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The Elo rating system (ERS), an intuitive and computationally efficient algorithm, offers a means to effectively 
update estimates of item difficulties and learner abilities as they evolve. This method proves to be highly 
advantageous in online learning environments. Computerized adaptive practice (CAP) endeavors to present 
learners with items that are well-suited to their individual ability levels, with the ultimate goal of enhancing 
motivation and optimizing learning outcomes. The objective of this paper is to outline common challenges 
that arise in an Elo-based CAP system and to present the psychometric enhancements implemented in the 
Prowise Learn environments to address these concerns. More specifically, we focus on three main aspects; 1) 
the development of a new scoring rule balancing response time and accuracy, 2) a way to fix the item scale to 
deal with item drift, and 3) an improved adaptive K-factor algorithm to speed up convergence in estimation. 
Using data from the Prowise Learn environment, analyses were done to illustrate the effect of the enhancements. 
Results show that these enhancements result in more dynamic tracking of the ratings, solve the issue of item drift, 
and capture the speed-accuracy trade-off more accurately.

1. Introduction

Over the last two decades, educational technology (edtech) has be

come a global phenomenon as a result of a series of innovations such 
as learning analytics, massive open online courses (MOOCs), and E

learning (Weller, 2018; Zhang & Aslan, 2021; Kew & Tasir, 2022). These 
innovations have collectively contributed to the widespread adoption 
and integration of technology in education, revolutionizing the way 
knowledge is acquired and disseminated. In this changing landscape, 
learning is no longer cofined by temporal or spatial limitations, making 
education increasingly accessible and providing learners more auton

omy and independence (Adedoyin & Soykan, 2023).

One of the most intriguing and exciting aspects of some edtech tools 
is that they offer the opportunity to customize learning activities accord

ing to the needs of the learner, making it a more effective and efficient 
process (Martin et al., 2020; Bernacki et al., 2021). The presence of in

dividual differences in the classroom makes it impossible to develop an 
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instructional approach that fits all learners. Personalizing the learning 
process fosters equal opportunities for learners with different skill lev

els and backgrounds, a feat unattainable in a classic classroom setting 
where a one-siz-fits-all approach dominates. While the idea is not new 
(Skinner, 1958; Pressey, 1927), personalization has received consider

able attention in recent years (Li & Wong, 2023; Gligorea et al., 2023). 
This can partly be attributed to the notion of the 2-sigma effect (Bloom, 
1984), which suggests that tailoring education to the needs of individual 
learners can significantly enhance learning outcomes. Additionally, the 
surge in technological advancements allowed for more efficient ways of 
personalizing the learning process.

A notable challenge faced in online learning environments (OLEs) is 
the phenomenon of high drop-out rates. Various studies have reported 
that in online courses completion rates are as low as 10% (Gütl et al., 
2014; Eriksson et al., 2017). Numerous factors have been identfied as 
possible causes, including demographic variations, academic experience 
and behavioral and psychological factors such as low motivation (Lee 
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& Choi, 2011; Shaikh & Asif, 2022; Hachey et al., 2023; Karsen et al., 
2023). Among these, lack of engagement has emerged as a prominent 
cause of drop-out (Schaeffer & Konetes, 2010; Wang et al., 2023b). As 
such, developing a successful OLE brings with it the challenge to keep 
the learner engaged and motivated. A key element in achieving this goal 
is to ensure that learners are provided with tasks that challenge their 
abilities, while also fostering a sense of capability (Jeno et al., 2023; 
Guay, 2022; Bureau et al., 2022; Kaya & Ercag, 2023). Adaptivity can 
be a powerful tool in that respect, as it allows us to personalize the OLE 
to the needs of the learner. For example, by employing adaptive item 
selection, learners are provided with items that align with their specific 
ability levels, thus ensuring an optimal level of difficulty (ten Broeke et 
al., 2021; Wang et al., 2023a).

1.1. Computerized adaptive practice framework

Implementing adaptive item selection in an online learning system 
allows addressing individual differences in ability levels and learning 
paths. Students are no longer guided through the learning content in 
the same manner, but instead are presented with items tailored to their 
own experience. The value of adaptive item selection in a learning con

text finds support in various educational theories. Vygotsky’s theoretical 
framework concerning the zone of proximal development (ZPD) posits 
that presenting learners with tasks slightly beyond their current level of 
ability not only facilitates optimal learning but also helps maintain an 
equilibrium between challenge and frustration (Vygotsky & Cole, 1978).

This balance of challenge and affect is also underscored by the flow 
theory by Csikszentmihalyi (2013) and the self-determination theory 
(SDT) by Deci and Ryan (2004, 2013). To cultivate a sense of com

petence in learners, it is imperative that learning items neither pose 
excessive difficulty nor lack challenge. This assertion also aligns with 
expertise learning principles and the concept of deliberate practice pro

posed by Ericsson et al. (1993).

To implement adaptive item selection, a certain student model is 
needed. Student models form the foundation for personalization in 
OLEs, since they are tasked with representing the student as accurate 
as possible, allowing for the identfication and comprehension of their 
individual needs (Pelánek, 2017; Eglington & Pavlik, 2023). In the con

text of adaptive item selection, the primary emphasis of student models 
lies in monitoring the ability or skill levels of individuals (Klinkenberg 
et al., 2011). The estimation of this ability or skill level is generally 
based on their pattern of correct and incorrect responses on the previ

ously presented items. However, it is worth noting that these models can 
be tailored to measure various learner characteristics, extending beyond 
the sole focus on tracking abilities (Chrysafiadi & Virvou, 2013).

Throughout the years, numerous student models have been devel

oped to measure ability levels (Pelánek, 2017). Notable examples in

clude Bayesian knowledge tracing (BKT) (Corbett & Anderson, 1994), 
performance factor analysis (PFA) (Pavlik et al., 2009) and different 
models in the item response theory (IRT) (Van der Linden & Hambleton, 
2016) framework. However, since most of these methods encounter lim

itations when implemented in large scale learning environments, rating 
systems, especially the Elo rating system (ERS) (Elo, 1978) has known 
widespread application (Kandemir et al., 2024; Klinkenberg et al., 2011; 
Papousek et al., 2014; Pelánek, 2016; Mangaroska et al., 2019; Ooge et 
al., 2024; Zhang et al., 2023).

One implementation of adaptive item selection is made in the Com

puterized adaptive practice (CAP) framework (Klinkenberg et al., 2011). 
CAP draws inspiration from computerized adaptive testing (CAT) (Mei

jer & Nering, 1999) where the aim is to improve the efficiency of testing 
by strategically selecting the most informative items for an individual. 
Selecting the most informative items at each point in the assessment 
allows for an equally accurate ability estimation as obtained through 
standardized testing, albeit in a more time-e˙icient manner. In contrast, 
CAP employs adaptive item selection to foster learner motivation and 
encourage ongoing engagement with the learning environment.

Adaptive item selection is a crucial aspect in both CAT and CAP. 
However, it is important to acknowledge that the application of the CAT 
framework to a learning environment is not a straightforward process 
due to various reasons (Klinkenberg et al., 2011). First, to select the most 
informative items, it is imperative that item difficulties are known. Tra

ditionally, in the CAT framework, this is achieved by calibrating the 
item bank using standardized tests (Kingsbury, 2009). In the context of 
learning environments, this becomes unattainable due to the extensive 
number of items needed (in our case ∼160,000 items). Second, CAT op

erates optimally when items are presented with a 50% probability of 
being answered correct (Eggen & Verschoor, 2006). However, within a 
learning setting, this probability is considered too low to foster motiva

tion. For this reason, it is customary in CAP to set the success rate at .75 
or higher. Third, in CAT, it is assumed that there is no learning. This as

sumption is problematic in dynamic learning environments where the 
ability of individuals is expected to evolve and change over time. As 
such, a CAP framework requires an estimation technique that can be 
used for both item and ability parameters, and is able to track changes 
in the parameters over time.

1.2. On-th-fly estimation of item and learner parameters

The ERS shares its underlying measurement model with the Rasch 
model (Rasch, 1960), which serves as a student model relating observed 
data to the measurement of underlying (latent) person abilities. In the 
Rasch model, the probability of a correct observed response is modeled 
by a logistic function based on the difference between the person ability 
(𝜃𝑝) and the item difficulty (𝛿𝑖):

ℙ
(
𝑋𝑝𝑖 = 𝑥𝑝𝑖 ∣ 𝜃𝑝, 𝛿𝑖

)
=

exp
(
𝜃𝑝 − 𝛿𝑖

)
1 + exp

(
𝜃𝑝 − 𝛿𝑖

) . (1)

In a learning context, the system needs to track the ability of a learner 
and adjust subsequent item selection accordingly, taking into account 
newly acquired information. On the item side, new data provides infor

mation about the relative difficulty of the items, resulting in a reordering 
of items in the item bank. This self-learning element allows to launch 
the OLE while some key model parameters will be tuned while data is 
being collected.

Hence, it is essential that the model parameters (learner ability and 
item difficulty) are updated as data comes in. As first introduced by 
Klinkenberg et al. (2011) and further described by Pelánek (2016) the 
ERS provides a way of achieving that objective. The ERS was originally 
introduced to track the rating of chess players (player vs player system) 
(Elo, 1978). Klinkenberg et al. (2011) extended the ERS system to a 
player vs item system, using the ERS updating rule on both the learner 
and the items side:

𝜃𝑡
𝑝
= 𝜃𝑡−1

𝑝
+(𝑆𝑝𝑖 − 𝔼(𝑆𝑝𝑖)) ,

𝛿𝑡
𝑖
= 𝛿𝑡−1

𝑖
−(𝑆𝑝𝑖 − 𝔼(𝑆𝑝𝑖)) ,

(2)

where 𝑆 is the observed score (correct or incorrect), 𝔼(𝑆) is the expected 
score that follows from the Rasch model, and 𝐾 is the K-factor that de

termines the weight of the new data on the estimation of the model 
parameters (modeling the bias-variance trade-off). Since the ERS allows 
updating item parameters, there is no need for pre-calibration of the 
item bank, which due to the large amount of items needed in a learning 
environment would become unattainable. A personalized system reacts 
to what it observes. By relying on a combination of the ERS and a scoring 
rule, the CAP framework is able to estimate the parameters on the fly and 
provide adaptivity in terms of item selection. The application of estab

lished measurement frameworks, such as Item Response Theory (IRT), 
enables the creation of sophisticated learning environments. These tools 
provide a reliable means of explaining and interpreting measurement 
outcomes, a feature that is not always guaranteed with certain artficial 
intelligence techniques. (Gligorea et al., 2023; Fiok et al., 2022).
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Fig. 1. Visualization of the Math Garden learning environment. 

2. Aim of the paper

While the ERS has been successfully implemented in OLEs, its ba

sic form is not suited to deal with several obstacles. Klinkenberg et al. 
(2011) presented extensions to the basic ERS algorithm as implemented 
in a CAP framework. We believe that in the spirit of open science Edtech 
companies should publish their algorithms allowing for transparency 
and accountability. As such, the general motivation of this paper is 
to present further methodological advances of an ERS based adaptive 
learning algorithm that allows to solve common problems encountered 
in an ERS system based OLE. More specific, we present three important 
updates: (1) a student model that follows from the new fixed penalty 
scoring rule; (2) a way of ensuring the identfication of the item bank 
in systems where item parameters are updated while data come in and 
(3) a way of defining rating uncertainty, allowing person parameters to 
change when they should. These implementations aim to enhance the 
performance and the accuracy of the ERS. Accurate ratings are essen

tial for the process of adaptive item selection, as they ensure students 
are presented with items of optimal difficulty. Phenomena such as item 
drift can affect the accuracy of ratings, significantly ifluencing item 
selection. By incorporating a well-defined speed-accuracy model and 
considering uncertainty, our approach ensures that the system maxi

mizes the utility of the available data. This leads to faster convergence, 
which is particularly crucial at the beginning of the rating estimation 
process to prevent student drop-out.

2.1. Prowise learn

A successful implementation of the CAP framework are the Prowise 
Learn learning environment (Klinkenberg et al., 2011). Math Garden 
is the first of three different adaptive learning platforms launched in 
2008 (Fig. 1). Next to the Math Garden, the Language Sea (applica

tion for Dutch spelling and grammar learning (Vermeiren et al.)) and 
Words and Birds (application for Dutch to English learning) (Mulder 
et al., 2021) were launched. Originally, these systems were developed 
to collect learning data for fundamental research into cognitive (mathe

matical) development in an ecologically valid way (Straatemeier, 2014). 
The great popularity of the system in the Netherlands resulted in spin-off 
company (Oefenweb.nl, later Prowise Learn) aimed to further develop 
these systems. In total, these systems currently (2024-01-01) include 65 
active games, consisting of around 160.000 active items. The learning 
systems have about 40.000 unique players per week and collect about 
1 million daily responses.

As the primary objective of an adaptive OLE is the development of 
skills and abilities, it is crucial to engage in frequent and rigorous prac

tice to achieve prficiency. In order to maintain and enhance their cur

rent level of ability, learners need to frequently engage with the learning 
environment. To foster regular participation, all Prowise Learn learning 
environments employ gamfication strategies, which have been proven 
to prompt regular practice and support the creation of learning habits 

(Debeer et al., 2021; Chen & Liang, 2022; Zeybek & Saygı, 2024). The 
use of game-based elements is already apparent when a student opens 
the learning environment. Prowise Learn environments are character

ized by their unique landing pages, each tailored to a specific theme (in 
the case of Math Garden, this is a garden) where each game is repre

sented by an object according to this theme (plants). Displayed on their 
personal landing page are games that are recommended for the learn

ers, encompassing advice games or games intended to fufill learning 
objectives (Brinkhuis et al., 2020). Furthermore, the page includes new 
games or games handpicked by their teachers. Besides a student’s per

sonal landing page, the learning environment consists of subgardens that 
are organized according to subdomains such as basic operations (e.g. 
multiplication), patterns (e.g. completing sequences), and measurement 
(e.g., clock reading).

Upon selecting a game, learners will be presented with a sequence 
of 10 exercises, after which they will be redirected to the landing page. 
Before every game, learners can change the difficulty level they are play

ing at. The Prowise Learn environments provide three difficulty settings: 
easy, moderate and difficult (Jansen et al., 2016). These settings corre

spond to different probabilities of answering the item correctly, with 
the easy setting having a 90% probability of success, the moderate set

ting having a 75% probability, and the difficult setting having a 60% 
probability. It should be noted that the implementation of higher suc

cess rates inevitably leads to a loss of valuable information concerning 
the items. By incorporating response times, the Prowise learning envi

ronments aims to mitigate this concern (Klinkenberg et al., 2011).

While learners are practicing their skills by playing various games, 
coins can be collected. The number of coins a learner receives depends 
on several things: 1) how long it takes them to answer an item (the faster 
they are, the more coins they receive, that is if they answer correctly), 
2) what difficulty level they are playing on (the higher the difficulty 
level, the more coins), and 3) what game they are playing (learners are 
rewarded for playing advice games). In case children absolutely do not 
know the answer, they also are given the option to select a question 
mark button, (Savi et al., 2018) in which case they do not receive coins. 
To keep track of their progress, a learner’s ability can be found both on 
their growing card and in their gardens. Ability levels are represented 
by a score from 0 to 1000 (q-scores) that represent how well learners do 
with respect to their peers (e.g. someone at the end of grade 3 should 
have a score of around 300).

The Prowise Learn environments implement governing strategies 
both on the item and the games level. Governing strategies are meant 
to guide the students through the learning environment without teacher 
supervision. Guided by the national curriculum, and depending on the 
grade of the student, initially only a subset of games is available. Once 
a student reaches a certain level in these games, the more advanced do

mains can be unlocked. The main principles to guide learners to different 
domains is (1) the suitability of the game for the specific grade, (2) the 
amount of practice on the specific game, (3) the relative performance of 
the learner on this game compared to other domains, and lastly (4) it is 
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ensured that domains are not recycled each day (Brinkhuis et al., 2020). 
This is done to prevent that learners are too often confronted with their 
weakest domains, which might affect their motivation to continue prac

ticing. These governing strategies ensure that children play the games 
on which they can show progress, either because scores are lower com

pared to other learners or because they score lower on this domain given 
their scores on other domains.

3. Updates to the student model and the ERS

In the last ten years have not only the number of games and disci

plines that are offered in Prowise Learn increased, under the hood also 
several improvements of the adaptive algorithm have taken place. In 
this section, we will discuss three of those updates. First, we discuss an 
update to the scoring rule that ifluences the observed and expected 
score. Second, we discuss an update to the process by which we update 
the item parameter estimates. Third, we discuss an update to the cal

culation of the K-factor values. We first will briefly discuss the initial 
cofiguration in the case of the scoring rule and the K-factor (for a more 
thorough discussion we refer the reader to the paper by Klinkenberg et 
al. (2011)), next we explain why the development of these three fea

ture was advisable and the solution that was implemented, followed by 
a discussion of the effects of this change on the system.

3.1. Fixed penalty scoring rule

To keep learners motivated, in CAP items are selected with a success 
rate higher than 50%. As described in Klinkenberg et al. (2011) re

sponse times can then provide valuable additional information about the 
learner’s ability and therefore using this information allows for quicker 
parameter convergence. However, how accuracy and response time in

formation should be combined, is a long debate in psychological testing 
(Maris & Van der Maas, 2012; Van der Linden, 2007; Vandierendonck, 
2021). Traditionally, in psychometrics, the focus is on one of the two 
while the other is ignored. Another option is the use of models that aim 
to model the speed-accuracy trade-off (Van der Linden, 2007; Ranger 
& Kuhn, 2012; Molenaar et al., 2015; Rouder et al., 2015; Heathcote & 
Matzke, 2022). However, these models do not provide information on 
how the learners should weigh the importance of their response time. In 
the Prowise Learn systems, this is solved by adopting an explicit scoring 
rule approach, where learners are informed about how response times 
ifluence their scores by the remaining coins that can be won by pro

viding a correct response. The observed score S in (2) is now no longer 
0 or 1 but instead calculated based on a scoring rule that includes time. 
Initially, the high-speed-high-stakes (HSHS) scoring rule as described 
by Maris and Van der Maas (2012) was implemented. This rule results 
in high stakes (win or loose) for quick responses, and is given by the 
function:

𝑆⋆
𝑝𝑖
= (2𝑥𝑝𝑖 − 1)(𝑑𝑖 − 𝑡𝑝𝑖) . (3)

It can be seen in Equation (3) that 𝑆⋆
𝑝𝑖

, the observed score on item 𝑖
by person 𝑝, is a function of 𝑥𝑝𝑖, the accuracy of the response on item 
𝑖 by person 𝑝; 𝑑𝑖, the time limit for item 𝑖; and 𝑡𝑝𝑖 the response time. 
For our convenience the time parameters are scaled, specifically, we set 
𝑑𝑖 = 1, and let 𝑡𝑝𝑖 fall within the range [0,1], such that it represents 
the proportion of the time limit on item 𝑖 taken by person 𝑝 to give a 
response. Fig. 2 gives a visual representation of this scoring rule.

Naturally, the goal of this scoring rule was to prevent fast guessing 
and stimulate careful consideration of the response instead. In order to 
stimulate children to behave according to this scoring rule we intro

duced a system where within a session an amount of digital currency 
(coins) was rewarded relative to the observed score, e.g., quick correct 
responses would result in high gain, whereas a quick incorrect response 
would result in a high loss. At the end of a session, the number of accu

mulated coins in this session would be awarded to the child, and they 
could then use this currency to buy prizes from a digital prize cabinet. 

Fig. 2. Visualization of how the HSHS and the FP scoring rules relate to each 
other for a deadline of 20 seconds. For the FP scoring rule a fixed penalty of 2 
coins is implemented.

From this scoring rule a measurement model can be derived if we assume 
that 

∑
𝑝 𝑆

⋆
𝑝𝑖

is a sufficient statistic for the item difficulty, 
∑

𝑖 𝑆
⋆
𝑝𝑖

a suf

ficient statistic for person ability and item responses are conditionally 
independent. Given these assumptions, the joint density for response 
time and response accuracy can be formulated, from which the expected 
score for the HSHS rule can be derived (Maris & Van der Maas, 2012):

𝔼(𝑆⋆
𝑝𝑖
) =

exp (2(𝜃𝑝 − 𝛿𝑖)) + 1
exp (2(𝜃𝑝 − 𝛿𝑖)) − 1

− 1 
𝜃𝑝 − 𝛿𝑖

. (4)

From an educational standpoint, it might be difficult to justify the 
high penalty that occurs for quick incorrect responses. Specifically, we 
assumed that because the observed score is directly tied to the reward 
learners received in the form of coins, they will behave according to the 
scoring rule. However, we received negative feedback by schools and 
teachers, who informed us that students had an aversion for the high 
penalty for fast incorrect answers. Literature corroborates the undesired 
effect of negative feedback on learning and motivation (Van Duijvenvo

orde et al., 2008; Mercer & Gulseren, 2024). Furthermore, as can be 
seen in Fig. 4 the response time data for incorrect responses under the 
old rule does not fit the model.

Hence, in 2019 we developed a new scoring rule, the fixed-penalty 
(FP) scoring rule, which introduces the fixed domain penalty [𝜌𝑔 ∈
[0,1]] and has the following form:

𝑆𝑝𝑖 = 𝑥𝑝𝑖
(
𝑑𝑖 − 𝑡𝑝𝑖

)
−
(
1 − 𝑥𝑝𝑖

)
𝜌𝑔 (5)

Fig. 2 illustrates this new scoring rule with a fixed penalty for negative 
scores. A comparison of the initial HSHS scoring rule with score 𝑆⋆

𝑝𝑖
and 

the FP scoring rule with score 𝑆𝑝𝑖 shows that for the correct response, 
both scoring rules result in the same score (𝑑𝑖 - 𝑡𝑝𝑖). However, whereas 
an incorrect response in the HSHS scoring rule resulted in a score of 
𝑡𝑖𝑗 − 𝑑𝑖, in the new scoring rule the score for an incorrect response is no 
longer dependent on the response time, but instead constant and equal 
to −𝜌𝑔 , the fixed penalty for domain 𝑔. This penalty parameter is set 
for each domain and determines the proportion of the scaled time limit, 
that is given as a penalty for an incorrect response. 

The new FP rule gives the following formula for the expected score:

𝔼(𝑆𝑝𝑖) =
−𝜌𝑔𝜗2𝑝𝑖 exp (−𝜌𝑔𝜗𝑝𝑖) + (𝜗𝑝𝑖 − 1) exp (𝜗𝑝𝑖) + 1

𝜗𝑝𝑖(exp (𝜗𝑝𝑖) − 1 + 𝜗𝑝𝑖 exp (−𝜌𝑔𝜗𝑝𝑖))
(6)

with 𝜗𝑝𝑖 = 𝜃𝑝 − 𝛿𝑖, the difference of the ability of the person (𝜃𝑝) and the 
difficulty of the item (𝛿𝑖). For the derivation, see Appendix A.

In practice, we generally have set 𝜌𝑔 = .1, such that the score for 
an incorrect response becomes −.1 and the number of coins a learner 
would lose from their session total for an incorrect response would also 
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Fig. 3. Distribution of the reaction times for correct and incorrect answers for 
both rules.

be equal to 10% of the maximum reward for a correct response. To 
illustrate the difference between the scoring rules, we take the situation 
in which the time limit of an item was 20 seconds, and the learner gave 
an incorrect response after 8 seconds. For the initial HSHS scoring rule 
this would result in a score of −.6 and they would lose .6 × 20 = 12
coins from their session total, for the FP scoring rule the learner would 
however only loose .1×20 = 2 coins from their session total. Hence, only 
in cases where 𝑥𝑝𝑖 = 0 and 𝑡𝑝𝑖∕𝑑𝑖 > (1 − 𝜌𝑔) will we find that 𝑆⋆

𝑝𝑖
> 𝑆𝑝𝑖.

Naturally, the goal of this scoring rule is still to stimulate careful con

sideration of the response instead. However, by not penalizing incorrect 
responses inversely to response time, we aimed to ensure that children 
do not become demotivated by incorrect responses, as these are an inte

gral part of any learning process. One could argue against this new rule 
by pointing out that not punishing fast incorrect responses, might incen

tivize fast guessing. However, Fig. 3 shows that no difference is found in 
the RT distribution for the HSHS and the FP rule. Implementing a fixed 
penalty thus does not prompt learners to give faster incorrect responses. 
For this figure, random samples from person item interactions in the ad

dition game were selected. Both for the old and the new rule 1.000.000 
responses were sampled resulting in data from 100854 unique players.

Secondly, Fig. 4 shows that the FP rule provides a better fit of the re

sponse times compared to the HSHS scoring rule. For Fig. 4 two datasets 
from the addition game were used, one from when the HSHS rule was in 
place, and another more recent dataset under the new FP rule. Data was 
selected for items of all difficulty settings. Model expectations (black 
lines) were plotted to examine the fit of the obtained data (colored 
lines) to the models of the scoring rule. It is clear that for the old rule, 
especially the data for incorrect responses deviates from the expected 
pattern. According to the model, response time should increase with 𝜗𝑝𝑖 . 
In other words, for incorrect answers, the model expects that a higher 
𝜗𝑝𝑖 results in more deliberate answers and thus slower response times. 
However, the data indicates the opposite pattern, with higher 𝜗𝑝𝑖 result

ing in faster response times.

Data from the new rule shows a better fit for incorrect answers and 
a slightly better fit for the correct answers to the model. For both the 
old and the new rule, in general those with a higher 𝜗𝑝𝑖 have a faster re

sponse time for incorrect responses. In other words, those with a higher 
probability of answering correct display faster reaction times. Note that 
for the old rule, the effect of ability on reaction time is in the opposite 
direction than what the model predicts. The HSHS rule expects those 
with higher 𝜗𝑝𝑖 to longer consider their answers when unsure about the 
correct answer. For the FP rule, the model predicts no effect of 𝜗𝑝𝑖 on re

action time. While the data shows some divergence from this prediction, 
the FP rule shows a better fit to the data than the HSHS rule. A possible 
reason for the phenomenon that those with higher 𝜗𝑝𝑖 give faster incor

rect answers, is that for those students, incorrect answers result from 
careless mistakes rather than a lack of comprehension.

The fact that the distribution of reaction times for incorrect responses 
remains unchanged, along with improved fit of the new rule to the data, 
provides additional justfication for the new rule which was initially 
adopted for pedagogical objectives.

Fig. 4. Fit of the data gathered under the scoring rules to the expected reaction 
time for correct and incorrect answers according to the models of the scoring 
rules. Black dotted lines represent the model predictions.

Fig. 5. Visualization of the effect of the paired updates algorithm on item drift. 
Black line indicates the evolution of the average item rating. Blue dots indicate 
the evolution of one single user.

3.2. Fixing drift in the item parameters

To bypass item calibration, item difficulty is estimated in real time as 
data comes in. However, with the implementation of the initial version 
of the ERS we encountered problems of rating drift. In hindsight, this 
is to be expected when the ERS is implemented in learning systems. 
As in IRT scales, some kind of anchoring is required (Sinharay et al., 
2011). As can be seen in (2), in applying the ERS, when learners answer 
an item correct their ability estimates increase by the same amount that 
the item difficulty estimate decreases. As such, when learners learn, they 
take rating points from items, resulting in decreasing items ratings over 
time. Fig. 5 show this drift in one of the Prowise Learn games. In a 
period of two years, the average item rating drops from 5 to -4. This item 
drift results in model identfication issues and thereby in difficulties of 
parameter interpretation.

While item drift does not impact the comparison and ranking of 
the learners and items at one point in time, including adaptive item 
selection, it poses a problem for comparison of ratings over time. Fur

thermore, item bank drift can have negative effects on item selection 
for learners that have not been active in the system for a considerable 
period. The item bank has deviated from its original state, resulting in 
the misrepresentation of item difficulty ratings, with items appearing to 
be less challenging than they truly are. As a result, when these learners 
again enter the system, they will be confronted with items that are too 
difficult given their ability levels. For example, the blue dots refer to the 
rating of a single learner. In this case, the learner’s rating decrease fol

lows the average item ratings, hence it appears the learner gets worse 
over time.

To solve the problem of rating drift we introduced paired item up

dates. Instead of updating an item rating after each response, we update 
items in pairs according to the following rule.



Computers and Education: Artificial Intelligence 8 (2025) 100376

6

H. Vermeiren, J. Kruis, M. Bolsinova et al. 

Fig. 6. Trade-off between fast convergence and stable estimates for low and high K values. 
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))) (7)

where the change in rating 𝜅 is a function of the difference between 
the observed and expected score on two items 𝑖 and 𝑗 administered in 
succession, each weighed by their respective K-factors.

If a learner wins from an item (taking some rating points of that item) 
we only update the item if the same learner also lost from the previous 
item within the same session, or vice versa. By keeping this time win

dow restricted to successive items in the same session, we ensure that 
these changes can be made under the assumption of stable true ability. 
If there is a match, we update both items with the average change, one 
upward and one downward. This approach fixes the average item rat

ing at each moment in time at the cost of not always updating the item 
ratings. In Prowise Learn in about 35% of the responses, the rating gets 
updated, however due to the large scale of the learning environment 
this is not problematic. By fixing the item bank in this way, it allows for 
a direct interpretation of changes in learner ratings, caused by learning 
(or forgetting). The effect of implementing paired item updates is appar

ent in Fig. 5, as from 2011 on, item ratings stabilize and the learner’s 
ability rating increase again.

3.3. Ensuring parameter changes, when they are needed

The K-factor () is a critical parameter in adaptive algorithms that 
determines the weight of parameter changes. Its importance lies in the 
fact that it regulates the extent to which the algorithm adapts to chang

ing data. A small value of  implies slow adaptation, while a large value 
of  leads to fast and potentially unstable adaptation. A correct K-factor 
ensures that the rating approaches to the ability level at an appropriate 
rate (Fig. 6). Having reliable ratings for a learner in an adaptive sys

tem is really important in order to keep the motivation to play high. If 
a learner continuously gets administered items that are inappropriate 
for their ability level, they will become bored (underestimated ability) 
or demotivated (overestimated ability) while playing. When the current 
estimate of a learner’s ability is no longer correct and the K-factor is too 
low, the rating will move in the direction of the true ability level very 
slowly, and the learner will not receive appropriate feedback about their 
progress. On the other hand, if the K-factor is too high, the rating will 
overshoot. Therefore, choosing an appropriate K-factor is critical to opti

mizing algorithm performance. This is especially important when a new 

learner enters the system and there is little or no data available about 
their ability level, which is known as the cold-start problem. The ini

tial rating assigned to a learner is generally not representative of their 
ability level, and in this situation, the K-factor becomes particularly im

portant to ensure that the learner is as soon as possible presented with 
appropriate items.

In the initial cofiguration of the Prowise Learn environments, the 
K-factor values for a learner 𝑝 and item 𝑖 were specfied in the following 
way (Klinkenberg et al., 2011):

𝑝 =(
1 ++

𝑖
𝑖 −−

𝑝
𝑝

)
𝑖 =(

1 ++
𝑝
𝑝 −−

𝑖
𝑖

)
,

(8)

with 𝐾 the default value if there is no uncertainty, 𝑝 and 𝑖, the rating 
uncertainty of the learner and item, each weighted by their own (fixed) 
K-factor, + and −.1

These weights ensured that changes to the person K-factor are more 
strongly ifluenced by person rating uncertainty, and changes to the 
item K-factor would be more strongly ifluenced by the item rating 
uncertainty. Rating uncertainty is a measure of the uncertainty in es

timating the student’s skill level (or the item difficulty). A high rating 
uncertainty indicates that the student’s ability or item’s difficulty is un

certain, and the K-factor should be set to a higher value to allow for 
more significant changes in the rating as the administration of items 
progresses. In contrast, a low rating uncertainty indicates that there is 
more certainty about the student’s ability or item’s difficulty, and the 
K-factor should be set to a lower value to avoid ove-fitting the model 
to the student’s performance on a few items. In the initial cofiguration 
of the Prowise Learn environments, rating uncertainty was a function of 
the number of administrations and the days of not playing (𝐷):

 𝑡 = 𝑡−1 − 1 
40

+ 1 
30

𝐷 (9)

From this expression it can be seen that, with an initial value of  =
1, it takes 40 administrations for uncertainty to go to 0, and it would 
go back to 1 after not playing for 30 days. For example, if a student 
has only completed a few exercises, there will be more uncertainty in 
estimating their skill level, and a higher K-factor would be appropriate. 

1 The initial cofiguration of the Prowise Learn systems used + = 4 and − =
0.5.
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As the student completes more items and their skill level becomes more 
certain, the K-factor can be reduced to prevent ove-fitting. However, if 
a student has not played for a long time, it is still possible that there has 
been some change in their ability, and hence we want to quickly be able 
to pick up on this change and get their rating estimate to the ‘real’ rating 
as soon as possible. The rating uncertainty function is based on how 
rating deviation is implemented in the Glicko rating system (Glickman, 
1999).

While this implementation of rating uncertainty is certainly intuitive, 
it has one drawback, namely that the change in rating uncertainty is 
completely independent of the performance of the learner on the task, 
and only focuses on the number of administrations. As such, if the start 
rating of a learner is very far from the true rating, by the time 40 items 
have been administered the estimated rating can still be far from the 
true rating. In addition, even if a student is absent for a short period of 
time, their ability could have changed, which will be rflected in their 
performance. For example, if a student practices an ability outside the 
learning environment for two days, the increase in the value of the K

factor might be too small to keep track of the change in their ability.

An approach to rating uncertainty that addresses the limitations of 
the previous method is to base the rating uncertainty on the difference 
between observed and expected response behavior. This method takes 
into account the learner’s performance on the task and adjusts the rat

ing uncertainty based on their response behavior and is therefore an 
indication of the trend in their data. As such, we no longer speak of an 
uncertainty parameter but a trend parameter 𝑇 . If a learner’s response 
behavior is consistent with their current estimated rating, this indicates 
the absence of trend in the data and the trend parameter will get closer 
to 0, indicating that their true rating is likely to be close to their esti

mated rating. Conversely, if a learner’s response behavior is inconsistent 
with their estimated rating, this indicates a trend in the ratings and the 
absolute value of the trend parameter will get closer to 1, indicating 
that their true rating is likely to be further from the estimated rating. In 
2008, we implemented such a formulation of a rating trend in Prowise 
Learn in the following way:

 𝑡 = (1 − 𝛼)  𝑡−1 + 𝛼 sgn
(
𝑆𝑡
𝑝𝑖
− 𝔼(𝑆𝑡

𝑝𝑖
)
)

(10)

In this new equation, the hyperparameter 𝛼 dictates the speed by 
which  𝑡 adapts to new information. Furthermore,  𝑡 now takes values 
between -1 and 1 representing whether the learner scores more above 
or below expectation given their current rating estimate. This rating 
trend value is then plugged in for the calculation of the K-factor in the 
following way:

𝑡
𝑝
=max(−

𝑝
, | 𝑡

𝑝
|𝜆) +𝑠(𝑛𝑝 ≤ 20)

𝑡
𝑖
=max(−

𝑖
, | 𝑡

𝑖
|𝜆) (11)

In this expression for the K-factor, the hyperparameter 𝜆 shrinks the 
ifluence of  on , and restricts the range in which  consequently 
falls with −

𝑝
= .2 and −

𝑖
= .001. By adding a small constant (𝑠) to 

the K-factor on the first 20 administrations for a person, this method 
also addresses the cold start problem more effectively, as it can quickly 
adjust the rating trend based on the learner’s response behavior, and at 
the same time allows for bigger steps in the initial phase of the rating 
calibration. To determine the optimal hyperparameter values for the 
formulas in (10) and (11) an A/B test was set up in several games of 
Math Garden.

By basing the rating trend, and therefore also the K-factor, on the 
difference between the observed and expected response behavior, this 
approach ensures that ability rating will move faster towards the true 
ability level while also maintaining stable ratings. Fig. 7 and Fig. 8 visu

alize the functioning of the adaptive K-factor in two different scenarios. 
In Fig. 7 ability remains relatively constant over time as indicated by 
the constant alternation between positive and negative updates. As a 
result, the trend parameter alternates around the same value, keeping 
the K-factor constant at a low value. In this case .2 as this is the mini

mal value implemented in the environments for the K-factor of person 
updates (𝑝). In Fig. 8, however, ability undergoes more changes, es

pecially towards the end of the plot. This learner repeatedly achieves 
positive scores, indicating that the presented items might be too easy 
for them. The trend parameter rapidly reacts to this trend in the scores 
by increasing towards a value of 1. As a result of an increase in the trend 
parameter, the  value goes up, allowing larger updates to the ability 
ratings and thus faster convergence to the true rating. For a more in 
depth analysis on the effectiveness of an adaptive K-factor function in 
an Elo-based system, we refer to Vermeiren et al.

4. Discussion

The Prowise Learn environment relies on an Elo-based CAP frame

work to address individual differences of learners, by tailoring the con

tent to each learner’s unique skill level, such that children in the same 
grade or classroom can be presented with very different content. Ensur

ing the smooth functioning of the underlying system is crucial in order 
to facilitate an efficient learning process. CAP is aimed at personalizing 
the learning process by selecting items best suited for the learner based 
on their skill levels with the goal of optimizing the learning process. 
Matching the difficulty of items to the ability of the learner is believed 
to increase learner motivation and engagement. Increased motivation in 
turn is associated with better learning outcomes, for instance by encour

aging continued practice in the learning environment. To achieve this, 
CAP environments aim to present learners with items that are challeng

ing but still manageable. Specifically, a CAP implements a success rate 
of approximately .75. However, for this personalized item selection pro

cess to function effectively, the system must be able to provide accurate 
ratings for both the items and the learners. Inaccuracies as caused by 
some of the problems discussed in this paper could lead to a mismatch 
between the learner’s ability and the item difficulty, undermining the 
intended motivational benfits of the system. As such, implementing 
solutions that deal with problems such as item drift and the cold start 
problem is essential for a learning environment that aims to foster con

tinued engagement.

In this paper, we described several challenges that occur when im

plementing the ERS in a large scale learning environment, and which 
may affect the efficiency of the system. We describe psychometrical im

provements of the basis ERS algorithm to deal with these challenges: 
1) a fixed penalty scoring rule; 2) a way of ensuring the item bank is 
fixed in a system where item parameters are updated while data come 
in and 3) a way of ensuring person parameters to change when they 
should. For each, the initial version is described, as well why a change 
was needed and how the problems that occurred with the initial ver

sions were solved. In the spirit of open science in education, we give a 
detailed overview of the psychometrics underlying these innovations.

A scoring rule allows taking into account response time when deter

mining the score for an item. Leveraging reaction time provides more 
information about the ability of the learner, which is a valuable advan

tage in adaptive learning environments where we aim for higher success 
rates. Items with the highest item information are those with a 50% 
probability of answering the item correctly. In order to engage and mo

tivate learners, we often aim for a success rate of 75% or more, thereby 
losing valuable information. Incorporating reaction times allows pre

senting learners with easier items while still obtaining effective mea

surement. Initially, the prowise learning environments implemented the 
HSHS rule, which punishes fast incorrect responses, but rewards fast 
correct responses. The goal of this rule was to minimize guessing. The 
change of the scoring rule was not implemented to improve the accuracy 
of the rating system, but rather to directly ifluence the learner’s moti

vation. From teacher feedback, it became evident that the initial scoring 
rule had unintended effects on children’s motivation due to the large loss 
of coins when a fast incorrect answer is given. This large penalty created 
a demotivating experience, affecting the learner’s willingness to engage 
with the material. Hence, the FP penalty scoring rule, while less con
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Fig. 7. Visualization of the adaptive K function implemented in the Prowise Learn environments. 

Fig. 8. Visualization of the adaptive K function implemented in the Prowise Learn environments. 

venient due to a more complex expected score and item selection rule, 
is educationally more justfiable. Note that the solution described here 
is not the only way to incorporate both accuracy and reaction time to 
calculate an outcome score. The HSHS rule exhibits favorable properties 
and may yield fewer adverse effects from an educational point of view in 
older populations. Furthermore, an alternative approach is to separate 
the rating system and the reward system of the learning environment 
such that the HSHS rule can be used for the ratings, but learners are no 
longer confronted with a loss of coins when giving a fast incorrect an

swer. Other ways of modeling the speed-accuracy trade-off have been 
proposed (Coomans et al., 2016) and might be modfied to be educa

tionally more justfied.

As mentioned in the paper, the Prowise Learn environment imple

ments a paired rating update to deal with item drift. This form of item 
drift will always occur in an Elo-based learning system, as it is inher

ent to the functioning of the rating system. In general, students improve 
during their time in the learning system, resulting in an increase of their 
ratings over time at the expense of the item ratings. We show that on 
average, item ratings decrease over time if no measures are taken. As 
mentioned earlier, this can have unintended consequences for learners 
that have not been active in the learning environment for a while. The 
item bank has deviated from its original state, resulting in the misrep

resentation of item difficulty ratings, with items appearing to be less 
challenging than they truly are, leading to a mismatch between the dif

ficulty of the item and the current ability of the learner. The use of 
paired item updates is a simple but effective solution to this challenge. 
A drawback of this implementation is that the item ratings are updated 
less frequently. While this is not a problem in a large scale environment 
as Prowise Learn, in other instance this might pose problems. One op

tion is to implement paired updates using a queue approach. Instead of 
limiting the pairing to the item that came before it, in this setup items 

can be paired with any other item from a queue of non-updated items. 
Note that this can become computationally challenging in the ERS as 
not only the items need to be remembered by the system but also their 
update value.

One of the advantages of the CAP framework is that the systems 
learns the item parameters over time and those do not need to be pre

calibrated. However, continuously updating item parameters can have 
undesired effects, such as the item drift we explained earlier. Paired up

dates solve this general form of item drift inherent to the use of the ERS 
in a learning system. However, once in a while, a specific issues with the 
estimation of item difficulties still occurs. One such issue is item clus

tering. This is caused by learners relying on some strategy they learned 
to answer a specific kind of item. Employing these strategies typically 
yields correct responses for only a limited number of items, leading to 
a consistent decrease in rating for those items as they are repeatedly 
answered correctly. Conversely, the rating of the other items tends to 
increase since the strategy results in incorrect responses for these items. 
As a result, sets of items drift off from the rest of the item bank. Since the 
other items will become too difficult for some learners, they will never 
be exposed to them. Several courses of action are possible to tackle this. 
In the Prowise Learn environment, clustered items are tagged as mirror 
items. By implementing a certain ring length (the number of items be

fore a new item with the same label is presented) we avoid that learners 
are presented with similar items in sequence and thus discern a certain 
strategy that works for these items but not the others.

The last implementation we discussed is that of an adaptive K-factor 
that gets updated when data comes in. Allowing the K-factor to be rating 
sensitive, ensures that the size of the parameter updates is appropriate 
given the current trend in the data. A small value of  results in slow 
convergence of the ratings and is ill-suited to deal with changes in abil

ity (which characterizes a learning environment), while a large value of 
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 leads to faster convergence but unstable ratings. An adaptive K-factor 
that can alternate between high and low values ensures stable estimates 
when the ratings are approaching ability levels, but is still able to adjust 
rapidly to changing ability levels. As a result, implementing an adaptive 
K balances flexibility and stability. This ensures that the rating estimate 
converges to the true rating at an appropriate rate and allows the system 
to faster escape the cold start for new learners. The cold start problem 
arises in all student models due to the limited information available 
when a new learner enters the system. This lack of information can neg

atively impact learner motivation, as the system may select items that 
are not optimally matched to the learner’s abilities. In an ERS-based sys

tem with a fixed value for the K-factor, there is a trade-off between fast 
convergence, which may result in noisy and less reliable ratings, and 
slow convergence, which leads to more stable ratings. By implement

ing a dynamic K-factor approach, it becomes possible to achieve both 
fast convergence and stable ratings as well as closely track changes in 
the underlying abilities over time. Reliable ability ratings are the cor

nerstone of effective adaptation. If learners are continuously presented 
items that are too easy or too difficulty due to over or underestimation 
of their abilities, they will get demotivated to continue practicing and 
drop out.

While the described implementations solve some of the problems we 
encounter in online learning environments, we recognize that there are 
still aspects of the ERS that can be improved upon. One of these draw

backs is that the ERS does not provide a measure of error and therefore 
does not allow a measurement of the estimates accuracy. Urnings, a 
rating system recently proposed, bypasses this problem by ensuring a 
known binomial invariant distribution (Bolsinova et al., 2022a, 2022b; 
Hofman et al., 2020). Since the invariant distribution is known, it be

comes possible to calculate cofidence intervals for the ratings. As such, 
if the ratings are to be used in a more high stakes context such as as

sessment, this approach is more justfiable. Furthermore, Urnings also 
provides a solution for the variance iflation that occurs in ERS based 
learning environments. The iflation of the variance of the item ratings 
is ifluenced by a variety of things, such as success rate and the K-factor. 
By implementing a Metropolis-Hastings step, the Urnings algorithm al

lows remedying this. Research on possible ways this can be solved in 
the ERS is needed.

In addition, we illustrated that our proposal of a dynamic K-factor is 
able to track changes in the underlying ability levels. Further research is 
needed to compare this method with other methods such as the Glicko 
system as well as investigate its performance in other learning envi

ronments. However, given its simple, straightforward implementation 
we expect that our idea of a dynamic K-factor can benfit many other 
Elo-based learning environments that now work with fixed K-factors or 
uncertainty functions where the K-factor is in function of time. While our 
results show that the new scoring rule better fits the data of the students, 
further research might look into the effect on the students’ motivation 
to get a better grasp of the effect of the minimal loss students experience 
when answering an item wrong. One disadvantage of implementing a 
general scoring rule is that we are again viewing the learners as a homo

geneous group. Research is needed to investigate whether groups can be 
detected that respond differently to the scoring rule. Another possible fu

ture direction is expanding the scope of the ERS algorithm to encompass 
a multidimensional framework. Knowledge pertaining to one particular 
skill could potentially provide insights into other abilities, even if they 
are not actively being practiced at the given moment. Furthermore, a 
multidimensional framework can enhance learning by optimizing how 
users are navigated through the different games. At the moment, each 
game and as a consequence all its items are assumed to be unidimen

sional, implying that only a single skill is required to solve each item. 
However, the implementation of a within-item multidimensional ERS 
approach has the potential to yield improved and more accurate mea

surement (Park et al., 2019a).

This paper demonstrates that it is feasible to build a large scale on

line learning environment based on an autonomous system that acts 

independently to a certain degree. That is to say, the system learns the 
difficulties of items and based on a specfied item selection procedure 
selects an appropriate item for learners without the need for human 
intervention. This is achieved by implementing an intuitive algorithm, 
therefore maintaining transparency on how parameters values are ob

tained. The system delineated here tailors learning experiences to the 
unique needs of each learner, aiming to increase learning efficiency 
and effectiveness. By implementing governing strategies, we ensure that 
learners mostly play games where they can and should develop their 
ability at that time. Therefore, learners spend most of the time actu

ally playing a diverse set of games. Several psychometric improvements 
can be implemented that effectively address practical challenges, such 
as item drift and ensuring accurate estimates when ability levels fluc

tuate over time. Our results prove that the implemented improvements 
optimize the system by allowing for more dynamic tracking of the abil

ity levels of the students and preventing the item ratings from drifting. 
Both of these allow for more accurate item selection, a key factor in 
providing the students with a learning experience that both challenges 
and motivates them. All the challenges discussed here are not unique 
to the Prowise Learn environment, as such we outlined here three im

plementations that can easily be implemented in any Elo-based learning 
environment thereby improving its performance.

A well functioning system is not only important for a successful edu

cational application, but also makes the learning environment a valuable 
asset for scientific endeavors. Data from the Prowise Learn environment 
have been used in numerous research projects, ranging from improv

ing the underlying ERS algorithm and CAP framework (Coomans et 
al., 2016; Brinkhuis et al., 2018; Park et al., 2019b; Maris & Van der 
Maas, 2012; Savi et al., 2018) to research on language and mathematics 
learning (Hofman et al., 2018c; de Bree et al., 2017; van der Ven et al., 
2013, 2015; Hilz et al., 2023), as well as the effectiveness of adaptive 
item sequencing in terms of learning outcomes (ten Broeke et al., 2021; 
Jansen et al., 2013, 2016). Moreover, online learning environments as 
frequently used as Prowise Learn allow collecting extensive longitudinal 
data (e.g. learning analytics) including log data which make it feasible 
to study development (Brinkhuis et al., 2015; Braithwaite et al., 2016; 
Hofman et al., 2018a) as well as propose and assess new theories about 
the development of intelligence (Van Der Maas et al., 2006; Ou et al., 
2019; Hofman et al., 2018b). Log data can also be used to detect strategy 
use and anomalies, as well as help gain insight in error making (de Mooij 
et al., 2021). We believe the usefulness of the CAP data stems from the 
robustness of the underlying measurement model, which is comparable 
to a Rasch model.
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Appendix A. Derivation expected score FP rule

Just as for the HSHS scoring rule (Maris & Van der Maas, 2012), a 
model can be derived for the FP rule given some auxiliary assumptions.

First, a person’s answers to different items are assumed independent 
given their ability (conditional independence assumption):

⟂ ⟂𝑖(𝑥𝑝𝑖, 𝑡𝑝𝑖) ∣ 𝜃𝑝. (12)

Second, it is assumed that the score of a person is a sufficient statistic 
for their ability:

X𝑝,T𝑝⟂ ⟂𝜃𝑝 ∣
∑
𝑖 
𝑥𝑝𝑖

(
𝑑𝑖 − 𝑡𝑝𝑖

)
−
(
1 − 𝑥𝑝𝑖

)
𝜌𝑔, (13)

and the total score for an item is a sufficient statistic for the difficulty 
parameter (𝛿𝑖) of an item:

X𝑖,T𝑖⟂ ⟂𝛿𝑖 ∣
∑
𝑝 
𝑥𝑝𝑖

(
𝑑𝑖 − 𝑡𝑝𝑖

)
−
(
1 − 𝑥𝑝𝑖

)
𝜌𝑔. (14)

Following these assumptions and given the scoring rule,

𝑆(𝑥𝑝𝑖, 𝑡𝑝𝑖) = 𝑥𝑝𝑖
(
𝑑𝑖 − 𝑡𝑝𝑖

)
−
(
1 − 𝑥𝑝𝑖

)
𝜌𝑔, (15)

the joint distribution of response time and response accuracy is of the 
following form:

𝑓 (𝑥𝑝𝑖, 𝑡𝑝𝑖 ∣ 𝜃𝑝, 𝛿𝑖) =
exp(𝑆(𝑥𝑝𝑖, 𝑡𝑝𝑖)𝜗𝑝𝑖) 

∫ 𝑑

0
∑0

𝑥=1 exp(𝑆(𝑥𝑝𝑖, 𝑡𝑝𝑖)𝜗𝑝𝑖)𝑑𝑡
, (16)

which derives to the following equation:

𝑓 (𝑥𝑝𝑖, 𝑡𝑝𝑖 ∣ 𝜃𝑝, 𝛿𝑖) =
𝜗𝑝𝑖 exp

((
𝑥𝑝𝑖

(
𝑑𝑖 − 𝑡𝑝𝑖

)
−
(
1 − 𝑥𝑝𝑖

)
𝜌𝑔
)
𝜗𝑝𝑖

)
exp

(
𝜗𝑝𝑖𝑑𝑖

)
− 1 + 𝜗𝑝𝑖𝑑𝑖 exp

(
−𝜌𝑔𝜗𝑝𝑖

) . (17)

Given this joint distribution, the expected score (𝔼(𝑆𝑝𝑖)) can be ex

pressed as follows:

𝔼(𝑆𝑝𝑖) =

𝑑

∫
0 

1 ∑
𝑥=0

(
𝑥
(
𝑑𝑖 − 𝑡

)
− (1 − 𝑥)𝜌𝑔

)
𝑓
(
𝑥, 𝑡 ∣ 𝜃𝑝, 𝛿𝑖

)
𝑑𝑡 (18)

Solving this integral results in (6)

Appendix B. Consequences of the FP scoring rule

While this new scoring rule might be more appropriate from an edu

cational point of view, the properties that come with this change are less 
desirable. For one, the Rasch model is no longer the model for accuracy 
as is the case for the HSHS rule (Maris & Van der Maas, 2012):

𝑝(𝑥𝑝𝑖 = 1 ∣ 𝜗𝑝𝑖) =
exp (𝑑𝑖𝜗𝑝𝑖) − 1 

exp (𝑑𝑖𝜗𝑝𝑖) − 1 + 𝑑𝑖𝜗𝑝𝑖 exp (−𝑝𝜗𝑝𝑖)
. (19)

As such, ability is not independent of response accuracy given the num

ber of correct responses. Secondly, the expression for the expected score 
becomes much more convoluted:

𝔼(𝑆𝑝𝑖) =
−𝜌𝑔𝜗2𝑝𝑖 exp (−𝜌𝑔𝜗𝑝𝑖) + (𝜗𝑝𝑖 − 1) exp (𝜗𝑝𝑖) + 1

𝜗𝑝𝑖(exp (𝜗𝑝𝑖) − 1 + 𝜗𝑝𝑖 exp (−𝜌𝑔𝜗𝑝𝑖))
. (20)

Furthermore, while the expected response time for a correct response 
remains identical to that of the initial HSHS scoring rule:

𝔼(𝑇 ∣ 𝑥 = 1) =
1 − (𝑑𝑖𝜗𝑝𝑖 + 1) exp (−𝑑𝑖𝜗𝑝𝑖)

𝜗𝑝𝑖(1 − exp (−𝑑𝑖𝜗𝑝𝑖)) 
, (21)

for an incorrect response we find that the expression for the expected 
response time is only dependent on the item time limit:

𝔼(𝑇 ∣ 𝑥 = 0) =
𝑑𝑖

2 
. (22)

The FP scoring rule does not make predictions about response times 
for incorrect responses given ability levels. In other words, the distribu

tion of expected scores for the FP rule is uniform. As such, the response 
time for incorrect answers has no ifluence on ability estimation. If an 
answer is incorrect, 𝑆𝑝𝑖 equals the fixed penalty 𝜌𝑔 . However, because 
expected response time has no ifluence on the parameter estimates, the 
effect on the system performance is negligible.

A final drawback of the switch to the FP scoring rule is that the item 
selection procedure becomes more complex in comparison to the initial 
HSHS scoring rule. In the system, items are normally selected with a 
difficulty such that on average a learner has an expected probability of 
.75 to give the correct response and the reward for a correct response is 
equal to the score (𝑆𝑝𝑖). To select a new item, the system calculates the 
item difficulty value that makes the expected probability of a correct 
response—based on the learner’s ability—equal to a target probability. 
This target probability is randomly sampled from a normal distribution 
centered around the chosen difficulty level with a small standard devi

ation. If we let 𝑃 denote the target probability correct, for the initial 
HSHS scoring rule, the expression for the corresponding item difficulty, 
the target delta 𝛿𝑖, is given by:

𝛿𝑖 = 𝜃𝑝 + log
( 1 
𝑃

− 1
)

(23)

This is a fairly straightforward expression that is easily computed, 
after which the system selects the least played item from the 10 items 
with item difficulties closest to the target delta (𝛿). For the new FP scor

ing rule a simple analytical solution does not exist as the target value for 
the item difficulties will depend on the penalty. Specifically, the target 
delta in the FP system can be expressed as:

𝛿𝑖 = 𝜃𝑝 + log
( 1 
𝑃

− 1
)
− 𝜏𝜌 (24)

That is, to get the target item difficulty in the new system we need to 
subtract some penalty dependent constant (𝜏𝜌) to the expression from 
Equation (23). The specific values for 𝜏𝜌 in the case of an expected prob

ability correct of .75 are illustrated in Fig. 9. From this figure can be seen 
that in the usual case of 𝜌 = .1 we would find that 𝜏𝜌 ≈ 0.546, which 
means that we would have to select an item with a lower value of 𝛿
in the FP scoring rule compared to the HSHS scoring rule, to get the 
expected probability correct of .75.

As there exists no analytical solution for obtaining 𝜏𝜌 , a practical 
solution to implement this would be to numerically approximate it for 
the finite number of penalties used in the system and store these in a 
database that the system can query and use together with Equation (24)

whenever a new item has to be selected.

Data availability

R scripts with analysis are available on GitHub at 
https://github.com/HankeVermeiren/Psychometrics-of-an-Elo-based-

Large-Scale-Online-Learning-System. Data from the Prowise Learn en

vironments are not publicly shared, but access can be requested by 
contacting the last author.

https://github.com/HankeVermeiren/Psychometrics-of-an-Elo-based-Large-Scale-Online-Learning-System
https://github.com/HankeVermeiren/Psychometrics-of-an-Elo-based-Large-Scale-Online-Learning-System
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Fig. 9. Visualization of the penalty dependent constant (𝜏𝜌) required to obtain items for an expected probability correct of .75 with the FP scoring rule. 
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