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Abstract—This paper investigates a dual-polarized intelligent
reflecting surface (DP-IRS)-assisted multiuser multiple-input
multiple-output (MIMO) wireless network with the possibility
of multi-stream transmission per user. We aim to determine
the number of data streams per user while simultaneously
ensuring that each user achieves its specified target spectral
efficiency performance with the minimum transmit power. To
achieve this, we optimize the number of data streams, power
allocations, transmit/receive digital filters, DP-IRS operations,
and transmit/receive DP antennas phase shifters. Based on
this generalized network setup, we formulate an optimization
framework involving multiple coupled optimization variables. To
tackle this complex optimization problem, we first derive low-
complexity convex formulations for each variable. Subsequently,
we propose a novel multi-step alternating optimization algorithm
that effectively solves multiple subproblems sequentially and
converges to a feasible solution. Motivated by further complexity
reduction, we present a low-complexity suboptimal version of the
main algorithm. Extensive numerical simulations demonstrate
that, compared to a simple IRS, the DP-IRS achieves a 42.4%
reduction in transmit power for a configuration with 50 reflect-
ing elements and eight users. Additionally, the proposed low-
complexity Algorithm 2 incurs a 62% decrease in computational
complexity compared to Algorithm 1 while maintaining satisfac-
tory performance.

Index Terms—Intelligent reflecting surface, dual polarization,
multi-user, multiple-input multiple-output, multi-stream trans-
mission, alternating optimization.

I. INTRODUCTION

Recent developments in metamaterials have made it possible
to control metamaterial properties in real time. This opens up
new opportunities for using metasurfaces in wireless commu-
nication [1]. Different types of metasurfaces have been pro-
posed in antenna and electromagnetic literature with promising
performance and applications in wireless communications.
For example, a metasurface-based simple intelligent reflecting
surface (S-IRS) [2] can provide real-time amplitude and phase
changes to the incident signal, offering potential applications
such as improved signal-to-noise ratio (SNR) [3]], enhanced
coverage [4f, increased security [S]], reduced interference
[6], and reflected modulation [7]. Corresponding to these
applications, a wealth of literature exists on beamforming
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and channel estimation methods for S-IRS [8]-[10]. Other
metasurfaces, such as simultaneous transmit and reflecting-
IRS [11], omni-intelligent surface [12], and active-IRS [13]],
also exhibit unique features and potential capabilities for use
in wireless communication networks.

While an extensive body of literature has delved into the
applications of S-IRS [14], this study uniquely centers on
the realm of dual-polarized IRS-assisted wireless networks.
A dual-polarized IRS (DP-IRS), considered in this paper
[15]-[17], represents a metasurface endowed not only with
amplitude and phase changing capabilities but also with the
ability to perform polarization beam splitting, polarization
conversion, and the independent control of split beams. The
precise manipulation of these functionalities, coupled with the
inherent traits of polarization diversity, polarization multiplex-
ing, and passive polarization modulation, opens up a plethora
of potential applications for wireless communication systems.

Despite the extensive exploration of dual-polarized meta-
surfaces in the electromagnetic and antenna design domains,
as evidenced in works such as [[15]—[17]], and considering the
prevalence of modern communication systems operating on
dual-polarization waves, their applications in wireless com-
munication remain largely untapped.

A. Literature on DP-IRS:

A conventional DP-IRS with two components per ele-
ment, namely vertical and horizontal, is considered in [18]].
This study proposes performing reflect modulation using two
parallel orthogonal passive data streams. More specifically,
it considers a scenario where a single transmitting antenna
acts as the source of radio signals, and these signals, upon
impinging on the DP-IRS, are manipulated to emulate a
QAM modulation symbol for information modulation. Thus,
the multiple elements of the DP-IRS and multiple receiving
antennas create a MIMO-like scenario.

In [[19], authors also examine a similar DP-IRS with two
components per element, namely vertical and horizontal,
which are designed to respond to the corresponding polariza-
tion for amplitude and phase shift control. The focus of this
paper is limited to broadbeam applications. Specifically, the
authors aim to leverage the dual polarization capabilities of
the DP-IRS to provide a uniform SNR across multiple users
in the system, rather than focusing on Signal-to-Interference-
plus-Noise Ratio (SINR) enhancements as in our scenario.
This application is particularly beneficial for transmissions
common to all users, such as those found in broadbeam
scenarios, and is limited to enhancing SNR rather than ad-
dressing SINR improvements. In [20]-[22], the authors again
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study DP-IRS, a traditional extension from single polarization
to dual-polarization, and depict the explicit dual polarization
multiplexing gains. They treat the two polarizations as two
orthogonal, parallel S-IRS systems, meaning no new algo-
rithms are required. More specifically, [22] focuses on the
electromagnetic radiation behaviors of vertically and horizon-
tally reflected signals in a DP-IRS, and considers a scenario
with two users, i.e., one user per polarization, to depict the
explicit multiplexing gains.

The most closely related DP-IRS, i.e., one with beam
splitting and polarization conversion properties, is studied in
[23]], [24] and [25]]. In these works, DP-IRS is employed in a
non-orthogonal multiple access system to mitigate interference
and address depolarization concerns, respectively.

B. Contribution

Building upon the earlier work in [24]], which aimed to
harness the interlayer multiplexing of DP-IRS without relying
on the explicit multiplexing gains of DP waves and was
limited to a single-user DP-IRS-assisted network, this paper
extends that work to address a more complex and generalized
wireless system. In this extended study, a DP-IRS collaborates
with a multi-antenna transmitter to communicate with multiple
users, each equipped with multiple antennas, thereby enabling
the transmission of multiple data streams to each user. The
primary objective is to optimize the number of data streams
for each user, to achieve the targeted spectral efficiency (SE)
performance with the minimum transmit power at the trans-
mitter. To the best of our knowledge, this is the first study on
the aforementioned DP-IRS-aided multi-stream transmission
per user, coupled with a single RF chain per DP antenna, to
observe interlayer multiplexing gains.

To achieve this goal, we formulate a complex optimization
problem with multiple interconnected variables, including the
number of data streams per user, power allocations, digital
precoder/combiners, DP-IRS operations, and phase shifters for
transmit/receive DP antennas. Notably, the system considered
here lacks inherent explicit polarization multiplexing (PM)
gains due to the presence of a single RF chain per DP antenna.
However, we leverage the unique capabilities of DP-IRS to
attain implicit PM gains, coupled with polarization diversity
gains, thereby enhancing inter-layer multiplexing. The main
contributions of our study can be summarized as follows:

o We derive low-complexity convex formulations for vari-
ous parameters, including the number of data streams per
user, power allocations, digital precoder/combiners, DP-
IRS operations, and phase shifters for transmit/receive
DP antennas. Leveraging these formulations, we propose
a novel multistep alternating optimization (AO) algo-
rithm designed to systematically address these convex
formulations until convergence is achieved. The convex
formulations, coupled with the proposed algorithm, are
specifically crafted to uphold monotonic behavior in
the objective value, thereby guaranteeing the algorithm’s
convergence to a viable solution.

o By relaxing the optimization of the number of data
streams per user and their corresponding weights, we in-
troduce Algorithm [2| which exhibits lower computational
complexity at the expense of performance degradation.

o Finally, we present an extensive numerical analysis and
discussions for the proposed algorithms, considering sev-
eral benchmark schemes for a comprehensive evaluation.
we also discuss the extension of this work to address the
problem of sum capacity maximization.

The remainder of this paper is organized as follows. Section
IT discusses the system model and formulates the problem.
The proposed algorithms are presented in Sections III and
IV. In Section V, we numerically evaluate the performance of
the proposed algorithms and compare them with benchmark
schemes. Finally, Section VI concludes the paper.

Notations: Scalars are denoted by italic letters, whereas
vectors and matrices are denoted by bold-face lower- and
upper-case letters, respectively. The subscripts/superscripts v
and h denote vertical and horizontal polarization, respectively.
For a complex-valued vector v of length N, v? denotes the
transpose, v(n)/v(n) denotes the nth element of v, v* denotes
the complex conjugate of each element, 1, denotes a vector of
size v with all entries 1, v denotes the conjugate transpose,
|[v]| denotes the Euclidean norm, diag (v) denotes a diagonal
matrix with each diagonal element being the corresponding
element in v, arg(v) denotes a vector with each element
being the phase of the corresponding element in v, v. > 0
denotes the number of non zero elements in v, logsum (v)

K K
means Y log (vy), sum(v) means ). (vg), and GM (v)
=1

represents the geometric mean. For a carlnplex-valued matrix
M, rank (M) denotes the rank, M, ,,,) denotes the n-th row
and m-th column entry, || M|| . denotes Frobenius norm, M-0
denotes positive semi-definite, M o M denotes the Hadamard
product, and trace (M) denotes trace. For a complex-valued
square matrix A, In denotes an identity matrix of size A
and A~! denotes the inverse. The notation (-)* denotes the

complex conjugate of a complex number, e (A, B) denotes

the dominant generalized eigenvector of matrix pair (A, B),
and f() denotes the function.

II. SYSTEM MODEL

Fig. |1| depicts the generalized multiuser MIMO communi-
cation system where a DP-IRS with N reflecting elements
assists an access point (AP) with N; transmit DP antennas
to communicate with K number of receivers, each with N, j
receive DP antennas and Lj; number of data streams resulting

K
in the total L = )  Lj data streams in the system, where

k=1
k=1,..., K. For clarity and in order to establish the signal
model, let’s consider the case where Ny = K = N, = 1.
The received signal in this scenario can be expressed as:
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where yv, y", f, (h,)*, (hy)*, ¥, g, s, P, and w represent
the received vertical polarized signal, received horizontal
polarized signal, receive digital filter, IRS-user channel,
AP-user channel, reflecting element operation, AP-IRS
channel, transmitted symbol, transmit power, and transmit
digital filter, respectively. In s, the entries are the same,
indicating that the same information symbol is transmitted
to both radiation patches. Within the ¥ matrix, the variables
w and ¢ denote the amplitude and phase changes of the
reflected signal. Notably, subscripts pq indicate polarization
conversion from p to g, where p,q € v,h. The matrices
diag(e*j‘sv,e*j‘sh) and diag(e’m“,e’ﬂh) in (1) represent
the transmit phase shifters at the AP and receive phase
shifters at the user, respectively. Given the constraint of a
single RF chain, the total transmission power P; in (]I[) is
uniformly distributed between the two radiated polarizations,

specifically as }/gw. In (I, both f and w act as common
digital filters for both polarizations; nevertheless, when
combined with the transmit-receive DP antennas’ phase
shifts, they result in distinct hybrid filters. The significance
of such hybrid DP antennas is prominent in subsequent
sections, where the model is extended to the MIMO scenario.
More details on (]D and DP antennas can be found in [23],
[24] and [26]], [27], respectively. The signal model provided
in (I) can be readily extended to include N; transmit
antennas, N reflecting elements, and K users, yielding (2):
Vi =Yi+Yi
_ Fk (EZ {( ;‘),Uk)H PGV + (Hﬁ’%)H (I)vahv
v \H v h vh \H & hv b nh\H
+ () o e { )" et 4 (1) " @)
K Lj
- PhrGhh 4 (HSk)H} Uh) : Z ZWj,sz,z + Fyzy,

j=11=1
(CNT,,;CXI’ Fk; c CLkXNr,k’

where {ypyi} €

P

whe ¥

e
e i?

o
oMe ¥

TABLE I: Notation Description

Notation Description

N Number of reflecting elements.

Ny Number of transmit antennas.

Ny Number of receive antennas at user k.
K Total number of users.

Ly Number of data streams for user k.

£, e C Nk
Wy € CNexI

E‘,; € CNr.kXNrk

Receive digital filter for the Ith data stream of user k.

Transmit digital filter for the Ith data stream of user k.
Diagonal matrix containing the kth user’s receive DP
antenna phase shifters for polarization p, where p € {v, h}.
Diagonal matrix containing transmit DP antenna phase
shifters for polarization p, where p € {v, h}.

Diagonal matrix containing DP-IRS operations for the
pq subpart, where p,q € {v,h}.

Direct channel between polarization p of the AP and
polarization p of user k.

Channel between the pq part of the DP-IRS

and polarization g of user k.

Channel between polarization p of the AP

UP ¢ CNexNe

Pre ¢ CNXN
(Hg k)H € CNr.k XNt

(Hqu)H € CNrikxN
T,

Pq N X N¢
GrecC and the pq part of the DP-IRS.
Pr,l Power allocated to the [th data stream of user k.
Ly
Pk Power allocated to user k such that p, = Pl,l-
Pmax Maximum transmit power budget at the AP.7
k Auxiliary variable for user k treated as part of the
Ox objective function in the optimization of z.
Auxiliary variable treated as an optimal weight for
Ykl the lth data stream of user k.
e (A,B) Dominant generalized eigenvector of matrix pair (A, B).

max

[Wk,1, W2, -, Wk ,|, and =z, represent receive
vertical/horizontal signal, receive digital filter, transmit
digital filter, and noise vector for user k, respectively,
whereas w;; € CNt*! is the transmit digital filter for
the [-th data stream of j-th user and s;; is the data
symbol sent over the Ith data stream of the jth user
with {k,j} = 1,---,K, I = 1,---,Lg. The matrices
Uv e CNexNe gh e CNexNe) EY € CNrwxNek | and
EZ € CNrxXNrk contain the transmit vertical phase shifters,
transmit horizontal phase shifters, receive vertical phase
shifters, and receive horizontal phase shifters in the diagonal,
ie, UP = diag(e—jvm’e—j’yp,zve—jwp,s’...A’e—j%,m) and
Ei — diag(e*j‘sw ’ e*j5p,27e*j5p,3, e e TN, ), where
p € {v,h}. The baseband equivalent channels for user k
are denoted by GP? ¢ CN*Nt, (Hf?k)H e CNrexN - and
(HL )7 € CNnxxNe for AP-IRS, IRS-User, and AP-User
links, respectively.

Considering the proximity of each component within a
reflective element, a reasonable assumption is that the channels
between analogous polarizations in both the AP-IRS and
IRS-user links are identical [28]]. The simplified aggregate
received signal at user k can be represented as (3). Let
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HY' = (B{{(HY,)" ("G + ®"'G") + (H5,)"}U") +
(EM @ HH (MG + hhGh) + (HE,)HIU") denotes
the compbsite channel between the AP and user k, the SE
for user k provided by L; data streams , i.e, cg, is given by
(@), where fj,; is the receive digital filter for the [-th data
stream of k-th user, such that Ff = [fk,ufk,zf"afk,Lk]
Additional information regarding the system model, channel
models, and DP-IRS operations can be found in [15]-[17],
[24]]-[26]], [28]]. Due to brevity and to prevent redundancy with
existing literature, these details are omitted here.

v =Fg (EZ{ ( :,k)H (2G" + ®""G") + ( Z,k)H }

v+ B ()" (@G + ean) + (H),)" |

K Lj
. Uh) . Z Z w; 1850 + Frzp.
j=11=1 )
Cr = f (Wa Fka Lk) Up7 qu? EI];)
Lk H 2
=t Z ‘fk,lHkHWk,j ’2 + 02 )
J#l
K L; 9
+ Z Z £ H Wi |
i#k m=1

A. Problem Formulation

To achieve a predetermined target SE for each user with
the minimum transmit power, each user requires an optimal
tradeoff between its full diversity obtained with a single
stream, i.e., Ly = 1, and full multiplexing gains corresponding
to Ly = min(Vy, N, ). This implies that the number of data
streams for each user, which provides the optimal tradeoff be-
tween diversity and multiplexing gains, will lie between 1 and
min(Ny, N, i), i.e., 1 < Ly < min(N;, N, ). Consequently,
we aim to determine the number of data streams for all users,
i.e., Lg, Vk, which can ensure a target SE performance for all
users, i.e., Ag,Vk, in the minimum possible transmit power
at the AP. For this purpose we need to optimize the transmit
filter W, receive filters Fy, Vk, number of data streams Ly, Vk,
power allocations py, Vk, transmit/receive vertical/horizontal
phase shifters at DP antennas U,,, E’;, p € {v,h},VEk, and DP-
IRS operations ®P?, where p, g € {v, h}. Hence, the problem
can be formulated as

K
min E Pk
W,F,L;,Ur,&r1 E} Pt

st. f(W,F, Ly, UP, & EP) > \, Vk,
Pr1 = diag (e P, ... e %N p g€ {v, h},
U? = diag (e*j"“”-rl, ce e*mP’Nt) , p €{v,h},

E? = diag e*j‘sm,...,e_j‘s”’N"*k) , p € {v,h}, VEk,

K
Zpk < Pma)u
k=1

(P1)

where, as mentioned earlier, \; represents the minimum SE re-
quirement for the user k, Pyax denotes the maximum transmit
power available at the AP, and py denotes the transmit power
allocated to user k. Problem (PT) represents a complex non-
convex problem with multiple coupled optimization variables
of different natures. Specifically, the first constraint involves
a non-concave function with non-convex complex expressions
in both the numerator and the denominator. Additionally, the
fractions in exhibit a unique non-convex nature because
the discrete variable L, in the summation for user k is also an
optimization variable. This complex optimization framework
is unique to the proposed generalized system model in Figure|[T]
and does not have a standard algorithm in the literature. In the
preceding sections, we develop solutions for and propose
two novel multi-step AO algorithms to solve this problem
efficiently.

III. PROPOSED SOLUTION TO PROBLEM (P1)

We decompose (PI)) into several subproblems, deriving their
low-complexity convex formulations. Ultimately, we present
a multistep AO algorithm designed to systematically address
these subproblems, ensuring the convergence of the Specif-
ically, our contributions to solve (P1) are as follows: 1)
We study a novel problem to optimize Ly, as detailed in
Section III-A. 2) To address the non-homogeneous quadratic
expressions coupled with polarization conversion and splitting,
we identify the essential components of the semidefinite
formulation. 3) By utilizing fractional programming, we derive
a novel convex formulation for per-user multistream optimiza-
tion. 4) To alleviate the complexity of log-sum expressions, we
propose a low-complexity formulation based on the geometric
mean.

A. Optimal Transmit/Receive Digital Filters, Number of Data
Streams, and Power Allocations

Here, we reformulate to determine the transmit digital
filter at the AP, receive digital filters for the receivers, optimal
power allocations pg, Vk, and number of data streams Ly,
Vk. For the purpose, assume ®P? = Igpq, U? = Iy»r, and
E} = Igr, Vk, where p,q € {v, h}. Accordingly, (PT) is
reformulated as

) K
w27

s.t.

&k £ H wy |
Zlog2<1+ T |2lekL,;kl| . )
=1 ;l\fk,LHkHwkﬂ +’_§k Zl|fk,lH£1wiyml +o2

J : M=

= Ak, Vk

K Ly 9
Wkl > LI'max;
kZUlel "< P

(P1.1)

where ||Wk,lH2 denotes the power allocated to [th data stream
Ly

of user k, ie., pg; = ||Wk,l||2 such that pp = > pg. To

=1
address (P1.I), we introduce a four-step AO algorithm.
Given an initial setup where each user k is assigned a
number of data streams Lj; and power allocations pj equal
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to min (N, N, ;) and L —pax respectively, the matrices W and
Fy, i.e., transmit and recelve digital filters, for all users are
calculated using mutually dependent optimal linear MMSE
filters:

W = [W11, W12, WK min(Ne, Ny k)] )]
and
H _
Fk o |:fk71’ fk72’ T fk7min(Nt7Nr7k)i| » VE, ©)
A fel ik
. emax | Sp 7 Ty
where Wy = ~ T fk,l =
€max (Sk,i Tyl )
wk l wk: 1
Cana (ST £, |
4 Hy1H Wkl _
| (s“’kl Wu) Sk,l - kakak,lHk S -
€max k.l
H H £ X L H y1H
Hk Wkalwk,lHk’ Tk:j = Z E Hzfszz H +
i#k m=1
&k H pH o2 W
k,l o
Z pr i Hyfe £ HY + L Ty, =
J#l
K L,

;c ElpzmH Wl7TLW7,mH + Epk]H ijwk;jH +
itk m
Tt Vo b

021, and Wk =

Given W and Fy,Vk from (3) and (6), respectively, the
problem for Ly, Vk, and corresponding py, Vk, can
be written as

K
min Y pg
Lipk k=1

min(N¢, Ny i)

s.t. >

=1

Pk,1€k,1

log, (1 + Tk,z-i;ék,ZLf-UQ) 2 A, Yk

2
_ e gHS
epl = ‘fMHk Wk,l‘ ,

min(N¢, Ny i)

_ H H —
T = ; £ Hy /P j Wi
J

K min(N¢,N,. ;)

qk,1 = Z Z

i#k j=1

K min(N¢,Ny 1)

2

)

)

2
HyrH —
‘fk,lHi VPi,iWi,j

Pk.1 S Pmax~

(P1.2)
To solve (PT.3), we need to handle the fractions that are
coupled with log-sum expressions. We could use traditional
fractional programming techniques to deal with the fractions in
(P1.3); however, note that Ly, is also an optimization variable
in addition to pj. Therefore, before we address the fractions,
we first need to handle the log-sum function and maintain its
relation with Ay for all k. To address the log-sum expressions,
we define min (IV;, N,.;,) optimization variables, denoted as
A, for all k and [, and replace \j, with 21L=k1 A, for all k.

5
Thus, we have:
K min(N¢,Ny 1)
min > Dk,
Li,pr,1: k1 1 =1
min(N¢, Ny i)
Pk,1€k,1
s.t. >, logy (1 + m)
=1 ' '
(P1.3)

min(N¢, Ny k)

> Y A=Ak Yk

=1
K min(N¢, Ny k)
Z Z Pk.1 S Pmax~

k=1

Ly
Introducing Y A, , = A, Vk, as a constraint, (PT.3) can be
< "k,

1=
modified as K min(N¢, Ny i)

min kel
Li,pk,1s k1 e1 =1 Pk,
S, logy (14 [ Zahl ) > vy, kL
min(N¢, Ny )
Aki = Ak, Yk,
=1
K min(N¢, N, i)
Z Z Dkl < Pmax-
k=1
P1.4)

Now we have one-to-one correspondence between the left-
hand side and right-hand side expressions in the first constraint
of (PT.4); Therefore, the convex formulation of can be
derived as follows:

K min(Nt, k)

S
k=1

= 1) (rky+ qry +0%) >0,

min
Li,pk,1, k1
Ak
S.t. pri€r — (2 kil
k1,
min(N¢, Ny %)

=1
K min(N¢, Ny k)

Z Z Pk.1 S Pmax~
= (P1.5)

Given )\, ; and p; ;, Vk,l, from (PT3), the optimal L, and

Dy Yk, can be calculated as [pk’l’.__}pk min(Nt.N,,.k):| > 0
min(N¢,N,

k)
and pk.1» Yk, respectively. While is convex,
=1

we can further simplify it to reduce complexity. Specifically,
with pp; = S NN (PT.3) provides per-iteration
optimal values for Ay ; across all values of k and /. With these
determined Ay ;, along with W and Fj, the optimal power
allocations can be easily computed as follows:

)\k,l = )\k:a Vk7

max

p=(J""—w) 1, (7
, min(N¢, Ny i)
where K = K + > 1, p =
=1
[pl,lapl,Qa"'7p1,L1a"'apK,min(Nt,N,,.,k)]s J =
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o?(2*1-1)
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£ B

o?(2*1.2-1) 02(2>\K1LK71)

— 2
£, HY W o

, T#c
, T=c

A more refined explanation of the optimization process for

W, Fy, L, and p; is presented through a systematic four-

step AO algorithm, as outlined in Algorithm [T} When provided

with the initial values for W, F, Ly, and pi obtained from

@), (@), (PT.3), and (7), the problem (PI) can be expressed
as:

diag - —
f LKHKvaLK|

2 |fH Hw
and W(re) = { g ‘fkﬂ"Hk Whie ,Vk.

max
@PQ,UP,EQ

s.t. ¢ > A\, VE

&P = diag(e I%rat ... e IPaN) p g e {v,h},

Uur = diag(e_j’)/p,l’ 7e_j7p,Nt)7 pe {U’ h},

E! = diag(e 7% ... ,e_jé”‘Nnk), p € {v,h}, Vk,

(P1.6)
where f (®79,UP,E}) is defined by @) when W, Fy, and
Ly, for all k, are constant. In the following three subsections,
we tackle by developing solutions for ®74, UP, and
P VEk.

f(@re,UP, EY)

B. Optimization of DP-IRS Phases

Assuming U? = If;
variables, we have

and E} = IEp Vk, and by changing

(18] (|0, Yemgirw,,, = Ugiin
£y (H”k) r1GIUPwy, - 1T GELES
£ E? (HZ’,C)HU”wi,m _ ghtim,
£ E]} (HZ k)HUPwk’j = gkbki. where
w;;gm = diag(f7E? Hff,k)H)Gquwi,m,
“’z%’kj = diag(f/EY (Hf)k> )G9UPwy ;, and
1 = [emd%an e=i%az  e=i%anN]|  Thus, (PLE) is

rewritten as

K Ly

max log, (1 + >
Ipp,lpg I; ZZ qkl + Tk + 02
S.t.
kl,kl kl Skl kl,kl kl,kl
Ckl,pqg = |1mzwvv + 1 g + lhh hh
kl,kl kl kl 2
+ lvh hv +§ ‘ )
< H kl kl kl,i
qk:l,pq = Z Z |1vv i + 1 o fv o
i#k m=1
kl,im kl,im kl,im
+ e w4 6,
Ly
_ H , kl,kj H kl kj kl,kj
Tkl,pq = Z“vvwvv ’ + lhv + 5 /
il
kl,kj kl,kj kl,kj |2
+ 1w 1 wn P,
Cp = Akv Vkv
|1pq()| 1an:17~-~»N»p7q€{U7h},

(P1.8)

where the intended signal strength ey ,,, interuser interference
dkl,pq> and intrauser interference 7, ,, are tunable with respect
to 1,, and 1, for all k,!, and are addressed in the following
subsections.

1) Optimization of Vertical to Vertical Phase Shifts: Defin-

ing

klyim _ 1H kl zm kl,im kl,im kl,im kl,im
=1 + & 1wy w4 6
and
kl,kj _ 1H kl kj kl,kj kl,kj kl,kj Kkl k]
fvv - lhv + g + lhh hh + lvh hv + 5

where 17 = 1,1H =1 =1,1,1,---,1
be written as (PT.9). Inserting

, (PL.§) for 1,, can

kl ,im kl,im |2 __ H kl sim, Jkl, im™
|l + VU ‘ _l Wy wv'u 1
+ lH kl im Lcll) imf + fkl zm kl im® lvv + |£kl ,im |2
and
H Ifl7 jk kl,jk |2 kl,jk kl, ikH
‘1 / +§ / | wvv] Wy / 1
H, kl,jk¢kl,jE® kljk, ki,jk? kl,jk|2
+ lvvwvv gvv gvv wvv IUU + ‘ VU |
we have (P1.10).
K Ly |1H kl kl +£kl kl
max E E logy | 1+ —
Ly - Z Z |1 kl im +§kl Z’m|
i#£k m=1
E Tl kg o ckLk |2 4 2
+ Z llvvwm; J —’—gvv7 j’ +o
J#l
st cx > Mg, VE,
H _ —
Hl=1n=1.. N

(P1.9)

K L
5 §k IOg ( €kl ov >
2

k=1 1=1 Tki,oo + Qii,vo + 02
s.t.

H kl kl, Kkl
eklﬂJU = 1 Wy wvv

H
+ ’fkl k1|2 + fkl Jkl Icl l lvv;

Thl o = E § 1 kl im Ik):im l’uv + gkl ,im Ik):im l

1, + lH kl klfkl g

i#£k m=1
H 2
+ l kl im ff]m + ’ ki, 1m’ ,
Lk
H kl,jk, kl,kH
qklov = E 1 vvJ Wy Ly
J#l
H kljk kil kH jk kl,jk kl kH
1 WBLIRRLRT o |ghlak|? 4 ks Lo,
H
x> A, VE, 1w()‘:1,n:1,...7N.
(P1.10)
Defining
klkl, kL kIT kl,kl ¢kl kIH
@k’l,kl — Wayy w'uv Wy VY
v Wkl kIH ¢kl kl 0 >
’U’U VU
klyim, klim® klim ¢kl im™
@kl,im — Wy Wa Wy VU
vv kl,imH kl,im 0 ’
vU vU
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= 1
and 1, = to

numerator and denominator expressions in (PT.10) can be
homogenized as

vY |, where t,, is an auxiliary variable, the

nllax
K Ly Ii@fi’kliw + |§Ilf1l),kl 2
Z Zlog2 1+ K L;
=i > 3 (1@ + et )
i#k m=1
L)C _H . .
+ 3 (LML, + [eh]) + 02
J#l
S.t.
Ck Z )\ka Vk',
<H
1w(n)’ —lLn=1,...,N+1.
(P1.11)
Deﬁnlng lvve)vvlvv = trace (@U'Ul'uvlvv) = trace (GU’ULUU)’
where L, = lwlm must be rank 1, i.e., rank (L, ) = 1, we

have semldeﬁmte expressions

max
Lo
KL trace (OKLFIL,, ) + |¢hLH ’
Z Z logo | 1+ —=x <1, kl,im
k=11=1 Zz;&k Zm 1 trace ('ev'u7 LU’U)
+ Z#l trace (OFLIFL, ) + o2
+ Zz;ﬁk Zm L ‘gkl ,im
S.t.
¢k > Mg, Vk, rank (L,,) =1, Ly, >0,
LU’U(n,n) - 1, n = 1,...,N+1,

(P1.12)
By relaxing the rank-1 constraint, both the numerator and de-
nominator expressions become convex. However, the presence
of fractions retains a nonconvex nature, leading to a non-
concave problem. Utilizing fractional programming techniques
[29], we derive the convex formulation of (PI.12) as follows:

max

Loo,{yr}
K Ly
ZZlogQ 1+ 2yk (trace (OFLML,,) + |EkLM 2)
k=1 1=1
K L
—vh |22 Y (trace (@4 Ly) + gt [*)

i#k m=1

+Z (trace @kl’JkL + ‘ékl“k| ) o?

J#l
S.t.
yk € Ry VE I, cx > Mg, Vk, Ly, =0,
meyn) =1ln=1,...,N+1,

(P1.13)
where yy;, Vk,l, represents extra optimization variables that
serve as weights requiring optimization for optimal results.
Despite its simplified and convex nature, (PT.13) still a com-
plex problem primarily due to the following reasons:

1) Log-sum expressions are computationally expensive to
solve (the reader is referred to [30|] for more details).
2) As part of the multistep AO algorithm, solving (P1.13)
does not guarantee convergence.
To address the first issue, we propose replacing the logsum
function with the geometric mean (GM), as demonstrated in

[30], [31]. Defining x§ = |2, ap™

, Where

lﬁl =142y (trace (@’vjﬁ;leW) + |gRLk 2)

vv

K L,
i Y Y (trace (@15 Luy) + |€15 ™ )
i#k m=1
v Z (trace (@3 L) + €5 [7) + 0%, k.1
i#k
the objective function of (PI.T3), i.e.,
K Ly
Z Z log, (1 4 2ykitrace (QﬂﬂdLm,) 4 |ERLRL 2
k=1 1=1
K
~yiu Y (trace (@45 Ly,) + €5 %)
i#k
—y2 Z Z trace G)fjf)lmLm,) + |gkLim 2) +0?)
i#k m=1

K

can be replaced by Y GM (x;) and the problem (PT.13) is
k=1

updated as: .
k

max GM (xy,)

Lov fym} |
s.t. GM (xg) > A, Yk,
Lyy = 0, yrt € R, VK, I,
L =1,n=1,...,N+1.

To address the second issue, concerning convergence behavior,

we update as follows:
Ly
GM (Xk)
k=1
s.t. GM (xy) > ¢F | VE,
| P 0, Ykt € Ra Vkvla
L =1,n=1,...,

(P1.14)

VVU(n,n)

max
| 7{ykl }

(P1.15)

N+1,

U'U(n,n)

where wa,Vk, represents a positive real number selected in
each AO algorithm iteration, ensuring the objective value does
not increase, guaranteeing convergence. Additional details on
the selection of C}jw can be found in Section III-E.

For enhanced simplicity, we introduce slack variables and
reformulate the problem as follows:

UT?;M} Z Loy

s.t. GM (xk) > dfv + OIICJW7 vk, (P1.16)
Ly =0, yu € R, VE, 1,
Lou, = ln=1,... N+1
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Problem (PT.16) is convex and can be efficiently solved using
CVXIH Due to the GM expressions, (P1.15) necessitates a
lower computational cost compared to with logsum
expressions. Further insights into convergence behavior and
computational complexity are discussed in Section V.

2) Optimization of Horizontal to Vertical Phase Shifts:

Defning Gy " ety e ey [l T
im T = 1H kL] | gklkj j j
h ho = UL 4+ 8R4 1T w4+ 10wy

3% ] , where I,,, is optlmlzed by solving problem (PT.16), the
problem for I, can be written as

K Ly .
I‘.;laX Z E 10g2 1+ +kl,hv - 5
S S - Tkl,h qki,h o
hv k=1 1=1 ,hv v (P1.17)
st x> A, VE, m()‘—l n=1,--,N.
kl wkl,im klim®™ klim okl im™
Defining o, mo 72’; o vh  Sho ,
imH kl ,im 0
vh
kl,kj klkj kl kj kl i H
@kLki _ | Wun "Won Sho and
Wht k:j gkl kj 0 ’

’iﬁax [ Lo ], the problem can be homogenized as

lpy

X L 1 1 lhuekl kllhv-i—lghi)kllz
2 e | 1+ Kl ki, im |2
k=11=1 7 amy ,im
Z Z (lhv®vh lhv + ‘ghv ‘ )
itk m=1

<55 (et +[eito])
J#l
+0°
st x> g, VE, )If%)’ 1 n=1,- N+l
(P1.18)
Similar to and sharing analogous issues as discussed
in the context of (PT.13), the final convex formulation of

(PI.18) can be derived by following the same steps employed

for PLIT):

max Z of,
Lhv,Yrt
st GM (xLM) > ¢y, +of, Yk, (P1.19)
Lpw =0, ym € R, VE, [,
Lo,y =1l n=1--,N+1.
where xy = [zEt - b,

hv

xlﬁl =14 2y (trace (@kl ML ) + ‘Sfikl‘

— Y Z Z (trace (@kl “"th) ‘E}l:l zm) )

z;ékm 1

-3 Z (trace (G)kl kJLhU) ‘fkl kj‘ ) + 02,

Vkah trace (®thh’U) = 1hv®vhihv ’ th :Ihvii)’ Olli;l is

a slack variable and {fhll is a real positive variable V£, I.

IRetrieving feasible ®¥ from L,, may require additional steps, details
are provided in [32]] and omitted here for brevity.

3) Optimal Vertical to Horizontal and Horizontal to Hor-
izontal Phase Shifts: Defining &FF7 — lhh WhLFT 4 ekbki 4
1 kl,kj +1 kl kg kl,kj I’m N _ 1 h ;}Lk] + gkl,kj +

v v v

hhw +&
12 w Mlk] +17 w k%” +¢& hﬁ’” where 1,, and 1, are retrieved
from L,w and Lw by solving (PT.18) and (PT.13), respec-

tively, the problem for 1, and 1,, can be written as

K Ly .
max », > logy, |1+ kL bk 5
Lin k=11i=1 Tki,hh + Qki,hh + O

s.t. cg > Ak, Vk,

1, )‘:1, n=1,---,N.

_H G RLRL kLR LH kLR k:lle Kl kel |
€kl,hh = LpWpp Wi we T Ap@nn Epn T+ [&hn
KLKL kl klH
+€ Ly,
klyim, kl aimH klim cklim™
Tki,hh = Z Z Lhwns @™ Ly + Bhwp ™y
i#£k m=1
2
klyim  klim® kl,im
+§h O ‘ghh ‘

kl7jk El,jEH

KLk ol 1
qri, hh_zllhh wppF o Ny i wp ey

2
kl,ak Kkl k" kl,jk
+§ Wpp' L+ ’f '
(P1.20)
and
K Ly .
max ». ». logy| 1+ KLk 5
Ln k=11=1 Tkiwh + Qriwh + 0
stoep > A Vk, (1 )’ —1,n=1,--,N.
2
klkl Kl klH Lkl okl k1T kl,kl
€kl,vh = luhwhv wvh lhv+1vhwhv Evh + gvh ‘
klkl Kkl klT
+€uh “’}w L, Vk
klyim klim™ klim okl,im™
Tkl,wh = Z Z lvhwhq; whv lvh + lvh hv gq)h,
i#k m=1
2
kl, zm kl, im™ kl im
+§ Why lvh + 7Vk
Eljk kljk™ Wik kl,jkH
qrkiwh = Z L wp wp?™ Ly, 4 1w 7 ey
kl,]k kl,]k kl,jk
+§ Wiy Ly ,w@

(P1.21)
respectively. Problems (PT.20) and (PT.21)) share similarities
with (PI.I0) and (PI.I7), respectively. Employing analogous
approaches used for 1, and 1, respectively, results in the
derivation of conclusive convex formulations for 1, and 1,
as follows:

K
max O]Ii
Lunykt fm1 "
s.t. GM (xf ) > (f, +of, , Vk, (P1.22)
th - Oa Ykl € Ra Vkala
th(n,n) =L,n=1,--,N+1
and
X k
max O
Lon, Ykt k=1 Lon
st. GM (xf ) > ¢F, +of ., VE, (P1.23)
Lvh - Oa Ykl € Rv Vkalv
Lvh(n,n) = 17 n= 1)"'3N+1
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respectively, where x¥ = |z0" ... ¥ x =
P Y, Lyn L,,’ 7Ly |0 Ly,
k1 kL

:L‘Luh’ ’JjL'uh ’

xﬂh =14 2y (trace ((—)kl lehh) ‘ﬁkl kl‘ >

K L; 5
2 kl,im kl,im
-y E g (trace (@hh th> + ‘fhh ‘ )
i#£k m=1
K
—Yn E <trace (@hﬁk]th) ‘ﬁkl k]’ > + 02,
ik
(3
k.l kl,kl ki ki |2
zy . =1+ 2y | trace (@vh’ Lvh> +&on ‘
Kl im ki, im |2
- ykl E E trace ((—) L, ) Eon
z;ékm 1
kl,kj kikj|? 2
—yh E trace(@ 'L, )—i— & ) o7,
i#k
9
kl am klim® kl im skl im™
@kl im _ “Yph o “hn @hh o Shh
klim™ cklim 0 ’
Whn hh .
klkj klim klk kL kjH
@FLki _ Wy Wy PR
hh kl,kjH okl kj 0 ’
wh Ehn
_ klyim  klim klim okl im™
®kl,zm — Why hv Why 5vh
hv klim™ cklim ’
Wy Eun 0
kl.kj klkj™ kl k kl ki H
@kl ki _ | Yhe thv ! Jf ! 1, = Ly,
Wk ki H okl kg ’ t ’
hv 5 0 hh
= 1 = <H - -H
L, = [t . o Ly = L Ly, = Lplyns (thos thn)
v
are auxiliary variables, and (olﬁi 70’161 l ) are slack variables
vk, 1.

C. Optimal Phase Shifters for Transmit DP Antennas

By obtaining ®P9, p,q€ {v,h}, from (PL.IJ),
(PT.18), (PI.21), and (]@D and by the change
of variables f/LEL{(HP,)T(®7Gr + ®MGT) +
()" UPw, = wfl b, S BL{(HE,)" (877G +
PriGY) + (H d)k) yur Wk:,j — ull ki,
where afbim = d1ag( JE{(HY O ((IWPG” +
BUGH 4 () Pwin  afth -
il BL ) (877G 4 2G) + (1], .
and u, = [e*jvm’efj“/p,z’efﬂp,z’ ’efjvp,Nt]H, @

9
for U¥ and U” is reduced to
max
uP
K Ly uHaﬁl,kl+uIL{akl,kl 2
ZZlogzl—FKLi'” "”'|_2
k=1 =1 353 Haﬁl,zm_’_uhHa];Llﬂm‘
i;ékm 1
+Z Hohlki 4 ul o klkj‘ 1g?
J#l
s.t. cp > Mg, Vk, ey | = 1,n=1 yNey p€{v,h}.
(P1.24)
Now, we solve separately for u, and uy,.
1) Optimization of Transmit Vertical Phase Shifts: Here,

we address (PI.I3) concerning the vertical phase shifters of

the transmit DP antennas. By letting uf’ aZl o ﬁzl’im, and
uhHaZl ki — ﬂzl’k], where u, = [1,1,-- -,1]", the problem
(PT.23) for u” can be reduced to
max
V,
K Ly trace Akl,klvv +0kz,kz 2
£l (1 maarvpi
k=11=1 Z Z trace (AZZ,iva)
i#k m=1
& Kl kj ki kj |2
+ > trace (ARLRIV,) + |0y
il
KoL okim|? 2
+> > ’ﬁh’ ‘ +o
i#£k m=1

st. ¢ > A, Vk, V=0, ¢ >0, VE,

V(ng,mt) = 1’ ny = 17 o '7Nt + 17
(P1.25)
H
klim ( ~klim\H Klim ( gkl im
where AFLm — ) (av ) @y (ﬁh ) i
kl, im™ qklim
wyy ™y 0
Lk klk') kg (oklki\
. sRJ sRJ sk 19 ’
klkj — | O «, ay ( h )
A7 = KLk okLkG s and,
we 9y 0
_ u . .. . .
u, = t” , and ¢, is an auxiliary variable. By applying
v

a series of steps analogous to those used in (PL.I1)), we can
derive the final convex formulation for (P1.23):

max Z oy,
Vo, Ukt =1

s.t. GM (va) > C{f + 0%/1,7 Vkv
V’U - Oa Ykl € Ra ij7la
v =1, =1,

(P1.26)

N, +1,

v(ng,ne)

where
B[ k1 k,Ly
Xv, = |Tv,, v, |

2
oy, = 1+ 2yy \/trace (Al’fl’klvv) i ‘ﬁzl,kl‘

K L;

~Yi Z Z trace (AF™V ) 4 ’,ﬂil,imr

i#k m=1
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L 12
i | D trace (AEHIV,) + [0 )+ 0% vk,
J#l
and ¢y, and of, are slack variables and real positive numbers
Vk, respectively.

2) Optimization of Transmit Horizontal Phase Shifts: By
employing methodologies analogous to those used for U", we
can derive a convex formulation for U” as follows (details are
omitted due to space limitations):

max Z ok,
Vh, Ykl h
st GM (x%,) = ¢F+ 0k, , Yk, (P1.28)
Vh - Oa Ykl S Ra Vkala
Viming =1 m=1,- N+ 1
where
o[ ka1 k,Ly
Xv, = [xVh"' 'th :| s

2
oy, =1+ 2yw \/trace (A’Zlv’”vh) n ’ﬂﬁl,kl‘ )

K L )
—y E E trace (A’;“’”Vh) + |9hbim|
i#k m=1
2 ki, kj Kl kj 2
—Yis E trace (Ah JV;L> + |[95HR 7 ) + 0%, Yk, 1,
L
kl,im kl,im H kl,im kl.i H
)i olyim ; Jim
ki im X (ah ) o ()
A‘h - Kl H ki 9
,2m ,am
() e
_ ki ( klks )T kl,kj (,lgkl,kj)H
Akl _ | Q7 QX X, v
h b

klLki® okl ks
a Gt 0

u, = { ltl:; } (ﬁh)HAfL’iﬁh = trace (Ai’ivh) , and
V), = w,(up)?, Vk, L

D. Optimal Phase Shifters for Receive DP Antennas

Given ®7¢ and UP, p,q € {v,h}, from (PL.13), (PT.I8),
(PT.21), (PT.22), (Im (PT.28), re%)ectlvely, following the

change of variables f,E}{(H. )" (®"GP + ®PGY) +

(B )" Y UPw, = (k) "h, "
f,flEﬁ{(Eg_k)H(@”’Gp+<E’jp_G’1) +(HY )Y UPwy, ;
(,fl)k ", where h, " = d;ag(f,f )hk-,
h, " = diag(f7 )hfbki - pkbim =
(H’T)’ ) (q»pPGMqﬂPGQ)Upwm +
(Hi VAIUPW, 1, and h’;l’kj =
(H” H? ) (®PPGP + &G UPwW ; + (Hs,k)HUPWkJ’
and e]; — [e77%1 e7I0p2 e~ j‘;p,-?’...?e_j(;T‘er,k}H’

p € {v, h},VEk, the problem (PT.6) can be reformulated as

10
max
e}
1kl kl 1kl kL |2
%log2 1+ [(e5) 0, (o) Ty |
- K L NHo rklim H, rktim |2
1 5 50 [(e)hI T (o) ]
7 m=
Ly, H. rki,kj H. rkl,kj 2
+§l (ef)"h, " + (ef) "hy,
J
+o?
st. x> A, Vk, b = diag (1) by,
of = [e_jap,l’,,,&—jap,zvr,k} ,p € {v,h},Vk.
(P1.29)

We observe that the optimization of E} for a spe-
cific user k does not impact the performance of other
users. As a result, one of the receive phase shifters for
all users, either horizontal or vertical, can be held con-
stant, while the other is subject to optimization. By let-
ting ef = [e~9%1 e9%2 e=i%s ... ¢ I Nek]H 'k and
defining (eﬁ)Hh;:“ = X}, Vk, the problem for ek,
Vk can be written as

max
e}
Ly, Yy RURL | KLkl 2
> loga| 1+ ()" kel 2
1= /kl im kl,i
: > 3 |(eb) 4 gt
i#k m=1
Ly
[ ’”+x“’”! ot
J#l

St op = vk, B = ding (67) b, v,

, s H
ef?) — [6_36“1,-“,6 J 'U’Nr,ki| VE.

(P1.30)
h/k’l,wn <h/kl,im)H h/kl,im (ka'm)H
Defining BE-im — | * . P : "
(hv ) ) XZl,zm 0
. \H . H
1kl kj 1kl kj 1kl kj Kl kj
Bk _ h, (hz ) h, (Xh ) ,
(0,) 0
, H
o — [ Zf ] (65) "B e = trace (B ek (&) ) =
trace (B§l7im05), Y (éﬁ) BhLkigh =
trace (Bﬁl’kjéf(éf) ) = trace (BS"*OF) and relaxing

the constraint rank (O%) = 1, Vk, an equivalent formulation

for (P1.30) is given by

max
of
S trace(Bkl’klok)+| kl‘kl|2
Y loga| 1+ —— v Oy
. > > trace (BE™mOF) + ’sz Zm’
i#k m=1
7, 5 j klk
+ Y trace (BE-RIOF) + ‘X ]’
J#l
+0?
s.t. Cp > )\k,Vk7 Oﬁi()’ Vk,
Olj( ):1, nr’k:]‘""aNr,k‘i’l, vk,
T ko k
(P1.31)
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Utilizing analogous steps as applied to (PT.12)), we derive the
convex formulation for (PI.31):

k
s.t. GM (x’g‘)ﬁ) > ¢k 4 015:7 Vi,
Of =0, yr € R, Vk, 1,
O];:L(nr,kvnr,k) =1lnp=1--, Nr,k + 1, Vk,
(P1.32)
where
oy = [ob a8l
and

:Jséf)l5 =1+ 2y;m \/trace (Bq’fl’kIO’;) + ’xil’kl
)
Ly

) 2
—y,fl Z (trace (Bﬁl””Oﬁ) + ’le’kj‘ ) + UQ,V]{Z,Z
G

‘2
L;

K
—y3 Z Z (trace (ijl’imO’j) + ‘x’,ﬁl’m

i#k m=1

E. Overall Algorithm

The proposed AO algorithm sequentially tackles (P1.1)),
(PLI6), (PL.I9), (PL.22), (PL23), (PL.26), (PL.28), and
(P1.32) until achieving convergence of the objective function
defined in (PT). To maintain a monotonically non-increasing
behavior, the maximized objective value oF obtained from each
problem serves as the subsequent problem’s ¢*. The complete
algorithm is detailed in Algorithm [T}

IV. FIXED WEIGHTS BASED LOW COMPLEXITY SCHEME

In this section, we introduce Algorithm 2, designed as a
low-complexity alternative to Algorithm 1. More specifically,
by anticipating the number of data streams for all users
and predefining the corresponding weightage parameters in
(PL5). (PL.T6), (PL.T9), (PT.22), (P1.23), (PL.26), (PT.28), and
(PT.32) before initiating Algorithm 1, a significant reduction
in computational cost can be achieved. This reduction stems
from a decrease in the number of optimization variables in the
mentioned problems. The time complexity, representing the
computational cost, is detailed in Table [l The comprehensive
algorithm is detailed in Algorithm 2.

A. Complexity Analysis

We provide the analytical complexity analysis of the derived
convex formulations and closed-form solutions in terms of
floating point operations (FLOPs) and Big-O notation. In (3)
and (]Q) we provide the solutions for wy; and fj,; for all k
and [. Note that the matrices in (3) and (6] are rank-1 matrices.
Hence, exploiting the Lanczos algorithm to calculate wy, ; and
fi.; filters results in a complexity of O(mN;) and O(mN,.),
respectively, where m denotes the number of iterations in the
Lanczos algorithm.

Algorithm 1 Multi step AO Algorithm for Solving (PI)

0 and initialize <I>fq =

1: Set iteration 7 = Igra,

Uf = IUP, Eiﬂ IEi_’ Li,k = min(NtaNr,k),
Ji T
Wi P: \/}\Tg[l’ly"'a]-l,Lm"'v]-K,LK] 5 I:,
= max [1’ ]_’. e ]_LL17 .. '71K,LK]’ and Oov,i =
> min(N¢, Ny i)
k=1
0VEk.
2: repeat

3 Given ®7, U?, and E} _, Vk, p,q € {v, h}, calculate
the composite channel H,, Vk.

: repeat

5: Given p;, L; k., and Wy, calculate F, ;, Vk using (©).
& Given Fk,ka, L; 1, Vk, and p;, update W; using

7: Given F, ;,Vk, W;, and p; solve (PT.5) and update

Lik 85 [Nt A mincvon, ] > 00 k-
8: Given L; i, Vk, FM,Vk, and W;, update p; using
9: until the objective value of converges or the
maximum number of iterations are completed.

10:  Given U?, UP, v, @Y1 and ®h", set wa ;= olf)v n
Vk, solve (PT.I6), extract ®}7, from L,,, and obtain
of ;,Vk, I If (PT.16) becomes infeasible, proceed to the
next step.

11 Given ®pY,, set ¢f , = of ., Vk, solve (PLI9),
extract ®/'?; from Ly, and obtain of, ;,Vk, 1. If (PT.19)
becomes infeasible, proceed to the next step.

12: Given ®7Y, and ®]¢), set (f . = of, .. Vk, solve
(PT.23), extract !, from Ly, and obtain of . ., Vk, L.
If (P1.23) becomes infeasible, proceed to the next step.

. - h k _ ok

13:  Given @7y, set (¢, , = ?inh,ki’Vk’ solve (P1.22),
extract /", from Ly, and obtain of,, ,, Vk, L. If (PT.22)
becomes infeasible, proceed to the next step.

14:  Given ®71,,p,q € {v,h},set ¢, = of, . ;,Vk, solve
(PT.26), extract UY, , from V,, and obtain o, ;,Vk, L. If
(PT.26) becomes infeasible, proceed to the next step.

15:  Given UY,,, set ¢y, ; = o, ;,Vk, solve (PL.28),
extract U, from V), and obtain of;, ,,Vk, . If (PT.28)
becomes infeasible, proceed to the next step.

16:  Given ®7, and U} ,, p,q € {v,h}, set (§ ; =
oY, i, Vk, solve (PT.32), extract Ej, , from O},Vk,
and obtain o ,Vk,l. If (PT.32) becomes infeasible,
proceed to the next step.

17:  Update ¢ =7 + 1.

18: until the objective value of (PI) converges or the maxi-
mum number of iterations are completed.

=

Regarding the power allocations (7), we have provided
closed solutions, hence exact FLOPs can be easily calculated

K K
as: (2N, x Ny + 2N, +1) x (Z Lk) 2 4 (Z Lk> 2+
k=1 k=1

K K
> L (Ny—1) > LiNy.
k=1 k=1

Now, we discuss the complexity of the derived convex

formulations, i.e., (PT.16), (PT.19), (P1.22), (P1.23), (P1.26)),
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(P1.28)), and (PT.32). Assuming the primal-dual path-following
method [33|] and without exploiting any sparsity or special
structures in the variables involved in our problems, the worst-

case computational complexity of (P1.16), (P1.19), (P1.22),
and (P1.23), can be expressed as

((max{(sz) DI )
(v 3 e (1))

while the equivalent logSum-based formulations, i.e., (PL.13),
can be shown to have a worst-case complexity of

O(log2<(max{(§:[/k)2 +éLk, N+éLk})4>
(vexn) ()

with € being the solution accuracy. Additionally, note that

formulations (P1.26), (P1.28), and share a similar

mathematical nature as (PI.16). Hence, the worst-case com-

putational complexity of (P1.26)/(P1.28) and (P1.32) can be

derived as

of (e {(X )"+ o o))’
(v 3o ) e (1))

k=1

(w rk+§L) log())

respectively. Note that the complexity orders are obtained by
counting the arithmetic operations of the primal-dual path-
following method [33]]. Please refer to [32]-[34] and the
supplementary files for further details.

We now discuss the computational complexity reduction
from Algorithm 1 to Algorithm 2, particularly in solving
(P1.16), (P1.19), (P1.22), and (P1.23) for the yi; weights.
As discussed in Section 1V, the reduced computational cost
in Algorithm 2 compared to Algorithm 1 is primarily due
to the reduced optimization of the weight variables yg;
in (P1.16), (P1.19), (P1.22), (P1.23), (P1.26), (P1.28), and
(P1.32). Specifically, by removing the > L; number of
constraints and the associated ) L, number of optimiza-
tion variables from the complexity expression, we derive
the computational complexity of each subproblem that Al-
gorithm 2 solves. For instance, by removing these con-
straints and optimization variables from the complexity ex-
pression for (P1.16), we obtain a worst-case complexity of

K 2 *
o max{(ZLk) ,N} Nélog(%)
k=1

Us
d Us ng
- OIRS
U,

Fig. 2: Simulation setup.

Similarly, the reduced complexity associated with opti-
mizing U, and E,; can be determined from the afore-
mentioned Big-O expressions by excluding the complexity
related to the number of weight optimization variables and
corresponding constraints. Consequently, the worst-case com-
plexities to solve U, and E,j in Algorithm 2 can be

K 2 4
expressed as O [ max { < > Lk> ,Nt}
k=1

N7 log (1)
o (mac{ (£ 1) m}4

1
N7 log (2)
Algorithm 2 Low complexity Algorithm for Solving (PTI)

and

, respectively.

1: Set iteration ¢ = 0 and initialize Y7 =
Isw, U' = Tu E, = Iy . Lig
Wi = \/%[1717"'711,L13"'31K,LK]T7
Pi = Prnax [1717”'7]-1,L17"'7]-K,LK]3

Z min(N¢, Ny )
and 00 = OVk

2: repeat

3:  Step 3 of Algorithm

4:  repeat

5: Steps 5, 6, and 8 of Algorithm [I| with fixed A,

vk, .

6: until the objective value of (PI.I) converges or the
maximum number of iterations are completed.

7. Perform steps 10, 11, 12, 13, 14, 15, and 16 of Algo-
rithm [T] with fix yy ;, V&, [.

Update i =7 + 1.

9: until the objective value of (PI)) converges or the maxi-

mum number of iterations are completed.

V. NUMERICAL ANALYSIS AND DISCUSSION
A. Simulation Setup

The simulation setup commonly employed for the multi-
user scenario is depicted in Fig. 2} wherein eight users, denoted
as Uy with £k = 1,2,---,8, are considered. Among them,
users Uy, with k = 2,4,6,8 are uniformly distributed along
a semi-circle centered around the IRS at a radius of do =
3 m, commonly referred to as “cell-edge” users. Conversely,
users Uy with k& = 1,3,5,7 are uniformly distributed along
a circle centered around the AP with a radius of dy = 20
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Fig. 5: Minimized transmit power versus the number of reflecting
elements.

m. Unless specified otherwise, the simulation parameters are
as follows: the distance (dy) is fixed at 40 m, the path loss
exponent a is set to 2.2, 3.2, and 2.8 for the AP-IRS, AP-
User, and IRS-User links, respectively. The amplitude of each
reflecting element of the DP-IRS is normalized by a factor
of %, ie., %\I’ The path loss (C,) at a reference distance
of 1 m, i.e., (D,), is 30dB. The spectral efficiency Ay is set
to 2(bps/Hz), Vk. Rician fading is applied to the AP-IRS link
with a Rician factor (i.e., x) of —20, dB. The noise power 0'13 is
~94dBm, Vk, N,.; is set to 4, Vk, N, is 16.]}} In Algorithm 2,
Ai, for all [ of a user k are selected proportional to the initial
normalized SEs. Algorithms terminate if the transmit power
reduction in an iteration becomes less than 10~ watts or after
a maximum of 15 iterations. The simulation results presented
in this study are averaged over 100 channel realizations and
computed using MATLAB R2022a on an AMD Ryzen R7-
5800H CPU @3.20GHz and 16 GB of RAM.

B. Simulation Results

We commence our discussion by examining the convergence
behavior of the proposed algorithm. In Fig. 3] we present
the convergence profiles of Algorithm [I] with logsum and
GM-based formulations across different values of N. Notably,
it is evident that Algorithm 1, utilizing both formulations,
converges to nearly identical performance levels and requires a
similar number of iterations. Specifically, for N values of 10,
30, and 50, Algorithm 1 reaches convergence in a maximum
of 7, 10, and 14 iterations, respectively, resulting in transmit
power reductions of 21.3%, 40%, and 53.2% compared to the
initial point.

In Fig. 3] despite the comparable performance of Algo-
rithm 1 based on (PI.13) and (PI.16) (logsunﬂ and GM-
based formulations, respectively), it is noteworthy that the
computational cost of logsum expressions is considerably high.
Specifically, Table [l provides a detailed breakdown of the time
complexity of Algorithm 1 based on logsum/GM formulations
and Algorithm 2. To enhance interpretability, we present the
normalized time complexity in Fig. ] For instance, when
N =50 and N; = 16, it is observed that Algorithm 1, based
on the GM-based formulation, and Algorithm 2 require 79%
and 85% less computational cost, respectively than Algorithm
1 with logsum-based formulations. Additional insights into the
time complexity are available in Table [[I]

Regarding the optimality of the proposed solutions, while
@), (). (PL3), and provide optimal solutions for W,
Fy, Ly, and py, respectively, the eigenvalue distribution of
L in (PI.16) shows that the retrieved ® in the strongest eigen
direction of L provides, on average, 61.8%, 58.2%, and 54.6%
of the optimal objective value of problem (P1.16), for N = 10,
30, and 50, respectively. More specifically, the lower bounds
on the optimality are calculated by dividing the eigenvalue
of the strongest eigen direction by the sum of all available
eigenvalues [35]).

2 Additional details on simulation setup/parameters and channel models are
available in [24]], omitted here for brevity

3Here, for comparison, an updated formulation of (PT.13) is used, such that
it shares the same convergence structure as (PI.16), with only the logsum and
GM difference.
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In Fig. 5] we present the performance of the proposed algo-
rithms against the number of reflecting elements for various
benchmark schemes. The compared schemes are as follows:

Algorithm [I} As observed in Fig. [5] Algorithm [I] results in
the lowest transmit power due to the optimized operations at
DP-IRS, active/passive beamforming, and vertical/horizontal
transmit/receive phase shifters.

Without DP-IRS: In the absence of an IRS in the network,
the optimization of W, Fg, Ly, and p; is carried out using
@), (@, (PT.3), and (7). The absence of IRS results in a
significant escalation in the minimum transmit power required
at the AP, reaching approximately 35 dBm. This increase in
power primarily arises from the presence of cell-edge users,
denoted as Uy’s, where k = 2,4,6, 8.

Random Operations: Implementing random operations for
DP-IRS leads to enhanced performance compared to the
“Without DP-IRS” scenario.

Simple IRS: In this configuration, an S-IRS supports the
multiuser MIMO wireless network. The results underscore
that DP-IRS requires significantly less transmit power than
S-IRS, thanks to its improved inter-layer multiplexing and
polarization diversity gains. Furthermore, the performance
disparity between the two systems amplifies with an increase
in the number of reflecting elements. For instance, DP-IRS
with Algorithm 1 necessitates 57.1% less transmit power than
S-IRS for 50 reflecting elements.

Simple IRS (hybrid): To establish a more favorable com-
parison, we examine a scenario where S-IRS aids a wireless
network equipped with hybrid antennas at the AP and users
(V¢ and N,.;, respectively) to emulate gains comparable to
DP antennas. The results demonstrate that S-IRS with hy-
brid transmit/receive antennas outperforms S-IRS with simple
transmit/receive antennas. However, the proposed Algorithm
[I] with DP-IRS surpasses the performance of the hybrid S-
IRS-assisted network. For instance, DP-IRS with Algorithm 1
necessitates 42.4% less transmit power than the hybrid S-IRS
system for 50 reflecting elements.

Algorithm 2} The results indicate that Algorithm [2] incurs
significantly lower computational costs than Algorithm|I]albeit
with a trade-off in performance. For instance, as detailed in
Table [l Algorithm 2] requires 62.8% less computational time
than Algorithm [I| for N = 10 and N; = 16. Importantly,
the computational complexity gap between Algorithm 1 and
Algorithm 2 diminishes with increasing values of N or N;.
This reduction is attributed to the fact that the computational
cost associated with N and N, is substantially higher than
their scalar weightage. Consequently, as N and [V; increase,
the computational cost gap between Algorithms 1 and 2
decreases. Specifically, as illustrated in Table [lI|and Fig. |4] the
computational cost gap decreases from 62.8% when N = 10 to
48.2% and 31.0% when N increases to 30 and 50, respectively.
Despite this diminishing gap, Algorithm 2 continues to require
significantly less computational time while delivering satisfac-
tory performance. Further computational times for various NV
and N values are detailed in Table [l

4A detailed analytical computational complexity analysis is provided in the
supplementary file for review purposes.

33 P
[ [—<— Aigorithm 1
32.5 F|= = =WithoutDP-IRS |7 -~ - - =- =S - - = - ° "=
[ |-+ Random operations
[ [~ B —Simple IRS
’g 32 |-|—P— Simple IRS (hybrid)
o [ |- <€ —Algorithm 2
z o
5315
g E e ot
8 E R
= 31
£ o
4 o
T 30.5F
3 ¥
N 30
£ F
£ o
=295
*
29
<
28.5
-20 -15 -10 -5 0 5 10 15 20

Rician factor of the AP-IRS channel (dB)
Fig. 6: Minimized transmit power versus the Rician factor of AP-IRS

link.

37 T !
—<— Algorithm 1 ---

36 [-|— - - Without DP-IRS - 7
«=+}+++ Random operations --"

35 ||~ B ~Simple IRS -7 .
—p— Simple IRS (hybrid) -
—< -Agorttm2 L --" ]

w w
w »

Minimized transmit power (dBm)
w

27 1 |

1 1.6 2.3 3
Target SE: Ak (bps/Hz)

Fig. 7: Minimized transmit power versus the target spectral efficiency.

Mounting the IRS in a wireless network constitutes a
variable decision, potentially resulting in a diverse channel
type between the transmitter and the IRS. Therefore, exploring
the impact of the AP-IRS channel on the proposed system
model’s performance becomes crucial. Specifically, in Fig. [
we change the Rician factor of the AP-IRS link, ranging from
-20 dB to 20 dB, and illustrate the corresponding minimized
transmit power required to achieve specified target perfor-
mances. Notably, as the Rician factor increases, indicating a
line of sight (LoS) environment, the minimum power needed
for the target performance rises. Conversely, lower Rician
factors, indicative of a non-LoS-rich scattered environment,
result in enhanced multiplexing gains, reducing the minimum
transmit power. This observation is particularly significant
for schemes with hybrid transmit/receive antennas, such as
Algorithm 1, Algorithm 2, and Simple IRS (hybrid), as these
schemes, with a large number of radiation patches, are more
responsive to variations in Rician values. It also suggests that
DP-IRS is advantageous over S-IRS when deployed in a non-
LoS-rich scattered environment.
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TABLE II: Average CPU running time for Algorithms (1| and
Algorithm 1 Algorithm 2 Algorithm 1: based on (P1.13)
N=10 | N=30 | N=50 | N=10 | N=30 | N=50 | N=10 | N=30 | N=50
Ny =16 28 s 92 s 389 s 10 s 46 s 268 s 34 s 267 s 1878 s
Ny = 32 32s 97 s 421 s 13 s 50 s 280 s 64 s 560 s 3512 s
Ny =64 | 468 113 s 467 s 19s 60 s 303 s 108 s 976 s 5356 s
LI L B B I UL L R = 36
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45 50

To explicitly observe the interlayer multiplexing gains,
Fig. [§] illustrates the raw SINR, i.e., SINR without power
allocations, per data stream per user against the number of
reflecting elements. Due to the multiplicative fading nature of
IRS systems, only Uy, = 2, 4, 6, and 8 are considered in Fig. @
In this figure, it is observed that for NV = 30 and 50, DP-IRS is
capable of multiplexing two data streams for Uy = 2, 4, and 8.
Conversely, for N = 10, DP-IRS, similar to S-IRS, suggests a
single data stream for these users. However, DP-IRS mitigates
interference better and improves the performance of the sole
available data stream. Similar insights can be observed in Fig.

In Fig. [7} we present the minimized transmit power across
different target spectral efficiencies. Doubling the target SE

A
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N w
© X

N
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T T T T T[T PR T

24
16

18 20 22 24 26 28

Number of transmit antennas at the AP: Nt

30 32

Fig. 10: Minimized transmit power versus the number of transmit
antennas.

leads to an approximate 1.5 dB increase in transmit power
for both Algorithm 1 and Algorithm 2. The performance
differences among the compared schemes remain consistent
with the previously discussed observations.

Furthermore, Fig. [I0] illustrates the minimized transmit
power concerning the number of transmit antennas. Doubling
the number of transmit antennas, from 16 to 32, results in
roughly a 4 dB reduction in transmit power for Algorithm 1
and Algorithm 2. Interestingly, the impact of doubling transmit
antennas is more pronounced in schemes with lower perfor-
mance. This is attributed to the fact that schemes with superior
performance are already in power-limited regimes, diminishing
the impact of increased transmit antennas. Overall, Algorithms
1 and 2 consistently exhibit the best performance, and the
relative differences among the schemes remain as discussed
earlier.

VI. CONCLUSION

In this paper, we investigate the dual-polarized IRS-assisted
generalized multiuser MIMO wireless network, allowing for
multiple and different numbers of data streams for each user.
To harness implicit multiplexing gains, the transmit/receive
DP antennas are equipped with single RF chains and sep-
arate phase shifters. Within the considered generalized sys-
tem model, we optimize the number of data streams for
each user to achieve the pre-specified target SE with the
minimum transit power at the AP. Solving this optimization
problem involves optimizing transmit/receive digital filters,
power allocations, number of data streams, DP-IRS operations,
and transmit/receive vertical/horizontal phase shifters at DP
antennas.
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For these subproblems, we derive low-complexity convex
formulations and propose a novel multistep Algorithm [1] that
systematically solves derived formulations, exploits solutions
from the previous step, and guarantees convergence to a
feasible solution. Additionally, we introduce Algorithm [2] a
low-complexity version of Algorithm [I] which exhibits 62.8 %
lower computational cost while providing satisfactory perfor-
mance. Extensive simulation results validate the effectiveness
of the proposed algorithms and demonstrate the performance
improvements of DP-IRS over S-IRS. Specifically, Algorithm
1 requires 7, 10, and 14 iterations for convergence with 10, 30,
and 50 reflecting elements, respectively. Notably, for N = 50,
DP IRS requires 42.4 % lower transmit power than S-IRS.
We also discuss the extension of this work to address the
problem of sum capacity maximization and provide a detailed
complexity analysis.

The integration of dual-polarization and IRS technologies
opens new opportunities for channel estimation techniques,
such as joint estimation of the channel for both polarizations
and the application of machine learning algorithms. Further-
more, considering specific channel characteristics (e.g., pure
LoS or high/low SNR regimes), it is possible to derive low-
complexity semi-closed form solutions to (PI). These avenues
present interesting future directions for research and will be
considered in our future work.
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