works, i.e. the mediator(s).

Applying Causalteshap to the Noradrenaline treatment

analysis on AF is shown in Table 3. The Noradrenaline

treatment variable (T) is considered predictive, which

means that there is a significant treatment effect. The T1 �
T1 and jT1j � jT0j columns, which are positive, suggest

that Noradrenaline increases the risk for AF. The Central

Venous Pressure (CVP) feature is considered predictive,

determined by the Fligner test and the KS statistic. The

jT1j � jT0j column displays that the variance of the CVP

Shapley values when T ¼ 0 is lower than when T ¼ 1. In

other words, Noradrenaline increases the effect CVP has on

the risk of AF. On the contrary, Noradrenaline decreases

the effect Fluid balance and Creatinin have on AF. Lactate

and pH have different variances for the T1 and T0 distri-

bution, however, their predictive Shapley values are not

always larger than the noise feature Shapley values. As a

result, they are not considered to be predictive, however,

they can still provide hypothetical medical insights.

Additionally, the Age feature does have a larger predictive

difference than the random feature, but the T1 and T0

distributions do not differ significantly. This is explained

by the strong prognostic effect of Age on AF, as it is

considered a risk factor for AF by the literature [36].

5 Discussion

In this work, we introduced Causalteshap, a Shapley-based

method for finding predictive features for treatment effect

analysis. As presented with the Noradrenaline treatment

analysis, Causalteshap facilitates testing and finding

insights in treatment effect models to further research or

understand the treatment. These predictive features can

offer valuable insights into potential (unobserved) media-

tors as they are the parents of these mediators by definition.

The method provides explainability built upon previous

research for treatment effect analysis using well-known

Shapley values in a plug-and-play open-source library to

facilitate causal analysis of treatments.

Leveraging the additive properties of Shapley values

provides the opportunity for predictive variable analysis

and interpretation. However, Shapley values simply look at

encountered associations in the model and therefore do not

leverage causal structures. Furthermore, ML models try to

optimize these associations to optimize their predictions.

Therefore, the outputted Shapley values are devoid of

causal direction. There are implications for Causalteshap

because of this. First, suppose we have T ! Y ! Z with Z

an effect of Y. If Z is included, it will be an important

variable to predict Y because of their high association.

Furthermore, T will determine Z indirectly. Therefore, the

Shapley value distribution of feature Z for T ¼ 0 and T ¼ 1

can differ and will be considered predictive. Even stronger,

Z can even mask the true predictive features as the model

might optimize the strongest associations to Y. Second,

consider the case with strong confounding and limited

predictive features. Suppose Y  C ! T and no true

predictive features. Given the following: if C\� 1 then

T ¼ 0, if C[ 1 then T ¼ 1, else T is randomly determined.

C is uniformly distributed between �10 and 10. If C is

included in Causalteshap, the Shapley distributions for

feature C when T ¼ 0 and T ¼ 1 can be considered pre-

dictive because of its confounding effect and the absence of

causal direction in ML models and Shapley. Do note that

this effect is less when considering direct meta-learners,

such as the X- and R-learner, which are more robust to this

confounding effect and can also be integrated in

Causalteshap as extensions. These are simple examples,

however, they can produce false positives. Therefore, when

using Causalteshap and interpreting its results it is advised

to not blindly apply it to data and think about the causal
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Fig. 3 Benchmarking results synthetic datasets
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data-generating process, before and after applying the

method. Further, when applying Causalteshap, verify the

dataset to the original Causal diagram of Causalteshap,

shown in Fig. 2. If it violates the diagram, Causalteshap

can still be applied, although with caution.

The synthetic and semi-synthetic datasets do provide a

closed environment in which the method can be developed,

evaluated, and tested. These datasets try to mimic real-

world datasets, while still having access to the ground truth

behind these datasets. However, there is a large issue with

the DGP of the semi-synthetic datasets for predictive and

prognostic features. The predictive and prognostic features

are chosen at random to determine the outcome. However,

the values of the features themselves are not necessarily

independent. Suppose we have two features X and Z, where

in its true DGP X ! Z. For the semi-synthetic dataset, X is

selected to be solemnly prognostic, while Z is selected to

be predictive. X will then be the cause of the predictive

feature. Therefore, X could then also be interpreted as a

predictive feature, which is a contradiction to its label.

Subsequently, giving the label predictive to X is intrinsi-

cally not wrong, but will be considered wrong in the semi-

synthetic benchmark. This biases the precision, making the

true precision higher than it seems. This factor has to be

taken into account when working with semi-synthetic

datasets as the semi-synthetic benchmark results can be

worse than their true results.

Causalteshap is developed on the assumption that all

included features for analysis are informative features rel-

evant to either the treatment or the outcome. Incorporating

numerous non-informative features, particularly in high-

dimensional settings, can increase the complexity of the

data analysis, potentially degrade the performance of

Causalteshap, and consequently elevate the risk of false

positives. Therefore, before applying Causalteshap, make

sure to do proper feature selection beforehand, e.g. using

PowerShap [27], or test the relevance of every feature to

the hypothesis that you want to evaluate. For feature

selection methods in machine learning, we refer to the

survey of Dhal et al [37].

The presented method and code library are currently

limited to an S-learner for CATE estimation. Future work

can expand the method to other meta-learners, such as T-,

X-, or R-learners. For the T-learner, the Shapley baseline

Fig. 3 continued
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values can be different for each estimator. Therefore,

comparing them using the current algorithm solution will

not yield correct results, which requires changing the main

algorithm to solve the problem. For direct meta-learners

(such as an R-learner or X-learner), the direct CATE

estimator in the meta-learner can be used to calculate the

predictive Shapley values, however, the same problem as

with the T-learner and incompatible Shapley values exists

as well. A more detailed analysis can be found in the

appendix C. As Causalteshap relies on meta-learners, it

inherits their limitations. Violations of the unconfounded-

ness assumption (i.e., the presence of hidden confounders)

can bias the estimated effects in unpredictable ways, as the

underlying meta-learner would produce unreliable

treatment effect estimates. Similarly, when the overlap

(positivity) assumption is violated, i.e. meaning there is

limited or no overlap in covariate distributions between

treated and control groups, the model may generalize

poorly. This can lead to exaggerated or underestimated

Shapley values for predictive features, depending on the

extent of distributional mismatch between T ¼ 0 and T ¼
1 groups.

All benchmarks were currently performed using Cat-

Boost and can differ when using different models [38].

Using another feature attribution method besides SHAP,

that solves the causal direction problem, will also improve

the results. Causalteshap can also be extended to multi-

output regression or classification, i.e., scenarios with

Fig. 4 Benchmarking results on semi-synthetic datasets. PrognosticCount represents the number of prognostic features, likewise for

PredictiveCount. wpred represents the strength of the predictive features
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multivariate outcomes, as SHAP inherently supports such

settings by providing Shapley values for each outcome

with respect to every variable. By aggregating these

Shapley values across outcomes for each feature, e.g.

through summation, the standard Causalteshap framework

remains applicable, as the underlying hypotheses hold for

the aggregated values. Finally, Causalteshap is currently

developed for binary treatments or situations that can be

reduced to binary treatments. Further work can include

finding predictive features for continuous treatments to

widen the application potential of the method.

6 Conclusion

We aimed to create an open-source plug-and-play sklearn-

compatible method, named Causalteshap, for finding pre-

dictive features in treatment effect estimators by leveraging

Shapley values and statistical tests. The benchmark results

reveal the high precision of Causalteshap, while still

achieving high recall rates, making it a tool for better

treatment effect analysis, research, and interpretability.

With Causalteshap, the step to truly discern predictive

from prognostic features hereby comes closer.

Fig. 4 continued
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Fig. 5 Varying noise benchmarking results on the News semi-synthetic dataset with N pred = 25 and N prog = 13

Table 3 Causalteshap results for

the Noradrenaline treatment

analysis

Feature KS statistic ttest Fligner T1 � T0 jT1j � jT0j Predictive

CVP 0.03 0.64 0.00 - 0.01 0.05 1

Fluid balance 0.03 0.87 0.00 0.00 - 0.07 1

Creatinin (blood) 0.09 0.98 0.00 0.00 - 0.03 1

T 0.00 0.00 0.00 0.62 0.43 1

Lactate (blood) 2.10 0.44 0.02 0.00 0.01 0

pH (blood) 0.21 0.95 0.02 0.00 0.02 0

Age 0.00 0.69 0.82 0.00 0.00 0

Heart frequency 9.44 0.91 0.76 0.00 0.00 0

O2 concentration (Set) 1.47 0.34 0.72 - 0.01 - 0.01 0

urgency 13.61 0.99 0.58 0.00 - 0.01 0

UrineCAD 0.21 0.90 0.26 0.00 - 0.01 0

Furosemide (Lasix) 7.01 0.96 0.64 0.00 0.01 0

ABP mean 6.26 0.88 0.62 0.00 - 0.01 0

O2-Saturation (blood) 5.19 0.99 0.04 0.00 0.02 0

Fosfate (blood) 19.87 0.96 0.91 0.00 0.00 0

ABP systolic 2.28 0.91 0.12 0.00 - 0.01 0

PEEP (Set) 3.57 0.92 0.52 0.00 - 0.01 0

Fluid in 3.66 0.55 0.11 0.00 - 0.01 0

Active HCO3 (blood) 8.15 0.50 0.97 0.00 0.00 0

Anion-Gap (blood) 26.11 0.98 0.60 0.00 0.00 0

Enoximon (Perfan) 20.44 0.90 0.85 0.00 0.00 0

Fentanyl 8.15 0.97 0.47 0.00 - 0.01 0

Glucose (blood) 10.76 0.68 0.18 0.00 - 0.01 0

Hydrocortisone 19.54 0.72 0.78 0.00 0.00 0

Magnesiumsulfate 18.97 0.76 0.96 0.00 0.00 0

Midazolam (Dormicum) 27.13 0.93 0.91 0.00 0.00 0

Propofol (Diprivan) 15.05 0.94 0.38 0.00 0.01 0

Bold indicates significance with a = 0.02

CVP central venous pressure; ABP arterial blood pressure; KS statistic condition is 0.07 for a ¼ 0:02
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Detailed formulations of statistical tests

Welch’s t-test

Welch’s t-test is calculated using the following formulae,

with l being the mean, X, A, and B arrays, and N the length

of the respective array [39]:

sX ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN

i¼1
ðXi � lðXÞÞ2

vuut ð8Þ

tðA;BÞ ¼ lðAÞ � lðBÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sAffiffiffiffi
NA

p
� �2

þ sBffiffiffiffi
NB

p
� �2

r
ð9Þ

The degrees of freedom m for the test is then calculated

using the Welch–Satterthwaite equation as:

mðA;BÞ ¼ s4A þ s4B
m�1A s4A þ m�1B s4B

ð10Þ

The equality only holds if the sample sizes of the two

distributions are the same, i.e. NA ¼ NB, which is always

the case in this work.

With mX ¼ NX � 1 the degrees of freedom for X. Then,

given m, we can define the Cumulative Distribution Func-

tion (CDF) of the t-distribution T(t) and estimate the two-

tailed p-value using:

WelchsTTestðA;BÞ ¼ 2ð1� TðjtðA;BÞj; mðA;BÞÞÞ ð11Þ

The Fligner test

The test is calculated as follows given two arrays, A and B,

each with a length NA and NB, medians gA and gB, and
Ntot ¼ NA þ NB the total length of A and B together.

First, define V ¼ jA� gAj and W ¼ jB� gBj. Then,

calculate the rank of each element of the combined array

[V, W] as RV ¼ rankðV; ½V;W �Þ and

RW ¼ rankðW ; ½V ;W �Þ. Given these ranks, the standard

deviations away from the mean of the total array [V, W] are

calculated for every element using the percentile point

function (i.e. the inverse of the CDF) of the Normal dis-

tribution NormPercentile as follows:

SA ¼NormPercentile
RV

2ðNtot þ 1Þ þ 0:5

� �
ð12Þ

SB ¼NormPercentile
RB

2ðNtot þ 1Þ þ 0:5

� �
ð13Þ

With S being SA and SB appended. This now allows us to

calculate the p-value of the Fligner test which is calculated

using the Chi-squared CDF function ChiðvÞ with estimated

chi-square statistic over S (i.e. Fligner statistic) vest:

rðSÞ ¼
P

iðSi � meanðSÞÞ2

lenðSÞ � 1
ð14Þ

vest ¼
NAð

P
iðSA;iÞ � meanðSÞÞ2 þ NBð

P
iðSB;iÞ � meanðSÞÞ2

rðSÞ
ð15Þ

FlignerðA;BÞ ¼ 1� Chiðvest; 1Þ ð16Þ

This results in the Fligner–Killeen p-value of A and B.

Kolmogorov–Smirnov test

To calculate the KS-test we first need to calculate the two

CDFs Fi and FR:

Fi ¼ CDFðjSpredðXi½1::N�ÞjÞ ð17Þ

FR ¼ CDFðjSpredðXr½1::N�ÞjÞ ð18Þ

Given these CDFs, the null hypothesis for the KS statistic

is defined as:

8x : FiðxÞ\ ¼ FRðxÞ ð19Þ

The KS statistic for this case is then calculated as

Dþ ¼
ffiffiffi
n
p
� supxðFiðxÞ � FRðxÞÞ ð20Þ

To verify whether the KS statistic rejects the null hypoth-

esis or not we need to define a threshold. Suppose a rep-

resents the probability of the value being lower than the

random variable K (Kolmogorov distribution). Then, given

the approximate CDF of this function (which holds for

N[ 30) [40] we get:

a ¼ FKðxÞ ¼ Pr½K � x� ¼ 1� e�2x
2 ð21Þ

We can calculate the quantile function by inversing FKðxÞ:

QKðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0:5 � lnð1� aÞ

p
ð22Þ

Then given a predefined a, we can reject the hypothesis if

Dþ[QKðaÞ.

Multiple testing corrections and bounds
for Causalteshap

Causalteshap performs multiple statistical testing for every

single feature. Therefore, we need to discuss the multiple

testing problems for a single feature. For Part 1, we have a

hypothesis that is the union of the Fligner test Tf and of

Welch’s t-test Tw. For clarity, we will call the first part, part

A or test TA. Part 2 consists of a single Kolmogorov–

Smirnov test, TKS. We will denote the second part as part B

or test TB ¼ TKS. Part A and Part B must both be true for

Causalteshap to flag a feature as predictive. We will denote
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this composite test as Tp, which always applies to a single

feature.

TA ¼ Tf _ Tw ð23Þ

Tp ¼ TA ^ TB ¼ ðTf _ TwÞ ^ TB ð24Þ

We will assume a single a for Tf , Tw, and TKS. So TA is

positive if either Tf or Tw is positive. Supposing all tests are

independent we then have the following aA for part A:

aA ¼ 1� ð1� aÞ2 ¼ 2a� a2 ð25Þ

For part B we have aB ¼ a because we are only performing

a single test. Given independence between part A and part

B, the total ap is:

ap ¼ aAaB ¼ 2a2 � a3 ð26Þ

However, independence between all these tests is hard to

guarantee. Therefore, given the setup, a positive depen-

dency is highly likely. Thus, we also will assume positive

dependency to assess the robustness of the composite test.

Given positive dependency between Tf and Tw the lower

and upper bound of TA becomes:

a� aA� 2a� a2 ð27Þ

Likewise, if there is positive dependency between TA and

TB the upper and lower bound of Tp becomes:

aAaB� ap�minðaA; aBÞ ð28Þ

Combining these bounds, we get the following lower and

upper bounds on ap:

a2� ap� a ð29Þ

Therefore, given even positive dependency between any of

the tests controlling for false positives or multiple testing

for Tp is not necessary as the actual false positive rate will

be most likely lower than the specified a. Therefore, by
setting the significance threshold for all base tests

(Tf ; Tw; TKS) to a guarantees at least a significance thresh-

old for Tp of a as well.

As the hypotheses of Causalteshap are formulated for a

single feature we are not making any conclusions over a set

of features. Therefore, there is no need to control for

multiple comparisons across these features. However, if

there are conclusions that are being made on the model,

such as a set of features being predictive, then of course a

multiple comparison adjustment must incorporated.

Extension of Causalteshap to other meta-
learners

T-learner

A T- or Twin-learner is a meta-learner that fits two esti-

mators: One for T ¼ 1 and one for T ¼ 0:

l̂0ðXÞ ¼Ê½YjX; T ¼ 0� ð30Þ

l̂1ðXÞ ¼Ê½YjX; T ¼ 1� ð31Þ

The extension to Causalteshap is then trivial with Sl0
simply the Shapley values of l̂0ðXÞ and vice versa. How-

ever, the main issue here lies with the baseline values of

Shapley that are different which makes comparing these

Shapley values with each other more complex and more

prone to false positives.

X-learner

An X-learner is considered a direct or A-learner and con-

sists of three estimators [41]: the treatment outcome esti-

mator l1, the control outcome estimator l0, and the CATE

model s. The first estimators are trained as follows, anal-

ogous to a T-learner:

l̂0ðXÞ ¼Ê½YjX; T ¼ 0� ð32Þ

l̂1ðXÞ ¼Ê½YjX; T ¼ 1� ð33Þ

We then define the pseudo-outcomes CATE estimators s0
and s1:

ŝ0ðXÞ ¼Ê½l̂1ðXÞ � Y jX; T ¼ 0� ð34Þ

ŝ1ðXÞ :¼Ê½Y � l̂0ðXÞjX; T ¼ 1� ð35Þ

We then define a new function g(x) that weights s0 and s1
according to a function, often also a propensity estimator.

This results in the final CATE estimator:

ŝðXÞ ¼ gðxÞŝ0ðXÞ þ ð1� gðxÞÞŝ1ðxÞ ð36Þ

The first testing procedure of Causalteshap can be applied

to the T-learner part l̂0ðXÞ and l̂1ðXÞ, but then we have the

same issue of having different baseline values. The second

part of Causalteshap is easy to apply to an X-learner,

simply calculate the Shapley values of ŝðXÞ with an added

random variable and perform the KS-test. An alternative

would be to perform the KS-test on both ŝ0ðXÞ and ŝ1ðXÞ
and do a Bonferroni correction and take the features that

are predictive in both.
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R-learner

An R-learner is considered a direct or A-learner and con-

sists of three base learners: a nuisance estimator l̂,
propensity estimator p̂, and pseudo-outcome estimator ŝ.
Given the features X, treatment T, and outcome Y, the

learners are trained as follows [42]:

l̂ ¼Ê½Y jX� ð37Þ

p̂ ¼Ê½T jX� ð38Þ

If you are training a gradient-boosting pseudo-outcome

estimator you fit the following function:

ŝ ¼ Ê
Y � l̂ðXÞ
T � p̂ðXÞ jX

� �
ð39Þ

You do add weighted learning where every sample is

weighted with weights w ¼ ðT � p̂ðXÞÞ2. On the contrary,

if you train a linear model such as lasso you regress

Y � l̂ T � ^pðXÞ.
Given these models you can define the predicted

potential outcome under control l̂0 and outcome under

treatment l̂1 as follows:

l̂0ðXÞ ¼l̂ðXÞ � p̂ðXÞŝðXÞ ð40Þ

l̂1ðXÞ ¼l̂ðXÞ þ ð1� p̂ðXÞÞŝðXÞ ð41Þ

Consequently, we can define the Shapley values for each

model and the potential outcomes. SlðXÞ are the shapley

values of model l̂ on features X, and likewise for all other

models.

Sl0ðXÞ ¼SlðXÞ � SpðXÞSsðXÞ ð42Þ

Sl1ðXÞ ¼SlðXÞ þ ð1� SpðXÞÞSsðXÞ ð43Þ

In theory, all variables included in the pseudo-outcome model

ŝ should be predictive as only these will explain the treatment

outcome. However, in practice, it could be that other variables

are included in ŝ as this model trains on the whole covariate

set, especially if trained on a high-dimensional covariate set

or with a complex treatment effect. If the treatment effect is

simple, an easily interpretable model such as LASSO

regression will suffice, however, if the treatment effect is

more complex a stronger non-linear model might be required

where the predictive variables might not be easily interpreted.

To directly apply Causalteshap to an R-learner, the first part

(Fligner and Welch’s test) will be applied to Sl0ðXÞ for T ¼ 0

and Sl1ðXÞ for T=1. Likewise, the second part (KS-test) can

be applied on Ss which must be fitted on ½X;Xr� with Xr a

random feature.

However, Sl1ðXÞ � Sl0ðXÞ ¼ SsðXÞ. Therefore, the

Shapley values of ŝ are the only difference between T ¼ 0

and T ¼ 1. Compared to an S-learner, where you compare

the model to a slightly different version of itself, this R-

learner will be much less robust to random noise in Shapley

values. If we have considerable Shapley attribution to noise

in ŝ, the Fligner test or Welch’s t-test can generate more

false positives due to this noise attribution. A perfectly

viable alternative would be to perform feature selection on

the ŝ estimator.
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