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Numerical Fresnel diffraction is broadly used in optics and holography in particular. So far, it has been imple-
mented using convolutional approaches, spatial convolutions, or the fast Fourier transform. We propose a new
way, to our knowledge, of computing Fresnel diffraction using Gabor frames and chirplets. Contrary to previous
techniques, the algorithm has linear-time complexity, does not exhibit aliasing, does not need zero padding, has
no constraints on changing shift/resolution/pixel pitch between source and destination planes, and works at any
propagation distance. We provide theoretical and numerical analyses, detail the algorithm, and report simulation
results with an accelerated GPU implementation. This algorithm may serve as a basis for more flexible, faster, and

memory-efficient computer-generated holography methods.
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1. INTRODUCTION

The numerical implementation of Fresnel diffraction is widely
used in optics [1], especially in holography [2,3]. It can effi-
ciently calculate how the wavefield propagates over space, form-
ing the backbone of many applications in computer-generated
holography [4] and holographic microscopy [5].

Currently, numerical Fresnel diffraction can be said to come
in two main forms. The spatial domain form computes Fresnel
diffraction directly as a spatial convolution. The first method is
highly flexible and efficient for small distances, used for tech-
niques such as lookup table methods [6,7], layer-based meth-
ods [8], and methods related to the wavefront recording plane
method [9,10]. However, it does not scale well for larger propa-
gation distances and may exhibit some artifacts as a result of the
finite-sized zone plate.

The other main form uses the frequency domain. This com-
putes diffraction as a convolution via Fourier space, which is
more efficient than the spatial domain approach for larger distan-
ces. However, it is inherently less flexible, often only working for
certain propagation distance ranges, needs zero padding, can re-
sult in aliasing for some distances, may need multiple fast Fourier
transforms (FFTs), and requires extensions whenever there are
differences in resolution, pixel pitch, or lateral position between
the source and destination planes. That is why they come in
many variants, such as shifted Fresnel diffraction [11] or alias-
ing-reduced Fresnel diffraction [12]. Recent approaches also sup-
port more flexible angular spectrum methods, including efficient
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off-axis diffraction algorithms [13,14], scalable angular spectrum
models [15], and the homeomorphic Fourier transform [16], but
do not resolve all of the aforementioned limitations.

We propose a novel approach for computing Fresnel diffrac-
tion using Gabor frames. Because the point-spread function
(PSF) is sparse in Gabor space, we can achieve linear computa-
tional complexity independently of propagation distance for
any signal [17]. The transfer function exhibits both properties
from spatial and frequency domain methods. Because of the
analytical derivations, the method has inherently no limitations
w.Lt. the parameters of the source and destination planes; any
combination of pixel pitches, resolutions, and propagation dis-
tances is supported. The method requires no zero-padding.
Because of its phase-space-based modeling, it is more flexible
for integration with computer-generated holography (CGH)
algorithms relying on, e.g., ray tracing [18] or ray-wavefront
conversion [19].

This summarizes our specific contributions:

* we derive an analytical model for Fresnel diffraction with
chirplets and Gabor frames;

* we utilize this to devise an algorithm for calculating ac-
curate discrete Fresnel diffraction with freely chosen
parameters;

* we propose an efficient approximation for high-speed al-
gorithm evaluation, leading to a linear complexity algorithm;

* the method is implemented on GPU with C++/CUDA

and compared to conventional algorithms;
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e multiple experiments are performed, analyzing the PSF
shape and measuring the computation speed and numerical
accuracy.

The remainder of this paper is organized as follows. In
Section 2, we introduce the theory for numerical diffraction,
phase space, and frames and derive an analytical model using
chirplets for Fresnel diffraction with Gabor frames. Section 3
details the proposed algorithm and details an efficient approxi-
mation for fast implementations. The algorithm is evaluated in
Section 4, covering the PSF analysis, comparing the accuracy
with different Fresnel diffraction algorithms, and for different
parameters. Finally, we conclude and discuss future work in
Section 5.

2. THEORY

A. Fresnel Diffraction

The Fresnel diffraction operator expresses the propagation of a
wavefield from a source plane z = z; to a parallel destination
plane z = z,. The continuous Fresnel integral is given by [1]

ei/ea' +oo
Uy = // U(E i)

ik
e (g (-8 + (- '1)2)) dédn, (1)

where 7 is the imaginary unit, d = z, - 21, £ = % is the wave-
number with wavelength 4, and U is the complex-valued wave-
field. Note that the Fresnel diffraction operator is separable
along x and y. This means we can only consider the operation
along x, giving us

00 ik
Ulx; 2y) = /+ U(é‘;zl)eXP(zﬂ, (x—f)z)dé‘

_ / wa(g;zl)/C(x _8)de, @
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where C(-) is the Fresnel convolution kernel. We ignore the
leading constant for simplicity, which does not affect our
calculations.

1. Fresnel Diffraction in the Spatial Domain

This integral can be computed numerically in the spatial do-
main by means of a spatial convolution. However, one should
not discretize the integral expression in a straightforward way,
since this would lead to aliasing. K(-) has a well-defined unique
instantaneous frequency v in every point (provided the
assumption of stationary instantaneous phase [20]), given by

W) = 5 L0) = 5o @

where £(-) is the phase function (or angle, “complex” argu-
ment). This instantaneous frequency may exceed the
Nyquist rate of the sampled signal, especially for short propa-
gation distances 4. This can be addressed by only evaluating
K(-) in the region where |v(x)| < é, i.e., by staying below
the Nyquist limit, and setting it to zero otherwise. Note that
p is the pixel pitch of the hologram. See Ref. [21] for a more
general discussion on the shape of the masking region.
Formally, we can use
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where I(-) is the rectangular function and * is the convolution
operator. The spatial convolution algorithm has an O(#?) com-
plexity and is thus generally unsuitable for efficiently modeling
diffraction. Although the complexity is generally high, the PSF
support will be limited for short distances 4, leading to fast run
times that can surpass frequency domain algorithms. This has
been leveraged, e.g., in Ref. [9]. Conversely, a very small & will
result in a PSF with a tiny number of samples, leading to larger
errors. In addition, the sharp transition to zero will cause ring-
ing artifacts.

2. Fresnel Diffraction in the Frequency Domain

The second main class of techniques computes the Fresnel
transform in the frequency domain with the FFT. For this, the
Fresnel kernel is expressed analytically in Fourier space as

in id&
o =rikemi = Feo(5) @

using the Fourier transform F{-} so that we can compute the
convolution as

Uxs2y) = FUF{U(x:21)1K(6)}. (6)

The main advantage of this approach is the O(nlog 7) compu-
tational complexity, independently of the parameters of /C(-).
This form is mainly used for long-distance propagation with
pixel pitch preservation, i.e., the pixel pitches of the source
and destination planes match. It is one of the most widely used
approaches for computing Fresnel diffraction. Other variants
exist using one or three FFT's, where the pixel pitch may change
as a function of 4 [22].

However, several considerations must be made when com-
puting the discrete version of the Fresnel diffraction operator in
the frequency domain. Aliasing can occur for large distances &
and zero padding is required. The frequency domain approach
is less flexible than the spatial domain convolution whenever
there are differences in the sampling pitch p and the number
of samples between the source and destination planes or when-
ever there is a lateral offset. To this end, several extensions have
been proposed to (partially) address these limitations, as men-
tioned in the introduction [11,12,23]. Multiple shifted prop-
agations can be used whenever the destination plane resolution
is a whole multiple of the source plane, but this cannot effi-
ciently calculate arbitrary resolution changes.

We propose a third way for encoding Fresnel diffraction,
relying on a joint space-frequency (or time-frequency) repre-
sentation, also known as the Wigner transform or phase space.

B. Phase Space Modeling of Fresnel Diffraction

One important way of finding a suitable signal representation is
the notion of sparsity; this is a concept in signal processing,
where a small number of coefficients can accurately represent
some class of signals in a well-chosen transform space. This
property is useful for many applications, such as data
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compression, filtering, compressed sensing, and accelerating
calculations. Classical signal analysis using the Fourier trans-
form for analyzing and representing many kinds of generally
non-stationary holograms tends to be suboptimal [24]. This
fact is apparent when looking at the PSF in Fresnel diffraction,
cf. Fig. 1(a): although the PSF can be dense simultaneously in
both spatial x and frequency v domains, it is sparse in
phase space.

We can generally model many paraxial diffraction opera-
tions as linear canonical transforms [25]. Many of these oper-
ations can be expressed as linear phase space transforms,
including the Fourier transform (as a 90° rotation), fractional
Fourier transform (arbitrary rotation), magnification (area-pre-
serving coordinate scaling), and, in particular, Fresnel diffrac-
tion (shearing). For a mathematically rigorous description of,
among others, reversible phase space transforms, we refer to
Refs. [26-29].

The shearing in phase space [cf. Fig. 1(b)] shows how
Fresnel diffraction is a very structured convolution operation
amenable to efficient modeling and processing beyond a pure
Fourier representation. One common reversible phase space
representation is the Wigner transform. As it is quadratic with
respect to the signal, it introduces cross-terms for any signal
that does not form a single straight line in phase space
[27,28,30]—such as holograms, which typically consist of a
superposition of millions of PSFs, encoded in phase space as
lines or sigmoids [20]. Furthermore, it is often highly overcom-
plete (typically requiring N? coefficients for an V-sample input
signal). It is thus not a suitable candidate to leverage the phase
space sparsity of holograms.

Therefore, we aim to select a better representation suitable
for efficiently and accurately modeling Fresnel diffraction for
any combination of propagation distances, lateral offsets, sam-
pling pitches, and wavelengths. This requires a representation
satisfying several requirements:

* locality or phase space compactness, to have most of the
signal energy concentrated over a small area in phase space, pro-
moting sparsity for arbitrary diffraction conditions;

frequency

o)
space

(a) (b)

Fig. 1. Phase space models of Fresnel diffraction. (a) Although a
PSF can be dense in space (x) and the frequency (v) domain, it is sparse
in phase space; it is color-coded using brightness for magnitude and
hue for phase. (b) Side-by-side comparison of how propagating light
will progressively shear over phase space. An example point is color-
coded red in phase space. (a) Phase space of a PSF. (b) Fresnel diffrac-
tion shears phase space.

o efficiently “tiling” phase space, representing any compli-
cated signal effectively with as few elements as possible;

e cfficient computation of the forward and inverse
transforms;

* being analytically and numerically compatible with
Fresnel diffraction, i.e., preserving the aforementioned proper-
ties after Fresnel diffraction over any distance;

* linearity with respect to the signal, to avoid cross-terms.

We argue that chirped Gabor frames are good candidates for
modeling Fresnel diffraction, which we will introduce in the
next section. This is because, locally, any hologram in the
Fresnel diffraction regime can be well approximated using

chirplets.

C. Chirplets

We define a chirplet as a function composing the exponential
function with a quadratic function with complex-valued coef-
ficients. Formally, we define the set of chirplets G as

G = {exp(at®> + pt + p)|a. .y € CAR(a) <0}, (7)

where we consider elements where the real part R(a) < 0 so
that they are square-integrable and tending to zero for
t — £o0. They can be viewed as an extension of Gaussians,
where the imaginary part of the coefficients S(a), (),
and S(y) are additional degrees of freedom, cf. Table 1.

Chirplets can be viewed as idealized chirped pulses with a
Gaussian envelope, cf. Fig. 2.

Because chirplets are an extension of Gaussians, they inherit
the optimality of Gaussian beam modes in that they are shape-
preserving, have a well-defined Fourier representation, and
spread minimally as they propagate. They can be viewed as
a wave-like extension of a ray bundle, similar to field tracing
[31], which are efficient generalizations for ray tracing in geo-
metric optics for numerical diffraction.

The set of chirplets G is closed under multiplications and
convolutions. Consider two chirplets # = exp(at® + bt + ¢),
ot = exp(at® + bt + ¢); we have that Vu, 22 € G,

w-in=exp((a+P+ G+ +(c+d)€g  (8)

and

Table 1. Relation between Chirplet Parameters and
Attributes

« p 4
R() Width Translation Scaling
S() Chirp Modulation Phase shift

Real part
Imaginary part
—Magnitude

Fig. 2. Chirplet example with a quadratically changing phase.
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are also part of G. In addition, chirplets can be integrated over R
analytically as follows:

B
Yu e G: / u(t)dr = \/:dexp( 4_a> (10)

This means we can freely multiply, convolve, or compute inner
products with chirplets, making them suitable basis functions.

The Fresnel convolution kernel K can be viewed as a
“degenerate” chirplet since it almost satisfies the condition of
belonging to G, except for having a purely imaginary o,
i.e., R(a) = 0 rather than R(a) < 0. This poses no problem
in practice because multiplying or convolving any proper chirp-
let with /C will still result in a chirplet. Formally,

VueGu-KeGAruxKeqg, (11)

following immediately from Eqs. (8) and (9), seamlessly inte-
grating Fresnel diffraction with chirplets. For notational sim-
plicity, we will define K = exp(iKx?), where K =
dimensionless constant closely related to the Fresnel number.

Suppose we would like to express the relationship between
the signals in the parallel input and output planes, spaced
by a distance d, respectively represented with chirplets. For
any u = exp(at + bt +¢) in the input plane and # =
exp(at? + bt +?) the output plane; we can now directly ex-
press the relationship of their coefficients with the inner
product

Wlsa

(i1, ux IC)
_ / ") - G K (9 de
P ( 1ab* + ab? + (b-b)* )
= exp| -~ — — +c+c |,
Vaa~+ K(a+a) 4 an+K(a+2)
(12)

where the overbar is the complex conjugate operation. In ad-
dition to this mapping, one should be able to represent arbi-
trary signals with a collection of chirplets. This can be achieved
with Gabor frames, which provide a mathematical framework
for a reversible, linear, and local transform.

D. Gabor Frames

Frames generalize vector space bases to sets that may be linearly
dependent, providing a redundant and stable representation of
a signal [29,32]. Although an “overcomplete” basis means that
the number of transform coefficients will be larger than the
number of input samples to ensure reversibility, this allows
for more flexibility in designing the transform properties.
Formally, a family of vectors {(pj}M in a separable Hilbert
space ‘H is called a frame for 'H if there exist constants
0 < A < B < o such that [32]
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For every frame {q)]} - ,» there exists a canonical dual frame
{(p]} > satisfying
M

M
VheH, (ho)o;=> (oo,  (14)

j=1 J=1

namely, serving as an inverse operator.

We will focus on a particular class of frames: stationary
Gabor systems. Such a Gabor frame can be represented as a
lattice (2, n) € Z? in phase space, expressing a collection of
translations 7" and modulations M of a window g:

{Mma Tnbg}m,nez’ (1 5)

where 4,6 > 0 are fixed, and the operators T, and M 4 oper-
ating on some f € H are defined as

(T,f)x) = f(x-p) and M:(M,f)(x) = AT (x).
(16)

Many windows g are admissible, but they usually are chosen to
be symmetric, with a maximum in the middle and tapering
away from the center, e.g., rectangular windows, B-spline win-
dows, or Hann windows, among many others. We chose a
Gaussian window g to be compatible with chirplets. Only val-
ues for # and & where 2b < 1 are admissible. Otherwise, the
phase space lattice becomes too “sparse,” making inversion
impossible. As the lattice gets denser for smaller values of
ab, the dual window ¢ for the canonical dual frame gets increas-
ingly compact and regular; see Fig. 3. This causes a trade-off
between the number of basis functions and their efﬁcient com-
putability. In practice, oversampling factors of =% ~3 (or
ab =32 =0.75) provide sufficiently regular dual windows,
which is superior to the 2x oversampling factor required for
the zero-padding in frequency-domain-based Fresnel diffrac-
tion. In other words, the memory requirements of the proposed
Gabor diffraction algorithm are lower than that of conven-
tional Fresnel diffraction, only needing an ~33% increase of
coefficients in the intermediate representation as opposed to
the memory doubling required for zero-padding for frequency
domain Fresnel diffraction.

Since Gaussian Gabor frame elements are special cases of
chirplets [with (a) = 0], we have all the ingredients to
express Fresnel diffraction directly via the Gabor transform

N Jo

(a)ab = 0.5 (b) ab = 0.625
(c)ab = 0.75 (d)ab=1

Fig. 3. Examples of canonical dual windows for different values of
ab, computed for a discrete signal with NV = 1024 samples and 64
modulations.
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instead of the spatial or frequency domain. The practical meth-
odology will be explained in the next section.

3. METHODOLOGY

A. Implementation

The methodology for Fresnel diffraction of Gabor frames is
summarized in Fig. 4. The general approach is similar in spirit
to the frequency domain Fresnel transform, but instead of
going back and forth with FFTs and applying operations in
Fourier space, we use the Gabor transform.

First, we can independently process the rows and columns of
the input hologram since the Fresnel transform is separable
along x and y. This can also be done in parallel to accelerate
the calculations. Every row and column are transformed into an
invertible linear combination of chirplets; this is achieved by
using the Gabor transform with the dual frame. Then, these
chirplets are transformed using the analytical mapping ex-
pressed in Eq. (12); how this can be achieved in practice is elab-
orated in Section 3.B. The resulting Gabor coefficients now
describe the hologram in the destination plane. We obtain
the output hologram after a final inverse Gabor transform using
the dual frame again.

We use the dual frame twice in the forward and inverse
Gabor transforms. This is because the analytical mapping is ex-
pressed using chirplets with a Gaussian window, requiring ini-
tial coefficients obtained with the dual frame rather than the
standard frame. This means we can use the same (precom-
puted) dual window for both transform parts.

The Gabor transform can be computed with a freely select-
able number of modulations, independent of the sample count
n, making it a transform of linear complexity. What remains to
be done is to find a linear-complexity implementation of the
analytical chirplet mapping given by Eq. (12), resulting in
O(n) complexity Fresnel diffraction.

B. Chirplet’s Region of Influence in Phase Space

Although the mapping would indicate at first glance a relation-
ship exists between all input and output coefficients, this map-
ping transformation is sparse: the large majority of mappings
will be near-zero and thus negligible. Note that this is indepen-
dent of the input signal, which does not have to be sparse.
Suppose that we have # = exp(-s(x - 5)* + imx) as the input
chirplet and % = exp(-5(x - 5)? + ifx) as the output chirplet.
Namely, the support is encoded by (s,5), the translation by

Input Gabor space

Input hologram

Gabor transform
with dual frame

—_—
Analytical
chirplet mapping

Research Article

(8,8), and the modulation by (m,m). From Eq. (12), we
can see that the inner product is characterized by an exponen-
tial function of the chirplet parameters. The magnitude will
thus only be affected by the real part of the expression within
the exponential, that is,

R(log(is, u % K)) o« E(B, M) = (4K>(s 4 5)* + 45282) !
(K2(s + 5) (4555 - 8)* + (m - m)?)
+ S(4K (m5 + ms) (5 - 8) + m*s + 7)),
(17)

as we can ignore the leading constant since it will remain con-
stant for varying 6 or 7. The function £(8, 772) is concave every-
where since we have

d? 2K25(s +5)
& = _K—2(5+§)2 FRer: <0 (18)
and
d? K2(s +5) + 552
= , 1
dn? W2 0 (19)

meaning that the mapping has a unique maximum in phase
space and will quickly decay to zero everywhere else. In other
words, every input chirplet will only significantly affect a small
number of output chirplets, thereby enabling efficient numeri-
cal implementations.

The location of this phase space maximum is highly
structured across chirplets. This can be deduced from the linear
canonical transform model previously discussed in Section 2.B,
expressing the Fresnel diffraction as a phase space shear. This
principle is illustrated in Fig. 5.

This means one can accurately compute the value of an out-
put Gabor coefficient by only considering a small sheared
neighborhood in the appropriate location in phase space cor-
responding to a few input Gabor coefficients. The size of this
¥ x @ region-of-interest (ROI) neighborhood can be chosen
based on the user’s computational complexity versus speed
requirements.

Consider the source and destination plane represented by
the discrete Gabor transform with A/ modulations and 7" trans-
lations. Suppose that we want to compute a particular destina-
tion Gabor coefficient with coordinates (z,, m,), where
ty €40, .., T -1} and my €{0, .., M -1}. Given the

Output Gabor space

Output hologram

Inverse Gabor
transform with
dual frame

Fig. 4. Summary of the proposed Fresnel transform pipeline. Every row and column can be processed independently thanks to the separability of
the Fresnel transform. Using the dual window, we obtain a structured collection of chirplets forming a Gabor frame. These are transformed to obtain
the target Gabor coefficients, after which the resulting signal can be retrieved with an inverse Gabor transform. Reprinted from Fig. 20 in Ref. [33].
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(a) (b)

Fig. 5. Approximate Gabor coefficient mapping for fast Fresnel dif-
fraction. The diagrams depict the discrete Gabor coefficients, showing
translations along the x-axis and modulations along the v-axis, color-
coded using brightness for magnitude and hue for phase. The example
hologram (a) is an idealized Gaussian-modulated random diffuser
placed a few cm from the hologram plane, brought into focus in
(b). The coefficient in (b) marked by a “+” sign is calculated using
only the highlighted five rows of five coefficients in (a), chosen to best
align with the parallelogram-shaped region. (a) Source Gabor space.
(b) Destination Gabor space.

chosen size y x @ of the ROI, which source Gabor coefficient
array coordinates (z,, 7,) will have the highest contributions?

We observe that the shear is purely horizontal since the
Fresnel transform is an all-pass filter. This indicates that the
most relevant source frequencies will be centered around
my. We let m, vary in the range of

mje{{md—gJ,..., Lmd—l—%J}, (20)

where |-] is the floor operator (rounding down). For each row
m,, we have a different spatial displacement matching the phase
space shear. The shearing displacement for that row is given by

s =7[(%_ 5)
: KMT °

where 7" is the number of translations so that we only consider
source Gabor coefficient coordinates in that row satisfying

t,e{{td—i—s:—%-‘,..., {tﬂ,—i-sj—i-%—l-‘}, (22)

where |.] is the rounding operator. In this case, we treat co-
efficients for coordinates outside the source Gabor coefficient
array as zero. Experiments measuring the impact of this method
are reported in Section 4.D.

(21)

4. EXPERIMENTS

We will cover multiple aspects of the newly proposed propa-
gation algorithm for the experiments section. We will look at
the properties of the PSF, test the propagation operator on a
sample image, and measure the computation speed and
accuracy.

A. Analysis of the Point-Spread Function

As discussed in Section 2.A and Ref. [1], the continuous Fresnel
kernel K(x) = exp(iKx*) cannot be straightforwardly discre-
tized. Different approaches can be taken depending on
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assumptions made about sampling conditions, propagation dis-
tance, wavelength, and desired signal properties.

For this experiment, we examine the PSF resulting from a
single point at a distance of 4 = 25 mm from a one-dimen-
sional 1024-sample hologram with pixel pitch p = 6 pm
and wavelength of 4 = 633 nm. Three different algorithms
were tested, cf. Fig. 6: the spatial domain method using
Eq. (4), the proposed Gabor domain method, and the fre-
quency domain method using Eq. (6) with zero padding.

The spatial domain method exactly matches C(x) in the
valid (i.e., nonaliased) region but goes sharply to zero, which
will cause visual artifacts, especially apparent at edges (see also
Section 4.B). The frequency domain method will smoothly
drop toward zero in the spatial domain, being defined every-
where over the hologram. However, it will not match K(x) pre-
cisely in the spatial domain, showing highly oscillatory small
perturbations, so-called ringing, especially in the low-frequency
regions of the signal. The frequency domain method will also
become less accurate at long distances due to the required band-
pass filtering [12]. The proposed method combines good prop-
erties from the spatial and frequency methods. In the middle of
the PSF corresponding to low frequencies, the signal exactly
matches /C(x) like the spatial method. As we go outwards, there
is a transient region similar to the frequency method, but its
extent is smaller due to the locality of the Gabor frame; it will
drop faster and eventually become identically zero at larger dis-
tances, unlike the frequency domain method. Nonetheless, the
overall properties of the proposed PSF are closer to the FFT
version.

The desired properties of the discrete Fresnel diffraction op-
erator are partially controllable depending on the properties of
the Gabor frame, offering simultaneous accurate approxima-
tions to the PSF in the center for low frequencies and smooth
transients at the edges. This aspect is controllable depending on
the chosen space and frequency resolution of the Gabor trans-
form by altering the shape of the Gabor lattice expressed by the
number of translations 7" and modulations M.

B. Propagating Test Wavefronts

For this series of experiments, we compare the relative accuracy
of a propagated image for the three Fresnel diffraction methods:
the spatial domain, frequency domain, and proposed Gabor
domain method. We use the 1024 x 1024 pixels hologram de-
picting a bird, whose properties were set to p = 4 pm and
A =532 nm. We chose three different propagation distances
d =5, 10, 20 mm and compared the PSNR of the recon-
structions for the three methods in Table 2. Example recon-
structions are shown in Fig. 7.

This confirms that the methods are visually highly similar
but not identical due to the different PSF approximations. The
frequency domain method and the Gabor method are more
similar to each other, especially for shorter propagation distan-
ces, where the spatial method has a smaller PSF with fewer sam-
ples, leading to larger errors.

Another experiment we performed was to use different set-
tings for the source and destination holograms, demonstrating
the flexibility of the proposed algorithm. It can compute holo-
grams where the pixel pitch and hologram resolution are differ-
ent using off-axis propagation without any modifications or
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Fig. 6. DPlots of the PSF of the discrete Fresnel diffraction, showing the real and imaginary parts and the magnitude. (a), (b) Spatial domain
method, (), (d) proposed Gabor domain method, and (e), (f) frequency domain method. (a) Spatial domain Fresnel transform (real/imaginary).
(b) Spatial domain Fresnel transform (magnitude). (c) Gabor domain Fresnel transform (real/imaginary). (d) Gabor domain Fresnel transform
(magnitude). (¢) Frequency domain Fresnel transform (real/imaginary). (f) Frequency domain Fresnel transform (magnitude).

Table 2. Comparing the PSNR between Different Fresnel
Diffraction Methods as a Function of Propagation
Distance

PSNR (dB)
d Spatial versus Gabor versus Spatial versus
(mm) Gabor Frequency Frequency
5 33.6 68.3 33.6
10 40.4 67.3 40.4
20 44.6 63.8 44.6

zero-padding. We used a 1024 x 1024 pixels source hologram
with a pixel pitch of p,, = 4 pmand A = 532 nm, propagating
over a distance of 4 = 5 mm to a destination hologram with

a resolution of 1536 x 1536 pixels and a pixel pitch of

(b)

Fig. 7.

Poue = 5 Hm, with an addition lateral displacement of 200 pm
along x. This yielded a PSNR of 38.7 dB. The reconstructions
are shown in Fig. 8.

The frequency domain algorithms do not support arbitrary
changes in resolution. It is achievable with a spatial domain
algorithm; however, it will no longer be a conventional discrete
convolution, since the input samples have a different sampling
density than the output samples.

This flexibility means that it is possible to compute small
parts of the wavefield with any sampling density, allowing
for the efficient computation of particular regions of interest,
such as specific simulated viewpoints for holographic displays.
Since only a subset of the Gabor coefficients of the input holo-
gram is needed in that case, it may be possible to further accel-
erate the algorithm for view-dependent reconstructions by only
computing the relevant coefficients of the input hologram.

(d)

Side-by-side comparison of an example hologram propagated with different algorithms, at 4 = 5 mm. (a) The input hologram, followed

by multiple reconstructions, using (b) the spatial domain method, (¢) the proposed Gabor domain method, and (d) the frequency domain method.
Reprinted from Fig. 21 in Ref. [33]. (a) Input hologram. (b) Output (spatial domain). (c) Output (Gabor domain). (d) Output (frequency domain).
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(b) ()

Fig. 8. Example of scaled numerical diffraction with an offset and
resolution change. This is done with (b) the spatial domain approach
and (c) the proposed Gabor domain method. The figures depict the
holograms with correct relative sizes. (a) Source hologram.
(b) Destination hologram (spatial). (c) Destination hologram (Gabor).

-
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Fig. 9. Loglog plot of calculation time, comparing the reference

FFT-based Fresnel diffraction algorithm with the proposed algorithm

as the hologram resolution increases.

C. Measuring Calculation Speed

We implemented the proposed algorithm on GPU for the cal-
culation time experiments, comparing it to the frequency do-
main method utilizing the FFT. We used a machine with an
AMD Ryzen Threadripper PRO 5995WX CPU, 256 GB
RAM, NVIDIA RTX A6000 GPU, and a Windows 11 OS.
The code was implemented in C++20 with CUDA 12.1, en-
abling CUDA compute capability 8.6 and using 32-bit float-
ing-point precision.

We calculated the Fresnel diffraction operator of an
N x 512 pixels hologram, where N was a variable parameter.
The properties of the hologram were set to p =8 pm,
A =633 nm, and 4 = 1 cm. We set the ROI window size
for the proposed Gabor propagation algorithm to 5 x 5 coeffi-
cients. The results are graphed in Fig. 9.

The parameter N was varied from 2'° = 1024 up to
219 = 524,288, and the experiment was run 20 times for each
value of N, reporting average calculation time. The proposed
algorithm is consistently faster, reporting speed gain ratios ris-
ing from approximately 1.7x up to 2.0x for increasing N.
Although the FFT algorithm has O(nlog ) complexity, it is
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highly optimized and streamlined for GPUs, so exceeding it
is a challenge.

The computational advantage of our proposed O(#) com-
plexity algorithm should be more pronounced in highly
memory-bound environments (such as with FPGA or ASIC)
thanks to the phase space locality of the algorithm. It can
be more efficient when the output resolution is not an integer
multdiple of the input resolution. Efficient approximations of
the complex exponential and more sophisticated GPU imple-
mentations could also further extend the gap with FFT-based
algorithms.

Depending on the application’s precision and speed require-
ments, one should be careful what specific programming in-
structions are used for computing the different coefficients
[34,35]; this is especially important for lower-precision
fixed-point integer representations, which are beneficial for sig-
nificant further acceleration.

D. Quantifying the Impact of the Phase Space ROI

In this section, we evaluate the accuracy of the version of the
approximated method by varying the size of the ROI neighbor-
hood y x @ detailed in Section 3.B. We do this by computing
the PSNR of a random complex-valued signal with N = 512,
with hologram properties of p = 6 pm, 1 = 633 nm, and
d =1 cm. The results were compared with the reference,
non-approximated version of the algorithm. The results are re-
ported in Table 3.

These show that it is not useful to increase only y or @, as
the accuracy will eventually saturate. Rather, it is better to in-
crease both parameters since the magnitude appears to decay
radially like a Gaussian in phase space, confirming the appro-
priateness of the model derived in Egs. (18) and (19). Thus, the
PSNR will increase roughly proportionally to the ROl area for a
given ratio y x @.

5. CONCLUSION

We combine two of Dennis Gabor’s inventions, holography
and the Gabor transform, creating a novel method for numeri-
cal Fresnel diffraction. Different notions from signal processing
were brought together, such as sparsity, phase space, chirplets,
frames, and numerical Fresnel diffraction, resulting in a novel
mathematical model for the propagation of coherent wave-
fronts of light. The algorithm is shown to be faster than
FFT-based diffraction. Multiple experiments were performed,
analyzing the PSF shape and the algorithm’s speed and accuracy.

In future work, we aim to extend the algorithm to handle
propagation between arbitrarily oriented planes or surfaces.
These can be achieved with affine transformations of phase
space; as this requires non-uniform resampling of Fourier space
[24], extensions to the current chirplet algorithm model will be
needed. Furthermore, this could be generalized to represent ar-
bitrary 3D surfaces by a non-planar collection of chirplets that
can be propagated efficiently to the hologram plane. This could
contribute to various applications utilizing CGH, such as dif-
fractive simulations for waveguide-based displays and non-line-
of-sight imaging.

As an alternative Fresnel diffraction operator with a flexible
phase space mapping operator, the proposed method could be
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Table 3. Quantitative Assessment Using the PSNR?

(0]

x 1 2 3 4 5 6 7 8 9 10

1 12.0 12.7 13.3 13.3 13.3 13.3 13.3 13.3 13.3 13.3
2 15.4 17.6 19.7 19.7 19.6 19.6 19.6 19.6 19.6 19.6
3 18.1 22.7 29.4 29.7 29.6 29.6 29.6 29.6 29.6 29.6
4 18.7 24.5 36.8 39.1 39.9 39.9 39.9 39.9 39.9 39.9
5 18.6 24.5 40.1 46.9 52.3 52.5 52.5 52.5 52.5 52.5
6 18.6 24.4 40.6 49.0 64.0 68.1 68.4 68.4 68.4 68.4
7 18.6 24.4 40.6 49.0 66.2 78.1 84.2 84.8 84.8 84.8
8 18.6 24.4 40.6 49.0 66.3 79.2 92.8 103.5 103.5 103.5
9 18.6 24.4 40.6 49.0 66.3 79.2 93.2 120.8 127.6 128.8
10 18.6 24.4 40.6 49.0 66.3 79.2 93.2 121.7 133.6 158.1

“These show the PSNR of diffracting a random complex-valued 512-sample signal for various combinations of y and @ w.r.t. the non-approximated reference

method (expressed in dB).

integrated with iterative CGH algorithms, using Gerchberg-
Saxton or stochastic gradient descent, enabling the potential
for more selective iterative phase space updates.

Future work may also include optimizing the Gabor frame
parameters or utilizing more general frames and Gabor lattices.
We plan to investigate how to integrate this model with differ-
ent CGH algorithms, assess to what extent further optimiza-
tions are possible on GPU, and how suitable the algorithm
is for hardware implementations on FPGA or ASIC.
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