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Abstract

This paper proposes a novel hybrid FDTD method for solving the time-dependent Schrödinger equation,
which is fundamental for modeling materials and designing nanoscale devices. The wave function is propa-
gated on nonuniform grids by applying explicit updates in part of the grid and implicit updates elsewhere.
The latter are based on the Alternating-Direction Implicit (ADI) scheme while the former are constructed
with a central difference for the time derivative. A rigorous stability analysis proves that spatial steps can
be selectively removed from the stability criterion thus combining the unconditional stability of the ADI
scheme with fast explicit calculations. The scheme excels in its flexibility by efficiently discretizing and bal-
ancing explicit with implicit updates, as such expediting the computations. Moreover, it retains the linear
complexity of explicit schemes with respect to space and time, making it especially scalable to numerically
large problems. Several numerical experiments, including a laterally tunnel-coupled quantum wire and a
nanowire double-barrier resonant-tunneling diode, show the validity of the scheme by demonstrating its high
accuracy and decreased CPU time compared to traditional methods.

Keywords: Finite-difference time-domain (FDTD), Schrödinger equation, Stability, Nonuniform,
Alternating-direction hybrid implicit-explicit (ADHIE)

1. Introduction

Downscaling of electronic components has led to the study, design and manufacturing of a variety of new
nanoscale devices utilizing, as part of their design, quantum wires [1–7] or quantum waveguides [8–11], which
are made from highly promising recently developed materials [12–15]. To understand, model and design these
devices, it is imperative to solve the Schrödinger equation with numerical techniques since only a limited num-
ber of analytical solutions exist. The study of electron movement far from equilibrium or transient behavior
is best tackled by a time-domain method [16, 17], which solves the time-dependent Schrödinger equation.
Depending on the structure of interest, one can either solve the effective-mass Schrödinger equation [2, 5, 18]
or opt for an ab-initio method, such as Time-Dependent Density Functional Theory (TD-DFT) [19].

The finite-difference time-domain (FDTD) method is frequently applied to solve the Schrödinger equation
in the time domain. A multitude of different implementations exist, depending on the spatial discretization
and the time propagation, each having their strengths and weaknesses. Moreover, the FDTD method has
also been applied to various related equations such as the non-linear Schrödinger equation [20–26], the Gross-
Pitaevskii equations [27], and the stationary Schrödinger equation by performing a Wick rotation [28–31].
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One of the first time-integration methods applied to the Schrödinger equation, was the Crank-Nicolson (CN)
method [32, 33]. Because the method is unitary and stable independent of the time step, it is still widely
used to this day [5, 11, 34]. Unconditional stability comes at the cost of implicit time integration for which
a system of linear equations has to be solved at every iteration. In 1-D systems, this does not pose a large
restriction on its applicability because the linear system is tridiagonal and the number of operations to solve
this system scales linearly with its size. However, in 3-D, the system is not solved as easily and will not
scale linearly. This makes the CN method excessively slow, particularly for large systems.

Another frequently used implicit method is the alternating-direction implicit (ADI) method [35–37]. It
is an adaptation of the CN method that is also unconditionally stable but can instead retain the linear
complexity in 2-D and 3-D by solving multiple tridiagonal systems. It is thus better suited for tackling
large problems. Based on this method, various implementations exist that deal with the Schrödinger equa-
tion [22, 24, 38, 39].

Explicit methods, in which no linear system has to be solved whatsoever, scale linearly with the size of
the system and are ideally suited for large systems. In [40], the wave function at a particular point in time
is calculated from the wave function at two previous time values. While explicit methods do not involve the
solution of a linear system, they are limited by restrictions on the time step. Small spatial steps and high
potential energies lead to small time steps. However, it was recently shown that the potential energy surface
can be shifted to obtain a larger time step [41]. In [42], the wave function is split in its real and imaginary
parts, resulting in a leapfrog scheme. This method was shown in [41] to be mathematically equivalent to
the method in [40] but computationally more efficient and it has been extensively discussed [41–44]. The
method has been successfully applied to determine the eigenenergies, eigenfunctions and transmission prob-
ability through quantum structures [7, 45–47]. Generalizations of this method to higher-order accurate time
integrations and to N -particle systems were presented in [48] and [49], respectively.

The above methods are generally formulated on uniform grids, which are composed of identical rect-
angles or cuboids in 2-D or 3-D, respectively. In some cases, especially for multiscale geometries, it is not
necessary to have very small cells everywhere, but only where the potential surface is singular or exhibits
a large gradient. In those cases, it is advised to allow the grid to adapt to its environment [41, 50, 51],
instead of averaging the potential surface to accommodate the rigid grid [7]. The main advantage of such a
nonuniform discretization lies in the drastic reduction of spatial variables, while the main downside is that
the time step is still limited by the smallest spatial step. A scheme that allows nonuniform grids and is not
hindered by extremely small time steps or expensive calculations, is still unavailable.

In this paper, a new hybrid implicit-explicit (HIE) method for solving the linear time-dependent Schrödinger
equation on nonuniform grids is proposed. Whereas HIE methods have already been developed and applied
successfully for Maxwell’s equations [52–60], similar methods for the Schrödinger equation are still lacking.
The main difference between Maxwell’s equations and the Schrödinger equation to develop HIE methods
is that the Schrödinger equation has a second-order spatial derivative while Maxwell’s equations require
discretization of the curl operator. Moreover, the Schrödinger equation deals with a complex scalar wave
function while Maxwell’s equations describe real electric and magnetic vector fields. However, both for
Maxwell’s equations and the Schrödinger equation, HIE methods tailor the grid to the structure and lower
the number of spatial variables in regions of less interest. Implicit updates are applied to regions with small
spatial steps and explicit updates to the remainder, resulting in a HIE update scheme. The small spatial
steps in the implicitly updated region are removed from the stability criterion, drastically increasing the
time step and decreasing the computation time. This makes these techniques ideally suited to tackle highly
multiscale geometries. For the novel alternating-direction hybrid implicit-explicit (ADHIE) method for the
Schrödinger equation developed in this work, the desirable linear time complexity of an explicit update
scheme is retained, making it attractive for large problems and long-time propagation. The flexibility of
this scheme enables to optimize the simulation by balancing implicit with explicit updates, consequently
increasing both the accuracy and the efficiency compared to traditional schemes.
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Figure 1: A 2-D slice in the xy-plane of a representative grid with nx = ny = 5. The primary grid is black and the dual grid
is gray. The dual-grid steps are denoted by a star. The (nx − 1)(ny − 1) dots represent the discretized wave function, which is
defined on the vertices of the primary grid, excluding the edge of the grid.

In the following, Section 2 describes the spatial and temporal discretization resulting in the HIE scheme.
Section 3 derives how the scheme eliminates spatial steps from the stability criterion. The accuracy and
efficiency of the method is illustrated with several relevant and challenging examples in Section 4. Finally,
Section 5 highlights the most important results and presents some challenges expected in future research.

2. Discretization

In this section, we discuss the spatial and temporal discretization of the novel, advocated scheme. In
Sections 2.1 and 2.2, we first present the general spatial and temporal discretization scheme for the full
3-D case in matrix notation. This yields the most compact form and facilitates a rigorous stability analysis
(see Section 3). Moreover, it leads to a straightforward implementation through sparse matrices and sparse
linear algebra solvers included in, e.g., Matlab or Python. However, it offers only limited insight in the
actual calculations by the numerical scheme and it is also less used in the FDTD community. Therefore,
the numerical scheme for the 2-D case is written in more common expressions in Section 2.3.

2.1. Spatial discretization

The Schrödinger equation is spatially discretized as in [41] on a nonuniform tensor-product grid containing
nx × ny × nz rectangular cuboids. A slice in the xy-plane of a possible grid is represented in Fig. 1. The
spatial discretization of the time-dependent Schrödinger equation on this grid results in

~
∂

∂t
ψ = (T + V )ψ, (1)

where ψ is the row-major vectorized wave function with length n = (nx − 1)(ny − 1)(nz − 1),  is the
imaginary unit and ~ is the reduced Planck constant ~ = 6.582 119 6× 10−16 eV s. The potential matrix
V ∈ Rn×n is diagonal and contains the values of the potential energy on the vertices of the grid. The discrete
kinetic energy operator T ∈ Rn×n is defined as

T =
~2

2m

((
δ?x
−1DT

x δx
−1Dx

)
⊕
(
δ?y
−1DT

y δy
−1Dy

)
⊕
(
δ?z
−1DT

z δz
−1Dz

))
(2)

where m is the particle mass, ⊕ is the Kronecker sum, Du ∈ Rnu×(nu−1) is the discrete differentiator

Du =


−1
1 −1

. . .
. . .

1 −1
1


nu×(nu−1)

, (3)
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and δu and δ?u are diagonal matrices containing the nu primary and nu−1 dual grid steps in the u-direction,
respectively (u ∈ {x, y, z}).

2.2. Temporal discretization

The ADI method [22, 24, 39, 61] is modified and applied locally to the explicit update scheme in [41–
43, 45, 46]. Unlike existing ADI methods, the wave function ψ is split into its real part r and its imaginary
part s, which allows to combine explicit and implicit updates. The real and imaginary parts are staggered
in time and combined in x as

x|n =

[
r|n

s|n−1/2

]
, (4)

where the superscript denotes the temporal index. The resulting novel ADHIE scheme is[
G −∆νH
0 G

]
x|n+1 =

[
G 0

−∆νH G

]
x|n, (5)

where

G =
⊗

u∈{x,y,z}

(
Inu−1 +

∆ν

2
Su

)
, (6)

with ⊗ denoting the Kronecker product. The discretized Hamiltonian matrix is given by

H = Tx ⊕ Ty ⊕ Tz + V, (7)

∆ν is the normalized time step ∆ν = ∆t/~. The 1-D kinetic energy operator Tu and the implicitized 1-D
kinetic energy operator Su are defined as

Tu =
~2

2m

(
δ?u
−1DT

u δu
−1Du

)
, (8)

Su =
~2

2m

(
δ?u
−1DT

u δu
−1PuDu

)
, (9)

where Pu ∈ Rnu×nu is the diagonal projection matrix such that

[Pu]i,i =

{
0, if ∆ui yields an explicit contribution

1, if ∆ui yields an implicit contribution
, (10)

and In is the n× n unit matrix. Note that choosing [Pu]i,i = 0 for all u and i, produces the fully explicit
scheme of [41], whereas [Pu]i,i = 1 for all u and i leads to the fully implicit ADI scheme. In the novel
ADHIE scheme presented in this paper, [Pu]i,i is carefully chosen to reduce the overall computation time
whilst maintaining high accuracy. Similar to the Maxwellian technique [56], our novel Schrödinger tech-
nique is also a leapfrog scheme but instead of staggering the electric and magnetic fields in time, the real
and imaginary parts of the wave function are staggered. However, where both the real and imaginary parts
of the wave function are solved implicitly for the Schrödinger equation, only some components of the electric
and magnetic field are solved implicitly for Maxwell’s equations. Moreover, although the structure of (5)
looks very similar to the update scheme in [56], the occurring matrices are very different. For example, in
[56], the curl operator was split whereas here, the structure of the Laplacian operator is exploited.

To maintain the linear time complexity when inverting the matrix in the l.h.s. of (5), it is necessary to
exploit the structure of the matrices. This results in a multi-step method, similar to early ADI schemes for
Maxwell [54, 62]. However, unlike those schemes, the number of intermediate steps is equal to the number
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of implicitized dimensions. The update equations become:[(
Inx−1 +

∆ν

2
Sx

)
⊗ Iny−1 ⊗ Inz−1

]
s|(1) = −∆νHr|n (11)[

Inx−1 ⊗
(
Iny−1 +

∆ν

2
Sy

)
⊗ Inz−1

]
s|(2) = s|(1) (12)[

Inx−1 ⊗ Iny−1 ⊗
(
Inz−1 +

∆ν

2
Sz

)]
s|(3) = s|(2) (13)

s|n+1/2 = s|(3) + s|n−1/2 (14)

[(
Inx−1 +

∆ν

2
Sx

)
⊗ Iny−1 ⊗ Inz−1

]
r|(1) = ∆νHs|n+1/2 (15)[

Inx−1 ⊗
(
Iny−1 +

∆ν

2
Sy

)
⊗ Inz−1

]
r|(2) = r|(1) (16)[

Inx−1 ⊗ Iny−1 ⊗
(
Inz−1 +

∆ν

2
Sz

)]
r|(3) = r|(2) (17)

r|n+1 = r|(3) + r|n (18)

The matrices to be inverted are only nonzero on three of their diagonals and can, hence, be solved by the
tridiagonal matrix algorithm of order O(n) [63]. Even though the separation into real and imaginary parts
increases the number of update equations compared to the fully implicit Schrödinger method [24], our novel
ADHIE method does not require more storage or more floating-point operations, as no complex arithmetic
is required.

2.3. 2-D update equations in scalar notation

To elucidate the inner workings of the method, the 2-D case is now treated, adopting a more common
notation for FDTD. In the following update equations (19)–(24), the lower indices represent the spatial
indices, as explained in Fig. 1. The 2-D equivalent of (11)–(14) becomes in scalar notation:

s|(1)
i,j −

~∆t

4m

(
px|i+1

s|(1)
i+1,j − s|

(1)
i,j

∆xi+1∆x?i
− px|i

s|(1)
i,j − s|

(1)
i−1,j

∆x?i∆xi

)

=
~∆t

2m

(
r|ni+1,j − r|ni,j
∆xi+1∆x?i

−
r|ni,j − r|ni−1,j

∆x?i∆xi
+
r|ni,j+1 − r|ni,j
∆yj+1∆y?j

−
r|ni,j − r|ni,j−1

∆y?j∆yj

)
− ∆t

~
V |i,jr|ni,j ,

(19)

s|(2)
i,j −

~∆t

4m

(
py|j+1

s|(2)
i,j+1 − s|

(2)
i,j

∆yj+1∆y?j
− py|j

s|(2)
i,j − s|

(2)
i,j−1

∆y?j∆yj

)
= s|(1)

i,j , (20)

s|n+ 1
2

i,j = s|(2)
i,j + s|n−

1
2

i,j . (21)
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For (15)–(18) we get:

r|(1)
i,j −

~∆t

4m

(
px|i+1

r|(1)
i+1,j − r|

(1)
i,j

∆xi+1∆x?i
− px|i

r|(1)
i,j − r|

(1)
i−1,j

∆x?i∆xi

)

= −~∆t

2m

s|n+ 1
2

i+1,j − s|
n+ 1

2
i,j

∆xi+1∆x?i
−
s|n+ 1

2
i,j − s|n+ 1

2
i−1,j

∆x?i∆xi
+
s|n+ 1

2
i,j+1 − s|

n+ 1
2

i,j

∆yj+1∆y?j
−
s|n+ 1

2
i,j − s|n+ 1

2
i,j−1

∆y?j∆yj

+
∆t

~
V |i,js|

n+ 1
2

i,j ,

(22)

r|(2)
i,j −

~∆t

4m

(
py|j+1

r|(2)
i,j+1 − r|

(2)
i,j

∆yj+1∆y?j
− py|j

r|(2)
i,j − r|

(2)
i,j−1

∆y?j∆yj

)
= r|(1)

i,j , (23)

r|n+1
i,j = r|(2)

i,j + r|ni,j . (24)

The approximated second-order partial derivative in (19) and (22) is derived in Appendix A. The numerical
scheme sequentially solves equations (19)–(24) for all i and j. The scalar pu|i represents the i-th diagonal
element of the matrix Pu, u ∈ {x, y}, and can only assume the value 0 or 1. In this form, it is easily seen
that if, e.g., px|i = px|i+1 = 0 for a certain i, (19) and (22) are solved explicitly. In contrast, if px|i = 1

for a certain i, (19) is solved implicitly because the value of s|(1)
i,j depends on the unknown value s|(1)

i−1,j and

vice versa. The same reasoning applies to r|(1)
i,j and r|(1)

i−1,j in (22). Moreover, as will be shown in Section 3,
the spatial step ∆xi is removed from the stability criterion by virtue of this local implicitization. Lastly,
(19)–(24) clearly illustrate that the implicitization requires at most the solution of a tridiagonal system,
even in higher dimensions, which can be done efficiently with the tridiagonal matrix algorithm [64].

3. Stability

In this section, the time step for which the ADHIE scheme is stable is derived. The resulting formula
enables the user to tune the time step by selectively removing small spatial steps.

First, the update equations are symmetrized using the diagonal transformation matrix Q ∈ Rn×n

Q , δ?x ⊗ δ?y ⊗ δ?z . (25)

Left multiplication of (5) with I2 ⊗Q1/2 results in[
Q1/2

Q1/2

] [
G −∆νH
0 G

] [
Q−1/2

Q−1/2

] [
Q1/2

Q1/2

]
x|n+1

=

[
Q1/2

Q1/2

] [
G 0

−∆νH G

] [
Q−1/2

Q−1/2

] [
Q1/2

Q1/2

]
x|n.

(26)

This simplifies to the symmetrized update equation[
G̃ −∆νH̃

0 G̃

]
x̃|n+1 =

[
G̃ 0

−∆νH̃ G̃

]
x̃|n, (27)

with

x̃|n =

[
Q1/2r|n

Q1/2s|n−1/2

]
, (28)

H̃ = T̃x ⊕ T̃y ⊕ T̃z + V, (29)

G̃ =
⊗

u∈{x,y,z}

(
Inu−1 +

∆ν

2
S̃u

)
, (30)
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T̃u =
~2

2m

(
δ?u
−1/2DT

u δu
−1Duδ

?
u
−1/2

)
, (31)

and

S̃u =
~2

2m

(
δ?u
−1/2DT

u δu
−1PuDuδ

?
u
−1/2

)
, (32)

where we have used the mixed-product property for the Kronecker product [65]. It is clear that all matrices
indicated with a tilde are real and symmetric. Proving the stability of (5) is equivalent to proving the
stability of (27).

Following the approach in [56, 66], the symmetrized update scheme (27) is rewritten as

(E + F )x̃|n+1 = (E − F )x̃|n, (33)

with

E =

[
G̃ −∆ν

2 H̃

−∆ν
2 H̃ G̃

]
, (34)

and

F =

[
0 −∆ν

2 H̃

∆ν
2 H̃ 0

]
(35)

Since E is real symmetric and F is real, it is possible to use the results in [66], stating that the scheme is
stable if E is positive definite and F +FT is positive semi-definite. The latter condition is trivially satisfied
because F + FT is the zero matrix. The former is satisfied if the time step satisfies

∆t <
2~∥∥∥Ũx ⊕ Ũy ⊕ Ũz + V

∥∥∥
2

, (36)

where the matrix Ũu is defined as

Ũu =
~2

2m

(
δ?u
−1/2DT

u (Inu − Pu)δu
−1Duδ

?
u
−1/2

)
(37)

= T̃u − S̃u. (38)

and ‖·‖2 denotes the matrix 2-norm. This is proved by expanding E in six parts E =
∑6
i=1Ei. Because the

Kronecker product is distributive over the matrix sum, G̃ can be expanded as

G̃ = In +
∆ν

2

(
S̃x ⊗ Iny−1 ⊗ Inz−1 + Inx−1 ⊗ S̃y ⊗ Inz−1 + Inx−1 ⊗ Iny−1 ⊗ S̃z

)
+

(
∆ν

2

)2(
S̃x ⊗ S̃y ⊗ Inz−1 + S̃x ⊗ Iny−1 ⊗ S̃z + Inx−1 ⊗ S̃y ⊗ S̃z

)
+

(
∆ν

2

)3(
I2 ⊗ S̃x ⊗ S̃y ⊗ S̃z

)
.

(39)

By also considering that
T̃x ⊕ T̃y ⊕ Tz = Ũx ⊕ Ũy ⊕ Ũz + S̃x ⊕ S̃y ⊕ S̃z, (40)
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it is easy to obtain the six expansion terms

E1 =

 In −∆ν
2

(
Ũx ⊕ Ũy ⊕ Ũz + V

)
−∆ν

2

(
Ũx ⊕ Ũy ⊕ Ũz + V

)
In

 , (41)

E2 =

(
∆ν

2

)([
1 −1
−1 1

]
⊗
(
S̃x ⊕ S̃y ⊕ S̃z

))
, (42)

E3 =

(
∆ν

2

)2(
I2 ⊗ S̃x ⊗ S̃y ⊗ Inz−1

)
, (43)

E4 =

(
∆ν

2

)2(
I2 ⊗ S̃x ⊗ Iny−1 ⊗ S̃z

)
, (44)

E5 =

(
∆ν

2

)2(
I2 ⊗ Inx−1 ⊗ S̃y ⊗ S̃z

)
, (45)

E6 =

(
∆ν

2

)3(
I2 ⊗ S̃x ⊗ S̃y ⊗ S̃z

)
. (46)

Matrices E2 to E6 are all positive semi-definite because

σ(A⊕B) = {a+ b : a ∈ σ(A) and b ∈ σ(B)}, (47)

σ(A⊗B) = {ab : a ∈ σ(A) and b ∈ σ(B)}, (48)

and

σ

([
1 −1
−1 1

])
= {0, 2}, (49)

where σ(·) denotes the spectrum, and also considering that S̃u is positive semi-definite since

xT S̃ux =
~2

2m
xT
(
δ?u
−1/2DT

uPuδu
−1PuDuδ

?
u
−1/2

)
x

=
~2

2m

(
δu
−1/2PuDuδ

?
u
−1/2x

)T
δu
−1/2PuDuδ

?
u
−1/2x

=
~2

2m

∥∥∥δu−1/2PuDuδ
?
u
−1/2x

∥∥∥
2

2

≥ 0 ∀x ∈ Rn.

(50)

Matrix E1 is positive definite if and only if

xTE1x = ‖x‖22 − x
T Ê1x > 0 ∀x ∈ R2n \ 0, (51)

where Ê1 is defined as

Ê1 =
∆ν

2

[
0 1
1 0

]
⊗
(
Ũx ⊕ Ũy ⊕ Ũz + V

)
. (52)

This is equivalent to

max
x∈R2n\0

xT Ê1x

‖x‖22
= λmax (Ê1) < 1, (53)

where we have used [65, eq. 8.4.3]. The maximum eigenvalue of Ê1 is equal to

λmax (Ê1) =
∆ν

2
ρ(Ũx ⊕ Ũy ⊕ Ũz + V ), (54)

where ρ(·) is the spectral radius. The transition from λmax to spectral radius, is important since the matrix
Ũx ⊕ Ũy ⊕ Ũz + V is not necessarily positive definite. Given that the spectral radius of a symmetric matrix
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is equal to the 2-norm of the matrix [64, Cor. 1.8], the combination of (53) and (54) yields (36), which
concludes the proof. Moreover, as the spectral radius is bounded by any induced norm – such as the 1- or
infinity norm – it is also possible to use these norms to get an estimate for the time step. This leads to
a Courant-like stability condition, known from FDTD algorithms for Maxwell’s equations with, however,
several important differences such as the presence of a background potential and the scaling of the time step
with the square of the smallest spatial steps, as already shown in [41]. This squared scaling relation high-
lights the need for a Schrödinger HIE scheme that can eliminate the small steps from the stability criterion.

To clearly see the difference between the fully explicit and the hybrid implicit-explicit scheme, it is
instructive to derive a Courant-like stability criterion just as in [41] for the fully explicit scheme. We will
only consider the 2-D case for ease of notation. The 2-D stability criterion – approximately calculated with
the infinity norm – is:

∆t <
2~

‖Ux ⊕ Uy + V ‖∞
(55)

=
2~

max
k

(∑
l

|[Ux ⊕ Uy + V ]k,l|
) , for k, l ∈ {0, . . . , (nx − 1)(ny − 1)} (56)

=
2~

max
i,j

(
~2

2m

(
1

Λi,j

)2

+

∣∣∣∣ ~2

2m

(
1

Λi,j

)2

+ V |i,j
∣∣∣∣) (57)

with (
1

Λi,j

)2

=
1− px|i
∆xi∆x?i

+
1− px|i+1

∆xi+1∆x?i
+

1− py|j
∆yj∆y?j

+
1− py|j+1

∆yj+1∆y?j
. (58)

By assuming V |i,j > −~2/(2mΛi,j
2), we can simplify (57) as:

∆t <
2~

max
i,j

(
~2

m

(
1

Λi,j

)2

+ V |i,j
) . (59)

In contrast, the time step for the fully explicit method has to satisfy:

∆t <
2~

max
i,j

(
~2

m

(
1

Ki,j

)2

+ V |i,j
) (60)

with (
1

Ki,j

)2

=
1

∆xi∆x?i
+

1

∆xi+1∆x?i
+

1

∆yj∆y?j
+

1

∆yj+1∆y?j
(61)

This clearly shows that the hybrid scheme can remove specific ∆xi or ∆yj from the stability criterion by
setting px|i = 1 and py|j = 1, respectively. Moreover, because (61) is always greater than or equal to (58),
the stability criterion for the ADHIE scheme (59) is less restrictive. Consequently, the hybrid scheme can
support much higher time steps, granted that the smallest cells are removed from the stability criterion.

4. Examples

In this section, first, two possibilities for a hybrid implicit-explicit scheme are theoretically discussed to
explain the inner workings of the method in greater detail. Secondly, the method is demonstrated numerically
via application to two relevant examples.
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∆x 2.0 nm 1.0 nm 0.5 nm 0.25 nm
∆t 17.276 fs 4.3190 fs 1.0797 fs 0.269 94 fs

Table 1: The time steps for the successively refined grids in Section 4.3 are calculated with (57).

4.1. Implicitization of a single direction

Consider a grid that is discretized very densely in a single direction, e.g., the x-direction. By choosing
Px = Inx , matrix Ũx is reduced to the zero matrix. Consequently, the time step must satisfy

∆t <
2~∥∥∥Inx−1 ⊗

(
T̃y ⊕ T̃z

)
+ V

∥∥∥
2

. (62)

The matrix Inx−1⊗
(
T̃y ⊕ T̃z

)
+V is block diagonal where each block corresponds to a slice in the yz-plane.

Consequently, it is easy to see that the time step must satisfy a 2-D stability condition for every slice.
Moreover, solving a single direction implicitly significantly simplifies the update equations compared to the
traditional multistep 3-D ADI schemes mentioned above, since we can now iterate in a leapfrog manner.
Indeed, starting from (5) with Px = Inx , Py = 0 and Pz = 0 (i.e., the x-direction is fully implicitized and
the updates in the yz-plane are fully explicit), we get:[(

Inx−1 +
∆ν

2
Tx

)
⊗ Iny−1 ⊗ Inz−1

]
s|n+1/2 =

[(
Inx−1 +

∆ν

2
Tx

)
⊗ Iny−1 ⊗ Inz−1

]
s|n−1/2 −∆νHr|n,

(63)
and[(

Inx−1 +
∆ν

2
Tx

)
⊗ Iny−1 ⊗ Inz−1

]
r|n+1 =

[(
Inx−1 +

∆ν

2
Tx

)
⊗ Iny−1 ⊗ Inz−1

]
r|n + ∆νHs|n+1/2.

(64)

4.2. Local 1-D implicitization

When the discretization is chosen nonuniform along a single direction (chosen to be the x-direction, as
in the previous subsection), it is unnecessary to completely solve this direction implicitly. Such local grid
refinement can be used to resolve small geometric details. The update scheme for this local implicitization,
and leaving the yz-plane fully explicit, is again the leapfrog scheme (63) and (64) with Tx replaced by Sx.
This renders the matrix on the left-hand sides sparser still.

4.3. Convergence of solution at implicit-explicit interface

In this section, we will study the convergence order of the hybrid FDTD scheme. Therefore a 2-D free
wave packet with mass m = me = 9.109 383 701 5× 10−31 kg is simulated traveling diagonally along x = y,
on a uniform grid of 1100 nm× 1100 nm. The convergence of the hybrid implicit-explicit scheme is studied
by successively refining the grid with spatial steps ∆x = ∆y ∈ {2.0 nm, 1.0 nm, 0.5 nm, 0.25 nm}. The wave
function is updated fully explicitly from x = 0.0 nm to x = 500.0 nm. In the other part of the grid, i.e., from
x = 500.0 nm to x = 1100.0 nm, the wave function is updated with implicitization in the x-direction. The
simulation set-up is sketched in Fig. 2. The time step is calculated with the Courant-like stability criterion
(57). Because the grid is uniform, local implicitization does not affect the time step. As such, only the
accuracy is studied. The efficiency is sufficiently tested in Sections 4.4 and 4.5. The resulting time steps are
given in Table 1. The initial wave function is given by:

ψ(x, y) =
π

σ2
e−

√
2mEc
~ ((x−x0)+(y−y0))e−

1
4

(x−x0)2+(y−y0)2

σ2 , (65)
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predicted

trajectory

0

0

Figure 2: The square grid of 1100.0 nm× 1100.0 nm is split into a part that is updated fully explicit and a part that is updated
with implicitization in the x-direction. The interface between these two regions is positioned at x = 500.0 nm. A free Gaussian
wave packet is initialized at x = y = 300.0 nm and it travels along the diagonal x = y in the direction of the implicitized part
of the grid.

with

Ec = 0.02 eV, (66)

σ = 30.0 nm, (67)

x0 = y0 = 300.0 nm. (68)

To quantify the convergence of the ADHIE scheme, the expectation value of the position is tracked as a
function of time and compared to the analytic result. The time-averaged error is given by:

E =

√
1

T

∫ T

0

‖〈r̂calc(t)〉 − 〈r̂ana(t)〉‖2 dt, (69)

where T = 6000 fs is the total simulation time, 〈r̂ana(t)〉 is the analytical position and 〈r̂calc(t)〉 is the
calculated position. At the interface x = 500.0 nm of the explicit and HIE parts of the grid, artificial
reflection of the wave function might appear. To quantify this spurious reflection, the probability of finding
the particle in the area 0 nm < x < 500 nm is calculated at time t = 5000 fs. At that time the analytical
wave packet in front of the barrier (x < 500 nm) is negligible and the particle has passed the interface at
x = 500 nm completely. Hence, the reflection coefficient R is calculated as:

R =

500 nm∫
0 nm

dx

1100 nm∫
0 nm

dy |ψ(x, y)|2. (70)

The errors E and reflection coefficients R for the varying cell sizes are given in Figs. 3a and 3b, respec-
tively. For this example, the error E converges approximately as O

(
∆x2.85

)
and the reflection probability

R decreases as O
(
∆x5.06

)
. This shows that the ADHIE method scales very well with decreasing cell sizes.

4.4. Flying qubit in laterally tunnel-coupled quantum wires

In this section, a flying qubit interferometer is simulated in the time domain. These kinds of devices have
been numerically investigated in [67–70] and also fabricated in, e.g., [71]. The active region is constructed
on the interface of a GaAs/AlGaAs heterostructure, creating a 2-D electron gas. The device itself is shown
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Figure 3: The time-averaged error E and spurious reflection coefficient R scale very well with the cell sizes. For the tested
cell sizes of ∆x = 2.0 nm, 1.0 nm, 0.5 nm and 0.25 nm, the error E converges as O

(
∆x2.85

)
and the reflection probability R

decreases as O
(
∆x5.06

)
.

in Fig. 4 and consists of two parallel quantum wires separated by a thin and high barrier, and a central
scattering region of length w where the barrier height is variable. An electron in the upper or lower channel
is denoted by |↑〉 or |↓〉, respectively. In the central region, it is possible for an electron originally in state
|↓〉 to tunnel from the lower channel to the upper channel |↑〉. The final state of the electron will be
a superposition of the |↑〉 and |↓〉 state, depending on the length w of the interaction region, and the –
potentially time-dependent – barrier height.

The device geometry studied here is very similar to the geometry presented in [69]. The entire length of
the device is L = 1970 nm. The widths of the channels are d1 = d2 = 28 nm and the width of the barrier
is h = 2 nm. The spatial step in the x-direction is ∆x = 1 nm. Both channels are uniformly discretized in
the y-direction with ∆ych = 1 nm and the barrier is uniformly discretized with ∆ybar = 0.2 nm. Along the
length of the channel, the simulation domain is truncated by a 50 nm thick PML [23, 41, 47] to simulate
an unbounded domain and the channels are terminated by Dirichlet boundary conditions in the y-direction.
Hence, the resulting grid contains 1970× 66 cells. The potential for the barrier outside of the central region
is set to V = 0.5 eV whereas the potential in the central region Vb is variable. The effective mass of the
wave packet is set to m = 0.067me. The first set of calculations considers a central region with a static
barrier. The second set of calculations considers a time-dependent barrier.

A static barrier of length l = 250 nm is chosen in the central region, starting 500 nm from the left side.
Simulations are performed for different barrier heights and using the different time integration techniques:
explicit, ADHIE and CN. For the ADHIE method, only the small cells in the y-direction are implicitly solved,
similar to what was proposed in Section 4.2. The results are also compared to the explicit scheme using a
coarse uniform discretization – as opposed to the fine discretization presented above – of ∆x = ∆y = 1 nm
throughout the grid, thus not resolving the barrier accurately. The time steps for the different calculations
are as follows:

∆texp,coarse = 270.0 as, ∆texp,fine = 22.65 as, (71)

∆tADHIE = 289.4 as, ∆tCN = 700.0 as. (72)

Two things are interesting to note here. First, ∆texp,coarse is larger than the time step obtained using the
traditional Courant limit in [44], i.e., ∆t = 260.4 as. The reason for this is discussed in [41] and can also
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|↑〉 |↑〉

Figure 4: Geometry of the flying qubit interferometer. The width of the upper and lower channel is denoted by d1 and d2,
respectively. These 2-D channels are separated by a barrier with thickness h. A central scattering region of length l has a
variable barrier height Vb and allows interaction between both channels. The channels are terminated on both sides by a PML.
An electron originally in the lower channel (state |↓〉) will leave the channel in a superposition of |↑〉 and |↓〉 being both in the
upper and lower channels with a given probability. The surfaces S↑ and S↓,indicated with the dotted line, denote the planes
through which the probability density current is calculated.

be derived from the stability criterion (36) in the limit of no implicitization. Second, despite using smaller
cells with the ADHIE method, the time step ∆tADHIE is larger than ∆texp,coarse. This is a consequence of
the well-chosen implicitization.
The initial wave packet is entirely confined in the lower channel |↓〉 and defined by

ψ(x, y) =

{√
2
d1

cos
(
πy
d1

)√
π
σ2 e
−
√

2mEc
~ (x−x0)e−( x−x02σ )

2

, 0.0 nm < y < 29.0 nm,

0, otherwise,
(73)

with

m = 0.067me, (74)

Ec = 0.2 eV, (75)

σ = 30.0 nm, (76)

x0 = 200.0 nm. (77)

The x-dependence of the wave function represents a Gaussian wave packet traveling in the positive x-
direction and the y-dependence is the ground state wave function of a particle-in-a-box of width d1. In
Fig. 5, the probability of finding the electron in the upper or lower channel as a function of the barrier
height is shown. These probabilities are derived as

N↑(↓) =
1

N0

∫ tmax

0

∫
S↑(↓)

j · ndS dt , (78)

with n a normal unit vector to a surface S↑(↓) in the upper (or lower) channel, N0 the total particle number
and j the probability current density

j =
~
m

Im{ψ∗∇ψ}. (79)

As such, the total charge that passed through that channel during the simulation is calculated instead of the
instantaneous charge at an arbitrary point in time. The plane at which (78) was evaluated was x = 1200 nm.

It can be seen that all the simulations except the one using the coarse grid, have matching results. The
main difference between the simulations is their calculation time. The computation times for the different
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Figure 5: Probability of finding an electron in the upper N↑ or lower N↓ channel for an electron originally injected into the
lower channel. The simulations using the fine grid have similar results, with the CN results obscuring the view of explicit ones,
and differ considerably from those of the coarse grid.

static barrier variable barrier
explicit, coarse 26 s 32 s
explicit, fine 247 s 302 s
ADHIE 35 s 44 s
CN 171 s 3118 s

Table 2: The single-core calculation times for the different methods with either a static or variable barrier. The calculation
times for the static barrier are averaged over 15 simulations, each with a different barrier height.
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Figure 6: A flying qubit traveling through laterally tunnel-coupled quantum wires for different values of the barrier height Vb
in the central region between 500 nm and 750 nm. The probability density n = |ψ|2 of the wave packet is shown every 450 fs.

methods are given in Table 2. It is clear that the time step hindering the explicit calculation can be effi-
ciently removed for this set-up as the ADHIE calculation is 7 times faster than the explicit calculation and
almost 5 times faster compared to the CN method. This is because the ADHIE method aims to minimize
the number of implicit calculations and therefore results in a much more efficient scheme. Note that for the
ADHIE and CN schemes, the implicit calculations were performed by first calculating the LU decomposition
prior to the FDTD loop. The computation time needed for the LU decomposition is included in the number
shown in Table 2.

In Fig. 6, the probability density n = |ψ|2 is plotted for different values of the barrier height Vb as the
particle propagates from the lower left to the right calculated with the ADHIE method. It can be seen that
the wave packet spreads out over time in the direction of propagation and tunnels from the lower to the
upper channel depending on the barrier height Vb.

The second set of calculations considers a time-dependent barrier height in the central region. The
scattering region again starts 500 nm from the left side but now has length w = 1000 nm. The barrier height
is modulated in time as

Vb(t) = 0.25 eV(1 + cos(ωt)), (80)

with ω = 20.0 Trad s−1. Hence, at t = 0 the barrier in the central region is the same as the barrier height
separating the 2 channels.

In Fig. 7, the probability current I

I =

∫
S↑(↓)

j · ndS (81)

through the upper and lower channel at position x = 1700 nm is plotted as a function of time for the various
methods. Again, the coarse grid is unable to correctly predict the behavior of the wave packet. While the
other three methods yield similar results, the CN method has the largest deviation from the other two.
Even though the method is stable for every time step, ∆tCN = 700 fs is slightly too large to obtain accurate
calculations. These results are confirmed in Fig. 8 where the probability density n = |ψ|2 is plotted for the
various calculation methods every 450 fs.

For a time-dependent potential, it is still possible to compute the LU-factorization of the matrices prior
to the FDTD loop if the ADHIE scheme is used. However, this is not possible for the CN scheme as
the potential enters the matrix that has to be inverted. Hence, the linear system of equations has to be
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Figure 7: The probability current as a function of time through the plane x = 1700 nm in the upper and lower channels
calculated with the various methods. The solid and dashed lines show the current in the upper and lower channel, respectively.
The curves for the explicit fine simulations are almost completely covered by the curves for the ADHIE method.
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Figure 8: A flying qubit traveling through laterally tunnel-coupled quantum wires for different simulation methods. The
probability density n = |ψ|2 of the wave packet is shown every 450 fs. A time-varying barrier height is used according to
(80) between 500 nm and 1500 nm. The first simulation uses the coarse uniform grid while the others use the nonuniform
grid described above. The coarse grid yields a different result compared to the other simulations. The CN method yields
approximately the same behavior for the wave packet, but it lags somewhat behind.
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Figure 9: Schematic of a square nanowire double-barrier resonant-tunneling diode. The nanowire is assumed infinite in the
x-direction. A voltage VCE is applied, resulting in a linear decrease of the potential energy surface over the double-barrier
structure. The effective mass of an electron in InAs and InP are mInAs = 0.023me and mInP = 0.077me, respectively.

solved from scratch at every time step and this drastically increases the computation time. The resulting
calculation times for the four simulations are also shown in Table 2. The ratios of the computation times stay
approximately the same for all simulations except for CN. The latter is approximately 70 times slower than
the ADHIE method, as ADHIE can still utilize predetermined LU factors. Moreover, the explicit method
now easily outperforms the CN method, but it is still considerably slower than the ADHIE method.

4.5. Nanowire resonant-tunneling diode

In this section, the transmission probability through a nanowire double-barrier resonant-tunneling diode
is calculated. The structure discussed here is similar to the one discussed in [1, 2] and constructed in [72].
The resonant-tunneling diode is defined by two InP barriers of height V = 0.6 eV in an InAs nanowire. The
nanowire has a square cross-section with sides 40 nm and it has a longitudinal potential profile as shown
in Fig. 9, where VCE is the applied voltage. The effective masses in InAs and InP are mInAs = 0.023me

and mInP = 0.077me, respectively. The extension of the presented ADHIE method to include a variable
mass is presented in Appendix B. A wave packet is inserted in the nanowire using a total-field scattered-
field (TFSF) boundary [11]. As such, the computational domain can be smaller than the wave packet,
expediting the computation. A Gaussian wave packet is inserted with central energy E = 0.08 eV and width
σ = 10 nm. The wave packet is in the transversal ground state.

The transmission probability, as a function of the injected energy at a particular bias voltage VCE ,
is calculated by averaging the outgoing wave function over the transversal direction, taking the Fourier
transform of this signal and dividing it by the analytical signal when no barrier or bias is present

T (E, VCE) =

∣∣∣∣Ψcalc(E, VCE)

Ψanalytic(E)

∣∣∣∣2. (82)

The current is calculated as in [73] with

I(VCE) =
2e

π~
√
E0

∫ ∞
E0

T (E, VCE)(E − E0)
−1/2

(
1

1 + exp
(
E−EF
kT

) − 1

1 + exp
(
E−EF−eVCE

kT

)) dE , (83)

where E0 = 20.436 meV is the transversal ground state energy.

The transmission is calculated by performing a time-dependent simulation and using (82) for every ap-
plied voltage VCE . The Fermi level EF was determined to be 2 meV above the first subband minimum,
such that EF = 22.436 meV [2]. Several discretizations are used in the x-direction. The first discretiza-
tion D1 is from −200 nm to 200 nm with uniform cells of width ∆x = 2.5 nm, resulting in 160 cells in the
x-direction. Next, D1 is uniformly refined several times. The resulting discretizations are D2 with 400 cells
and ∆x = 1 nm, D3 with 800 cells and ∆x = 0.5 nm, and D4 with 1600 cells and ∆x = 0.25 nm. The last
discretization D5 is a nonuniform discretization, as follows: from −200.0 nm to −30.0 nm and from 30.0 nm
to 200.0 nm, the grid has uniform cells of width ∆x = 2 nm. Between −12.5 nm and 12.5 nm, D5 has cells
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Simulation S1 S2 S3 S4 S5 S6

Discretization D1 D2 D3 D4 D5 D5

Method explicit explicit explicit explicit explicit ADHIE

∆t 301.0 as 132.4 as 44.14 as 12.04 as 12.04 as 256.5 as

CPU time 57 s 296 s 1839 s 14 701 s 2364 s 167 s

Table 3: The different simulations parameters corresponding to S1 to S6. The discretization, calculation method, time step
and resulting average single-core CPU times per applied voltage are given. The time step was calculated with (36) using the
infinity norm instead of the 2-norm.

of width ∆x = 0.25 nm, just like D4. In the intermediate areas, the cell sizes are graded with a constant
grading ratio resulting in a total of 312 cells. For all discretizations, the y- and z-directions are uniformly
meshed with 20 cells of width 2 nm. The wave function is inserted using a TFSF boundary at x = −40 nm
with an initial pulse center at x = −240.0 nm. As such, there is no particle in the active domain at initial-
ization. On both sides, there is a 150 nm thick PML.

Several sets of simulations are performed. Sets S1, S2, S3 and S4 use discretizations D1, D2, D3 and
D4, respectively. Sets S1 to S4 solve the problem fully explicitly and, hence, represent a standard uniform
refinement strategy. It is expected that the simulations converge to the exact result. Sets S5 and S6 both
use discretization D5 and represent a more advanced nonuniform refinement strategy. While S5 solves the
complete problem explicitly, S6 solves the area between x = −30.0 nm and x = 30.0 nm implicitly in the
x-direction but explicitly in the other two sections along the x-direction (from −200.0 nm till −30.0 nm and
from 30.0 nm till 200.0 nm) and also along the y- and z-directions, this by using the ADHIE method. Each
simulation terminates after a physical simulation time of 10.0 ps. However, because transmission through
the double barriers is a resonant process, the decay time is very long. As such, the signal is extrapolated
using the matrix-pencil method [74] until it has mostly decayed. The various simulation parameters are
summarized in Table 3 with the average single-core CPU time per applied voltage.

In Fig. 10a, the transmission coefficients T (E, VCE) calculated by (82) at applied voltages VCE = 0.0 mV
and VCE = 73.0 mV are shown. The resulting IV-characteristic of the device using (83) is shown in Fig. 10b.
The IV-curve for S1 misjudges the amplitude of the peak current by over an order of magnitude. The
curves for S2 and S3 seem to converge to the value obtained for S4. The results for S5 and S6 are in
very close agreement with S4 such that they are difficult to distinguish. Moreover, the peak voltage of
VCE = 72 mV obtained for S4 to S6 is close to the value of 72.4 mV for a cylindrical wire, obtained from
a 1-D transfer matrix calculation in both [2] and [73]. The computation times listed in Table 3 show that
uniform refinement greatly increases the computation time. Simulation S4 takes, for example, more than
250 times longer than S1. Using a nonuniform grid can decrease the computation time considerably as S5 is
already 6 times faster than S4 at no cost to the accuracy. The small time step hindering S5 can be increased
by using the ADHIE method. As such, S6 is 14 times faster than S5, making it almost 90 times faster than
S4. Hence, it is clear that the ADHIE method outperforms the explicit method for balancing accuracy with
efficiency in cases where the grid is very nonuniform.

5. Conclusion

In this paper, a method was proposed for solving the time-dependent Schrödinger equation on nonuni-
form tensor-product grids. The method combines an implicit scheme with an explicit one to increase the
overall time step imposed by the explicit scheme on finely meshed regions of the grid. A rigorous stability
analysis has shown that it is possible to easily and efficiently remove small cells from the stability criterion.
By treating the different directions separately and only solving part of the grid implicitly, the performed
simulations show that this yields a much reduced computational cost compared to fully implicit methods.
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Figure 10: The transmission coefficients T (E, VCE) and the resulting IV-characteristics.

Moreover, the method scales linearly with the problem size, making it highly applicable for large computa-
tional domains in 2-D and 3-D. Noteworthy is that the potential energy is not included in the implicit part
of the calculation. As such, a time-varying potential can be easily added without changing the implicit part
of the calculation. This is unlike other implicit methods, such as the Crank-Nicolson method, where a linear
system of equations has to be solved from scratch at every time step. The inclusion of a time-dependent
potential is important for simulating transient behavior in nanodevices or when including the Coulomb in-
teraction between different particles.
Future studies aim to extend this method to higher-order accurate methods. However, providing a rigorous
mathematical proof for such schemes is very challenging. Equally interesting is to investigate if other hybrid
methods can be developed in the same spirit based on other implicit or explicit schemes.

Appendix A. Second-order partial derivative on a nonuniform grid

In this section we will derive our approximation to the second-order partial derivative and discuss the
truncation error in 2-D.
Consider the function f which is discretized on a 2-D nonuniform grid. The Taylor expansion of f |i+1,j and
f |i−1,j around the coordinate (xi, yj) is given by:

f |i+1,j = f |i,j + ∆xi+1
∂f

∂x

∣∣∣∣
i,j

+
∆xi+1

2

2

∂2f

∂x2

∣∣∣∣
i,j

+
∆xi+1

3

6

∂3f

∂x3

∣∣∣∣
i,j

+O
(
∆xi+1

4
)
, (A.1)

f |i−1,j = f |i,j −∆xi
∂f

∂x

∣∣∣∣
i,j

+
∆xi

2

2

∂2f

∂x2
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i,j

− ∆xi
3

6

∂3f

∂x3

∣∣∣∣
i,j

+O
(
∆xi

4
)
. (A.2)

Dividing (A.1) by ∆x?i∆xi+1 and (A.2) by ∆x?i∆xi and adding the results, yields:

f |i+1,j − f |i,j
∆xi+1∆x?i

− f |i,j − f |i−1,j

∆x?i∆xi

=
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∂2f
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∣∣∣∣
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(
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2
)
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∂3f
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+O
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3

∆x?i

)
.

(A.3)

This can be simplified by using ∆x?i = (∆xi + ∆xi+1)/2 as:

∂2f
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i,j
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2
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An analogous result can be obtained for the second-order partial derivative in the y-direction. Equation (A.4)
implies that the truncation error for a second-order partial derivative – and thus also the spatially discretized
Hamiltonian (7) – is proportional to the difference in cell size of two subsequent cells along the direction of the
derivative. For smoothly varying grids, this results in a highly-accurate scheme which becomes second-order
accurate in the limit of uniform grids.

Appendix B. Variable mass ADHIE

The Schrödinger equation for a variable mass is given by

~
∂

∂t
ψ = −~2

2
∇ ·

(
1

m
∇ψ

)
+ V ψ. (B.1)

For simplicity, we only consider a mass which is variable in a single direction, here the x-direction. Also
only implicitization along x is considered. The resulting spatial discretization yields

~
∂

∂t
ψ = (Tx + Ty + Tz + V )ψ, (B.2)

with
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~2

2

(
δ?x
−1DT
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?−1δx
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2
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2
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δ?z
−1DT

z δz
−1Dz

)
, (B.5)

with m the diagonal matrix containing the variable mass in the x-direction on the vertices of the primary
grid, excluding the edge of the grid, and m? containing the mass harmonically averaged from the masses on
the primary grid.
The resulting ADHIE scheme is given by[

G −∆νH
0 G

]
x|n+1 =

[
G 0

−∆νH G

]
x|n, (B.6)

where

H = Tx + Ty + Tz, (B.7)

G =

(
Inx−1 +

∆ν

2
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The same method to prove the stability as in Section 3 is used. First, the equations are symmetrized using
Q, defined in (25), resulting in [

G̃ −∆νH̃

0 G̃

]
x̃|n+1 =

[
G̃ 0

−∆νH̃ G̃

]
x̃|n, (B.10)
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with

H̃ = T̃x + T̃y + T̃z, (B.11)
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The matrices with a tilde are all symmetric. The symmetrized update scheme (B.10) can be rewritten in
exactly the same way as (33)–(35). Again, stability is guaranteed when E in (34) is positive definite. For
the system (B.10), E is rewritten as

E =

 In −∆ν
2

(
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)
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2

(
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(B.17)
with

Ux = T̃x − S̃x ⊗ Iny−1 ⊗ Inz−1 (B.18)

=
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−1/2DT

xm
?−1δx
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Matrix S̃x can be proven to be positive semi-definite in the same way as (50). This immediately shows, by
virtue of (47)–(49), that the second term in (B.17) is positive semi-definite as well. It is now easy to prove
that the first term in (B.17) is positive definite for

∆t <
2~∥∥∥Ũx + T̃y + T̃z + V

∥∥∥
2

. (B.20)

As such, the update scheme is stable for a time step satisfying (B.20).
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