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Abstract

When deploying artificial agents in real-world environments where they interact
with humans, it is crucial that their behavior is aligned with the values, social
norms or other requirements specific to that environment. However, many envi-
ronments have implicit constraints that are difficult to specify and transfer to a
learning agent. To address this challenge, we propose a novel method that uti-
lizes the principle of maximum causal entropy to learn constraints and an optimal
policy that adheres to these constraints, using demonstrations of agents that
abide by the constraints. We prove convergence in a tabular setting and provide
a practical implementation which scales to complex environments. We evaluate
the effectiveness of the learned policy by assessing the reward received and the
number of constraint violations, and we evaluate the learned cost function based
on its transferability to other agents. Our method has been shown to outperform
state-of-the-art approaches across a variety of tasks and environments, and it is
able to handle problems with stochastic dynamics and a continuous state-action
space.

Keywords: Inverse Constrained Reinforcement Learning, Principle of Maximum
Causal Entropy, Constraint Inference, Constraint Learning, Safe Reinforcement
Learning, Contrained Reinforcement Learning

1 Introduction

The behavior of individuals in today’s society is shaped by social norms, which provide
predictability, safety and efficiency in human interaction. Similarly, successful integra-
tion of artificial agents in the real-world requires value alignment of their behavioral



policies [1-3]. As an example, a self-driving car should not only efficiently transport its
passengers to their destination, but it should also adhere to traffic regulations, such as
traffic signs, traffic lights, and road conditions, to ensure the safety of all road users.
Furthermore it is essential to program social norms into the agent prior to deployment
to ensure that rule violations are avoided at all times. Learning value-aligned policies
can be viewed as optimizing an objective subject to a set of constraints. In the frame-
work of Reinforcement Learning (RL) this entails finding a policy that maximizes a
reward function to which a weighted cost term was added that penalizes constraint
violations. Not only does each combination of weights lead to a different Pareto opti-
mal solution [4], also tuning them is a difficult and time-consuming process, as the
task goal and the constraints often conflict with one another [5]. A more effective
alternative is the use of Constrained Reinforcement Learning (CRL) methods which
employ primal-dual methods on a constrained optimization problem, allowing to learn
the optimal weights from data [6, 7]. Both RL and CRL methods require the manual
specification of a cost function. Although it is straightforward to define constraints for
simple environments, this is considerably harder for real-world settings, which often
comprise multiple and implicit constraints. Returning to the traffic example, human
drivers also adopt implicit rules, for example driving slower when traffic is heavy or
leaving more space when driving behind a truck. To address this problem, we advo-
cate for learning a cost function that encapsulates the environment’s constraints from
demonstrations provided by constraint-abiding agents, a paradigm known as Inverse
Constrained Reinforcement Learning (ICRL).

Recent advancements in Inverse Reinforcement Learning (IRL) have facilitated the
acquisition of reward functions from expert demonstrations in challenging environ-
ments [8-10]. However, there has been comparatively limited exploration in the realm
of learning cost functions (i.e. ICRL). It is essential to note that in ICRL, the assump-
tion is that the (goal-oriented) reward function of the expert is available, and the focus
is solely on learning the constraints. Despite the apparent similarity between IRL and
ICRL, a key distinction lies in how they handle states absent in expert demonstra-
tions. The unvisited states, those not encountered by the expert, can be categorized
into a group of constrained states and a group of states which are unconstrained but
are associated with low reward potential. IRL fails to distinguish between these two
groups of unvisited states, potentially leading to constraint violations if the agent
explores states the expert did not visit. In contrast, ICRL explicitly separates these
two groups by imposing high costs on constrained states, ensuring that the agent con-
sistently avoids constrained states.

In this work, we propose a novel constrained optimization objective for addressing
the ICRL problem. Unlike previous approaches [11-15], our methodology seamlessly
scales to environments characterized by a continuous state-action space with unknown
and stochastic transition dynamics. To avoid the potential issue of overfitting the
constraints on the expert data, we adopt the maximum entropy principle [16]. This
principle facilitates the learning of constraints that align with expert data while
minimizing bias. In contrast to conventional methods [11-14, 17-19], we adopt an
alternative entropy definition that respects the causality inherent in states and actions
within trajectories [20]. This distinction enables our method to be effectively applied



to environments characterized by stochastic transition dynamics '.

Our primary contributions encompass: i) the formulation of a novel ICRL objective
grounded in the principle of maximum causal entropy, ii) the derivation of an exact
solution for the proposed objective, supported by theoretical proofs, and iii) the devel-
opment of an approximate method that extends the applicability of our approach
to environments characterized by continuous state-action spaces. Our method simul-
taneously learns a cost function aligned with expert trajectories and a policy that
maximizes the given reward function while minimizing the learned cost function. We
evaluate the performance of the learned policy in terms of received rewards and the
number of constraint violations across virtual and realistic environments. We explore
the impact of varying levels of stochasticity in the environment’s dynamics on these
performance metrics. Additionally, we assess the transferability of the learned cost
function to different types of agents with distinct reward functions. Lastly, we conduct
an ablation study to investigate the importance of different components within our
proposed method. Empirical evaluation indicates that our method consistently out-
performs state-of-the-art techniques across various benchmarks.

The structure of the paper is as follows: In Section 2, we discuss related work. In
Section 3, we present the necessary background information on constrained Markov
decision processes and inverse reinforcement learning. Our proposed method is outlined
in Section 4. We evaluate and compare the results of our method to existing state-of-
the-art approaches in Section 5. Finally, we conclude and provide future directions in
Section 6.

2 Related Work

2.1 Inverse Constrained Reinforcement Learning

A substantial body of current research aims to discern the set of constraints, or cost
function, which maximizes the likelihood of the expert trajectories. This maximum
likelihood objective can be solved by employing methodologies such as greedy algo-
rithms [11-14] or gradient-based methods [17-19, 21]. Kim et al. [22] formulate the
ICRL objective as a zero-sum game between a policy player and a constraint player.
Similarly to the previous methods, solving this objective yields a set of constraints
corresponding to the states with high reward potential that were not visited by the
expert. Opposed to our approach, these methods only consider environments with
deterministic transition dynamics limiting their applicability in real-world scenarios.
An alternative line of work treats constraint learning as a one-class classification prob-
lem [23]. In this study, the central goal is to develop a model of expert behavior. Next,
regions in the state-action space which are unlikely under the expert model are desig-
nated as constraints. In the same line of work, Lindner et al. [24] employ a convex hull
algorithm to obtain a safe set from the expert feature expectations. One major draw-
back of these methods is their vulnerability against overfitting on the expert data. In
contrast, we adopt entropy regularization to learn an unbiased cost function. Papadim-
itriou et al. [15] offer a distinctive perspective by learning a distribution over potential

1Please refer to Sec. A in the appendix for a comprehensive explanation on why standard entropy is
inappropriate in scenarios where stochastic transition dynamics are present.
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constraints. Although, this Bayesian approach introduces a nuanced understanding of
uncertainty in the constraint inference process, it is limited to simple environments.
While some prior work [17, 25], considers soft constraints, the majority of methods
concentrate on learning hard constraints [11-14, 19, 22, 24]. In the context of rein-
forcement learning, hard constraints must always be satisfied, whereas soft constraints
can be violated as long as they are satisfied on average (i.e., in expectation). In the-
ory, our method supports both types of constraints. However, in this work, we focus
on hard constraints, and, as of now, our experiments have exclusively involved hard
constraints.

Opposed to our method, several approaches [11-15] necessitate the transition prob-
ability p(s’ | s,a) can be explicitly defined. Additionally, these approaches require
multiple iterations over the entire state space. As a consequence, their applicability is
confined to discrete environments characterized by a limited state space.

The constraint learning problem is inherently ill-defined, as many different sets of con-
straints can explain the same expert trajectories. In the extreme case, all states not
visited by the expert, might be considered as constraints [24]. To recover the smallest
set of constraints which explain the expert trajectories, many methods [11-14, 17—
19] adopt the principle of maximum entropy [16]. All these methods, unlike ours,
rely on the standard entropy definition, rendering them unsuitable for environments
with stochastic transition dynamics. By contrast, the approach proposed by McPher-
son et al. [13] also employs maximum causal entropy, enabling constraint learning in
stochastic environments. However, their method necessitates enumerating the entire
constraint set, which makes it impractical not only for continuous state-action spaces
but also for large discrete spaces. In a different approach, Kim et al. [22] leverage
multi-task demonstrations as a strategy to mitigate overfitting to expert demonstra-
tions. However, this strategy intensifies the dependence on the availability of diverse
expert demonstrations and the existence of multiple tasks within the environment.

2.2 Learning From Experts

A variety of methods have leveraged human expertise to improve the performance
of autonomous agents. Behavioral cloning relies on expert demonstrations to learn
a policy through supervised learning [26, 27]. Despite its simplicity and efficiency
in specific application contexts, it is possible there will be a mismatch between the
training and testing state distribution, leading to a notable decline in performance. In
preference learning, the goal is to learn a mapping between inputs and a ranking of
those inputs which reflects the user’s (or expert’s) preferences [28, 29]. While humans
often find it more straightforward to convey preferences rather than providing complete
demonstrations, the latter conveys a richer set of information. There are other works
from the robotics community that focus on learning constraints from demonstrations.
In [30], given the environment’s dynamics, a set of unsafe trajectories is sampled,
and constraints are learned by solving an integer programming problem using both
the unsafe trajectories and the set of demonstrations. In [31], the scalability of this
method is improved by exploiting constraint parameterizations. Further, in [32], they
extend their method to accommodate locally optimal demonstrations, and in [33, 34],
they address how constraint uncertainty can be managed. However, their approach



assumes that goal-satisfying trajectories can be easily sampled. This is a requirement
that becomes impractical for tasks involving long control sequences within large or
continuous action spaces. Most closely related to ICRL is IRL which has the goal of
learning and subsequently optimizing a reward function [8, 35]. However as we will
demonstrate in the experiment section, IRL methods prove unsuitable for learning
constraints.

3 Background

3.1 Constrained Markov Decision Process

A Markov decision process (MDP) is defined by a state space S, an action space A,
a discount factor v € [0,1], a transition distribution p(s’ | s,a) which specifies the
probability of transitioning to state s’ when performing action a while in state s, an
initial state distribution Z(s) and a bounded reward function R : & X A — ["min, "max)
specifying the scalar reward the agent receives for applying action a while in state s. We
consider an agent interacting with the environment at discrete timesteps ¢t generating
a sequence of transitions called a trajectory 7 = ((so,ag,$1), ..., (S7—1,a7-1,57)) 0of
length T'. We define the reward of a trajectory as the sum of discounted rewards:
R(r) = Zthfol Y'R(st,ar). At every timestep, the agent selects its action based on a
policy m : § — P(A) which is a mapping from a state to a probability distribution
over actions. The goal of forward reinforcement learning is to find the policy which
maximizes the expected sum of discounted rewards: max,; E . R(T).

A constrained Markov decision process (CMDP) M [36] is defined as an MDP
augmented with a non-negative bounded cost function C : & X A — [¢min, Cmax] and
a budget a > 0. C(s, a) denotes the cost of taking action a in state s and the cost of
a trajectory is defined as the sum of discounted costs: C(7) = ZtT:_Ol v'C(st,ar). The
goal of constrained reinforcement learning is defined as to find the policy which max-
imizes the expected sum of discounted rewards while the expected sum of discounted
costs is smaller than the budget:

maxE. - R(7) s.t. E.:C(T) < a. (1)

When « is 0, constraints can be interpreted as hard constraints meaning the resulting
policy should never visit states which incur any cost. When a > 0, the resulting policy
is allowed to obtain cost > 0 in some cases, i.e. soft constraints.

3.2 Inverse Reinforcement Learning

Inverse Reinforcement Learning (IRL) is a learning problem which, given an expert
data distribution D represented by a finite set of trajectories, tries to identify the
reward function R(s,a) the expert agent is optimizing. Assume the unknown reward
function is defined as R/(s,a) = w - ¢(s,a) with w € R¥ a k-dimensional vector of real
numbers and ¢ : S X A +— R’i denoting a fixed mapping from the state-action space
to a k-dimensional vector of non-negative features. We define the feature representa-
tion of a trajectory as the sum of discounted feature vectors: ¢(7) = ZtT;()l Y (st, ap).



With forward RL we can obtain a policy which maximizes R’ (i.e. the nominal pol-
icy). The problem of IRL can then be rephrased as finding values of w such that the
expected features when following the nominal policy E;[¢(7)] match the expected
features under the expert data distribution E;p[¢(7)], i.e. feature expectation match-
ing [35]. However, this is an ill-posed problem as many assignments of w will result
in matching expected features. To resolve this ambiguity, Ziebart et al. [20] proposed
to choose the values w that result in matching feature expectation and correspond to
the nominal policy that maximizes the causal entropy, i.e. Maximum Causal Entropy
Inverse Reinforcement Learning (MCE-IRL). Under Markovian dynamics the causal
entropy of a trajectory is defined as the discounted sum of the conditional entropy of
the current action given the current state: H(7) = ZtT;()l v*H(ay | s¢). Although the
original feature matching objective only considers reward functions that are defined as
a linear combination of individual dimensions of ¢, state-of-the-art methods are scal-
able to complex problems by parameterizing R’ with a deep neural network [8, 37].
For an elaborate introduction to MCE-IRL we refer the reader to the work of Gleave
and Toyer [38].

4 Maximum Causal Entropy Inverse Constrained
Reinforcement Learning

In this section, we present Maximum Causal Entropy Inverse Constrained Reinforce-
ment Learning (MCE-ICRL). First, we formalize our objective in Section 4.1. In
Section 4.2, we present a detailed description of MCE-ICRL. To conclude, we provide
a theoretical analysis in Section 4.3.

4.1 Problem Formulation

Inverse Constrained Reinforcement Learning (ICRL) methods aim to learn a cost
function C'(s, a) that characterizes the constraints inherent in a specific environment.
This is achieved by leveraging demonstrations D from agents that adhere to these
constraints, and a known reward function R(s,a) that defines their objectives. We
will adopt the IRL terminology and will refer to constraint-abiding agents as expert
agents. We define the following requirements for our novel ICRL method. (i) Our
method should prevent overfitting on the expert data. (ii) Our method should scale
to environments with a continuous state space. (iii) Our method should be applicable
to scenarios with stochastic transition dynamics.

4.2 Algorithm

Although the goal of ICRL is to learn a cost function C(s,a), we define the primal
objective as identifying a stochastic policy 7(a | s), referred to as the nominal policy.
As we will demonstrate in the following sections, solving this objective will enable us to
also extract a cost function. We define the optimal nominal policy as the policy which
maximizes the provided reward signal R and the causal entropy H, while concurrently



aligning its feature expectations with the expert trajectories:

max E;wr [R(T)+ BH(T)] s.t. -
| ETND [(ZS(T)] - ]E’TN‘IT [¢(T)] ‘ S Q.

With oy = (o, a, ..., a) € RF and where II denotes the set of normalized policies with
non-negative probabilities for all states and actions:

mell & w(als)>0 and /ﬂ(a\s)dazl (Vs € S). (3)

We introduce the entropy coefficient 5 to strike a balance between the reward and
entropy objectives. The alignment of feature expectations between the nominal policy
and the expert data is enforced by imposing an inequality constraint with a specified
budget «. To address the constrained optimization problem in eq. (2), we define the
Lagrangian and determine its saddle points by solving the associated dual problem.
The Lagrangian for the primal problem is obtained by replacing the feature matching
constraint with a weighted penalty term in the objective, with weights A € R¥ (i.e.,
the dual variable vector). Adhering to the Karush-Kuhn-Tucker (KKT) conditions,
which stipulate that for any pair of optimal points (7, A), all values of A should be
non-negative (Sec. 5.5.3 in Boyd et al. [39]), the Lagrangian of the primal problem
(eq. (2)) is expressed as:

L(m,A) =Erar [R(T) + BH(T)] + A+ (Erap [$(7)] — Err [0(7T)] —a) . (4)
Then the dual problem can be defined as

min max L(m,\). (5)
The Lagrange multiplier functions to achieve equilibrium between maximizing reward
and ensuring the agent’s behavior aligns with that of the expert. In the MCE-ICRL
framework, two sequential stages tackle the optimization process, alternating between
refining the policy according to Equation (4) and adjusting the dual variables A
to optimize the same equation. Intuitively, it’s logical to regard behaviors yielding
high rewards but absent in the expert’s trajectories as potential constraints. There
likely exists a governing principle preventing the expert from executing this high-
reward behavior. Consequently, when the nominal policy deviates significantly from
the expert’s, the values of A will increase. This increase ensures that the penalties
for deviating from these conceivable constraints become more pronounced, reinforc-
ing alignment with the expert’s behavior. As demonstrated in Section 4.3, solving
the dual problem outlined in equation (5) not only enables us to learn a policy that
adheres to the constraints of the environment but also allows us to derive a cost func-
tion C(s,a) = X - ¢(s,a) which defines the constraints of the environment. Algorithm
1 provides an overview of the proposed approach. This algorithm fulfills all our pre-
determined requirements: (i) Incorporating entropy into our objective ensures that



the learned policy remains unbiased. (ii) The gradient of the Lagrangian in Equation
(4) can be computed w.r.t. the policy parameters, facilitating the utilization of highly
scalable policy gradient reinforcement learning methods. (iii) By embracing causal
entropy, we acknowledge the causal relationships between states in an MDP, thus
accommodating stochastic transition dynamics (see Appendix A).

Algorithm 1 MCE-ICRL algorithm
Input: reward function R(s,a), expert demonstrations D
Output: cost function C(s,a) = A - ¢(s,a), nominal policy mg
Parameter: number of iterations 7

1: Initialize 6, X and (

2: Learn nominal policy 7§ with zero cost

3: Pre-train ¢ using 7 ~ 7) and 7 ~ D (Sec. 4.3.2)

4

5

: for i <~ 0 ton do
Learn 7y maximizing eq. (4) w.r.t. to the policy parameters 6 (Sec. 4.3.1,

e (11)).

6: Perform gradient descent on A and ¢ minimizing eq. (4) w.r.t. A and ¢ (Sec.
4.3.2, eq. (12) and eq. (13)).
7. end for

4.3 Algorithm Analysis

Theorem 1. The dual problem in eq. (5) can be solved by alternately optimizing for ™
and . When the policy update is performed on a faster timescale than the updates on
the dual variable vector, m and A will converge to a local optimum. Proof. See chapter

6 of [40].
Following Theorem 1, we iteratively solve the dual problem by optimizing the policy
7 (Sec. 4.3.1) and the dual variables A (Sec. 4.3.2) alternately. Also in Sec. 4.3.2, we

show we can replace the hard-coded feature representation ¢ with a neural network ¢c.

4.3.1 Policy Optimization

The maximization of the Lagrangian with respect to the policy corresponds with
solving a planning problem, thereby rendering it amenable to RL techniques.

Proposition 2. The optimal policy 7 mazimizing eq. (4) is given by
* 1 * *
™ (at \ St) = exp E(Q (Stvat) -V (St)) . (6)
With the action-value function defined by

Q(st,ar) = R(sey ar) = A= (se, a0) + 7 Ep [V (seq1)], (7)



and the state-value function by

Vs = log [ exp (;cy(st, a)) da. ®)

Proof. See Section C.1 in the appendiz.

Proposition 2 provides expressions for the optimal policy 7* (eq. (6)), the action value
function @ (eq. (7)), and the state value function V' (eq. (8)). The form of this action
value function closely resembles the one found in the standard entropy-regularized RL
objective [41]. It includes an additional term that subtracts A-¢(s, a) from the reward.
This augmentation, originating from the feature matching objective as demonstrated
in the appendix (Sec. C.1), can be interpreted as a cost subtracted from the reward.
According to theorem 3, the optimal policy can be derived through an iterative process
involving policy evaluation and policy improvement. Policy evaluation entails inferring
the action value function from any fixed policy, accomplished by iteratively applying
a modified Bellman backup operator 7™ given by

T Q(s4,at) 2 R(se,ar) = A~ (51, a0) +7Ep [V (s041)] 9)
with V(s) = E, [Q(s,a) — Blog7(a | s)] (derived from eq. (6)). During the subsequent

policy improvement step, the policy for each state is updated toward the optimal
policy using the computed value functions:

e (5@Qeua) Vi) (o)

Thew = argir/lelrﬁ DKL (ﬂ—/(' | St)

Theorem 3 (Policy Iteration). Continually applying policy evaluation (using egq. (9))
and policy improvement (using eq. (10)) starting from any m € II, converges to the
optimal policy T for which Q™ (s¢,a) > Q™ (sy, ay) for allm € I and (s;,a;) € S X A,
assuming |A| < co. Proof. See Section C.2 in the appendiz.

Policy iteration (theorem 3), however, is confined to a tabular setting with a limited
state-action space. Recognizing this limitation, we introduce a practical algorithm
designed to scale to continuous state-action spaces. In this context, we parameterize
the policy using a neural network with parameters denoted as 6 and adopt a policy
gradient algorithm to attain the optimal policy.

Proposition 4. Suppose that the policy mg is differentiable with respect to its
parameters 0. Then

T-1

VoL(0,\) = Err, {Z Vo logma(ay | s¢)
t=0



T-1
(Q(s¢,a¢) — Blogma(ay | s¢) — Z fyt,_tﬁ)} (11)

=t
Proof. See Section C.4 in the appendiz.

The gradient in equation (11) closely resembles the standard policy gradient [42]. How-

ever, the maximum entropy objective introduces the additional term: —Slogmg(as |
T—1_t'—t
51) = >y VB

4.3.2 Optimization of Dual Variables

Proposition 5. The Lagrange dual problem (eq. (5)) is a convex optimization
problem. Proof. See Section C.3 in the appendix.

Because of proposition 5, we can use gradient descent to optimize the dual variables
such that they converge to a global minimum. Then, theorem 1 and 3 and proposition
5 prove convergence for algorithm 1 in the tabular setting.

The step we need to take on the dual variable vector is obtained by taking the gradient
of the Lagrangian with respect to A:

V)\,C(Q, /\) = ETND [¢(T)] - ETNTFS [¢(T)] — Q. (12)

Following each update, any negative values of A are constrained to zero, as the KKT
conditions necessitate that all values of A should be non-negative. Feature expecta-
tions under the nominal policy are computed by iterating over a set of trajectories
sampled from the learned policy. Conversely, for the feature expectations under the
expert policy, the iteration involves the set of provided expert trajectories. In an intu-
itive sense, if we interpret A - ¢(s,a) as a cost function C(s,a) in equation (7), the
update to A is designed such that features occurring in trajectories sampled from the
nominal policy but not present in the expert data result in a higher cost. This feature
matching enforces adherence to the expert data during the learning process.

Because the cost function is defined as the dot product of the transposed Lagrange
multiplier A and the feature representation ¢(s, a), our method is limited to cost func-
tions which are linear with respect to ¢. In order to learn non-linear cost functions, we
replace the hard-coded feature representation with a neural network with parameters
(. We treat ¢ as one of the dual variables and thus update them together with A. To
do this we derive the gradient of the Lagrangian w.r.t. (:

VeL(l,2,0) = A+ (Brap [Vehe (7)) = Ernmy [Vede(T)]) - (13)

The outputs of ¢¢ are passed through a sigmoid activation function to assure positive
feature values. We obtained better results by pre-training the feature encoder network
¢¢. To do this, we define a feature decoder network and train the encoder and decoder
as an autoencoder trying to minimize the reconstruction error between the original
data (i.e. encoder input) and the reconstruction (i.e. decoder output). The autoencoder
is trained on nominal and expert data.
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5 Experiments

We conducted a comprehensive validation of our approach across various settings,
including a gridworld environment and the ICRL benchmark proposed by Liu et al.
[19]. This benchmark encompasses five robotic domains and a realistic traffic envi-
ronment. For our experiments, expert trajectories were sampled from a policy trained
using reward-constrained policy optimization [7], adhering to ground truth constraints.
Throughout the experiments, we employed the approximate policy gradient method
to optimize the policy (Sec. 4.3.1). Specifically, the nominal policy was derived using
the policy gradient method, Proximal Policy Optimization (PPO) [43]. Our set of vali-
dation experiments includes a study on the transferability of the learned cost function
to other agents, an ablation study on the pre-training of the feature encoder, and
an investigation into the influence of the hyperparameter 5. Detailed information on
hyperparameters and experimental settings can be found in Appendix E. To assess
the effectiveness of our method, denoted as MCE-ICRL, we compared it against three
baseline methods:

¢ Generative Adversarial Constraint Learning (GACL): This method is based
on the well-established imitation learning method: generative adversarial imitation
learning (GAIL) [8]. Following Malik et al. [18], GAIL can be adopted for ICRL by
training the discriminator D(s, a) to discriminate expert from nominal trajectories.
The discriminator is trained such that, D(s,a) will output values close to 1 for
state-action pairs drawn from expert trajectories and values close to zero for state-
action pairs which only occur in the nominal trajectories (i.e. possible constrained
state-action pairs). During the forward step, the policy is trained by maximizing
7(s,a) =r(s,a) +log D(s,a). Because 7 becomes — inf for constrained state-action
pairs, the agent will try to satisfy all constraints.

¢ Maximum Entropy Inverse Constrained Reinforcement Learning (ME-
ICRL) [18]: This method adopts the principle of maximum entropy [16] for
modeling the likelihood of trajectories.

® Variational Maximum Entropy Inverse Constrained Reinforcement
Learning (VME-ICRL) [19]: This method also builds on the principle of
maximum entropy but models constraints as a beta distribution.

¢ Learning Constraints from Demonstrations (LCfD) [31] : This method uses
hit-and-run sampling to generate unsafe (i.e. nominal) trajectories. By solving an
integer program, a representation of the constraints can be learned.

We intentionally chose not to compare our method with approaches that assume
knowledge of the transition function and require exhaustive iteration over the entire
state-action space [11-14]. Such a comparison would be unfair, as those meth-
ods assume complete knowledge of transition dynamics, whereas our approach only
requires a simulator to sample trajectories based on a given policy.

We evaluate the nominal policy at different points during training by sampling trajec-
tories from it and reporting the average obtained reward and the average constraint
violation rate. The reward denotes the total reward an agent has received during a
trajectory. The constraint violation rate is the fraction of all timesteps of a trajectory
that violate at least one constraint. In all experiments, we consider hard constraints
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by setting the budget « to zero. This ensures that the feature expectations of the
nominal and expert policy align (Eq.(2)).

5.1 Gridworld

We designed a gridworld environment where the agent’s goal is to travel from a fixed
initial location to a fixed goal location while avoiding constrained locations. A screen-
shot of this environment is shown in Sec. D in the appendix (Figure D1). Every step
the agent receives a reward of —1 except when it reaches the goal state, the agent gets
a reward of 1. Each episode lasts a maximum of 200 timesteps. We use this environ-
ment to examine the influence of stochastic environment dynamics on the performance
of learning a cost function and retrieving the optimal policy. With a particular proba-
bility, the environment ignores the action taken by the agent and instead transitions it
to a randomly chosen neighboring cell. We call this probability the stochasticity of the
environment. Figure 1 shows the obtained reward and constraint violations at test time
for increasing stochasticity. We observed a small decrease of reward and small increase
of constraint violations for MCE-ICRL for increasing stochasticity. Non-causal entropy
approximates causal entropy for small stochasticity rates but fails when the random-
ness increases, this is reflected in the results of ME-ICRL and VME-ICRL. GACL
consistently attains the highest rewards, albeit at the highest cost. The presence of sce-
narios wherein substantial constraint violations coincide with these elevated rewards
raise concerns about the restrictiveness of the cost function. We conjecture that the dis-
criminator may encounter challenges in generalizing the observed violated constraints
in nominal trajectories to unseen state-action pairs. These results support our claim
that IRL methods are not suitable for learning constraints. LCfD assumes that tra-
jectories meeting start and goal constraints can be readily sampled. To narrow the
sample space, a minimum reward threshold is set based on the average reward achieved
in expert demonstrations. This approach works flawlessly in deterministic environ-
ments, consistently recovering the ground truth constraints. However, as stochasticity
increases, LCID fails to consistently recover the true constraints. To address stochas-
tic dynamics, we introduce LCfD+, which lowers the reward threshold to include less
optimal trajectories in the sampling process. This adjustment reduces the rate of con-
straint violations compared to LCfD. However, lowering the reward threshold expands
the trajectory sampling space, leading to increased computational complexity, partic-
ularly when dynamics are unknown. Consequently, we find this method impractical
for more complex tasks when dynamics are unknown. In Sec. F.1 of the appendix, we
report extended results of experiments in the gridworld environment.

5.2 Virtual Robotics Environments

The virtual robotic environments are based on the MuJoCo environments from Ope-
nAI Gym [44] but augmented with the constraints originally proposed by Malik et al.
[18] and extended by Liu et al. [19]. We evaluate on five simulated robots: ant, half-
cheetah, swimmer and inverted pendulum. Figure D2 (Sec. D.2 in the appendix)
depicts a screenshot of each environment. This environment is characterized by a con-
tinuous state-action space and deterministic dynamics. The reward of the ant agent
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Fig. 2 Evaluation of the different methods in the virtual robotics environments: reward (top) and
constraint violation rate (bottom) of trajectories sampled from the nominal policy during training.
Results are averaged over 10 random seeds. The x-axis is the number of timesteps taken in the
environment during training. The shaded regions correspond with the standard error.

is proportional to the distance traveled from the starting position. The reward of the
half-cheetah, swimmer and walker agents is determined by the distance it moves each
step. Because of their morphology, each of these agents can move “easier” in one direc-
tion than in all other directions, but the ground truth constraints invalidate moving
in the “easy” direction. The agent controlling the inverted pendulum receives higher
rewards when it is to the left of the starting position. However, the ground truth con-
straints correspond to these high reward locations. The agent should learn to balance
the pendulum to the right from the origin receiving lower rewards but also lower costs.
Results are depicted in figure 2. In the ant environment MCE-ICRL performs compa-
rable to the other methods. In the half-cheetah, walker and inverted pendulum domain
our method results in higher rewards and less constraint violations. In the swimmer
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Fig. 3 Comparison of our method against various baselines in the realistic traffic environment, with
distance constraints (left) and velocity constraints (right). The top two plots showcase the obtained
rewards, while the bottom two plots depict the constraint violation rates of trajectories sampled from
the nominal policy during training. The results are averaged over 10 random seeds, with the x-axis
representing the number of timesteps taken in the environment during training. The shaded regions
correspond to the standard error.

environment MCE-ICRL results in the lowest cost and higher rewards than ME-ICRL
and VME-ICRL. GACL obtains higher rewards but with more constraint violations.
For every task, we also plot the reward and constraint violation rate obtained during
the expert trajectories. Note there is often still a gap between the performance of the
learning agent and the expert.

5.3 Realistic Traffic Environment

The realistic traffic environment comprises a highway driving task. This task was pro-
posed by Liu et al. [19]. This environment is constructed from the highD dataset
[45] which is a dataset of naturalistic trajectories of vehicles on German highways.
A scenario and an ego agent are randomly selected from the dataset for control and
CommonRoad-RL [46] is used to get a state description of the ego car and its sur-
roundings. This environment is characterized by a continuous state-action space and
stochastic dynamics as the behavior of other agents in the environment is unpre-
dictable and different expert agents act differently based on their preferences. The goal
of the agent is to reach its destination at the end of the highway. Figure D3 (Sec. D.3
in the appendix) visualizes the environment. The environment contains two scenarios,
one with a minimum distance constraint between the ego car and other vehicles and
one with a maximum velocity constraint. The results are depicted in Figure 3. Our
method outperforms the other methods by a large margin which is not surprising as
the traffic domain is characterized by high stochasticity. The ground truth constraints
were arbitrarily chosen by Liu et al. [19] and are in some cases violated in the starting
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Fig. 4 Comparison of our method against various baselines on the transferability of the cost acquired
function. The cost function learned in the “ant” environment is transferred to the “point” agent
(left) and the “ant broken” agent (right). The top two plots showcase the obtained rewards, while
the bottom two plots depict the constraint violation rates of trajectories sampled from the nominal
policy during training. The results are averaged over 10 random seeds, with the x-axis representing
the number of timesteps taken in the environment during training. The shaded regions correspond
to the standard error.

state of the ego agent. Because of this, no method, even not the expert agent trained
given the ground truth constraints, is able to reduce the cost to zero.

5.4 Transfer Learning

When a cost function is learned for a specific agent, it could be beneficial when that
cost function can be transferred to other types of agents operating in the same envi-
ronment. This would prevent us from learning a cost function for every kind of agent.
Note that constraints are often environment specific and apply to different types of
agents, e.g. traffic rules apply to all vehicles on the road. To this end, we assess the
transferability of a learned cost function to other types of agents which possibly have
other morphologies and reward functions. We perform the transfer learning experi-
ments proposed by Malik et al. [18]. The cost function learned for the “ant” agent
is transferred to a “broken ant” agent for which two of its legs are disabled. We also
transfer this cost function to the point agent from OpenAl Gym [44]. The reward func-
tion of the point robot encourages the agent to move in counterclockwise in a circle
at a distance of 10 units from its initial location. We adopt reward constrained policy
optimization [7] to train agents on the given reward function and the transferred cost
function. The results are depicted in Figure 4. For both agents our method performs
slightly better than ME-ICRL and outperforms VME-ICRL and GACL by a large
margin in both reward and number of constraint violations.
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Table 1 Ablation study on the pre-training of the feature encoder and the entropy coefficient
[, the table contains for every agent the received reward and the constraint violation rate at
test time + standard error, averaged over 10 random seeds and 10 trajectories per seed.

Ant Half-cheetah ~ Swimmer Walker Inverted pendulum

B=1le—5 5985+259 3895+295 177452 1647+£100 2743
B=1e—4 7338+211 40854565  257+144 1858+44 2643
Reward B=1le—3  6057+313 3499+492 253454 1746481 3243
B=1e—2 62284316 23774631 192443 1732477 29-+4
no pre-training 71314313 3609490  165£59 165671 2141
B=1le—5 040 040 0.33£0.09  0+0 0.22+0.05
Constraint 3 = le—4 040 0£0  0.0024+0.001 0+0 0.11+0.03
violation 8= le—3 04+0  0.00240.002 0.1240.04 040 12+0.03
rate B =1le—2 040  0.024+0.012 0.11£0.05 040 0.1740.02
no pre-training 0+0 040 0.2240.09 0+0 0.2340.04

5.5 Ablation Studies
5.5.1 Influence of the Hyperparameter 3

[ determines the weight assigned to the entropy term in the objective function and can
be interpreted as a regularization coefficient to enforce randomness into the learned
policy 7. Higher values of 3 lead to policies exhibiting reduced bias toward paths with
identical cumulative rewards. Consequently, the associated cost function will invali-
date a minimal set of state-action pairs required to match feature expectations of the
nominal policy with those of the expert. Table 1 reports the reward and the constraint
violation rate of trajectories sampled from a policy learned using MCE-ICRL dur-
ing testing for the virtual robotic environments. We can conclude that the value of g
heavily influences the received reward and the number of constraint violations. If 3 is
too small, our method overfits on the expert trajectories leading to small rewards and
possibly more constraint violations. For high values of 3, the nominal policy becomes
more random which also results in lower rewards and more constraint violations. For
each environment, the value of 8 should be tuned to obtain optimal results.

5.5.2 Pre-Training the Feature Encoder

To assess the importance of pre-training the feature encoder, we train a version of
MCE-ICRL without pre-training. Table 1 reports the received reward and constraint
violation rate of the nominal policy at test time for the virtual robotic environments.
From these results it is clear that pre-training the feature encoder provides a significant
increase of the received reward. Section F in the appendix provides additional results
on the effect of pre-training the feature encoder and § during training and for the
other environments.
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6 Conclusion and Future Work

We introduced Maximum Causal Entropy Inverse Constrained Reinforcement Learn-
ing (MCE-ICRL), a novel ICRL method capable of learning constraints in environ-
ments with unknown stochastic dynamics. Our contribution includes a theoretical
proof of convergence in a tabular setting, demonstrating the foundational robustness
of our approach. Additionally, we presented an approximation allowing our method
to effectively scale to complex problems featuring continuous state-action spaces.
Our empirical results showcase the superior performance of our method compared
to state-of-the-art approaches. Notably, the learned cost functions exhibit successful
transferability to diverse agents with distinct reward functions. Despite these achieve-
ments, our method does not match expert agent performance in certain scenarios,
indicating areas for potential improvement. An ablation study underscores the signif-
icance of selecting an appropriately tuned value for the parameter 3, suggesting that
an automatic tuning mechanism, as proposed by Haarnoja et al. [47], could be a valu-
able extension to our method. It is crucial to acknowledge the sensitivity of Lagrange
relaxation methods to the initialization of Lagrange multipliers and learning rates.
Because of this, there is no assurance that the imitation policies can consistently meet
the learned constraints. In our current implementation, we considered only hard con-
straints (o = 0), assuming expert demonstrations are devoid of constraint violations.
Recognizing that real-world expert agents may not always pursue constraint satis-
faction, future research should explore extensions to model soft constraints [17, 25],
where expert adherence to constraints is probabilistic. During initial training phases,
our agent optimizes reward and entropy without accounting for expert knowledge,
leading to inevitable constraint violations. Future investigations should prioritize safe
exploration strategies, particularly in safety-critical environments. Our method, does
also not guarantee safety when the agent deviates significantly from the optimal path.
In such scenarios, uncertainty-aware methods [33, 34] are necessary to ensure safety.
We assumed that the expert demonstrations are near optimal. This means that our
method might, by mistake, assign higher costs to regions of the state space due to
suboptimal demonstrations. To better accommodate these deviations from the expert
demonstrations, increasing the budget parameter o could be a promising approach,
although, this should still be investigated. Existing benchmarks predominantly focus
on simple constraints, often characterized as location constraints. Future work should
emphasize the development of benchmarks featuring more intricate constraints, such
as those based on the state of multiple objects or constraints defined by specific event
sequences. The proposed method can be classified as an online ICRL algorithm as
the constrained policy is learned through interaction with the environment. However,
realistic applications often only have demonstration data available without a model
of the environment. In light of recent advancements in offline Inverse Reinforcement
Learning [48-50], extending ICRL to an offline training setting emerges as a critical
and promising future direction.
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Appendix A Causal Entropy

In this section we elaborate on why it is not advisable to adopt the principle of maxi-
mum non-causal entropy (i.e. Shannon entropy) in domains which are characterized by
stochastic transition dynamics. Consider the following derivation from the definition
of the Shannon entropy of a trajectory:

T—1
Z’YtH(St,at | 8t—17at—1) (A1)
t=0
T-1 T-1
= ’ytH(St | St—1, atfl) + Z 'YtH(at | St—1, atfl) (A2)
t=0 t=0
T-1 T-1
= Y'H(s | si-1,a0-1) + Y v H(ar | 5i-1). (A3)
t=0 t=0

The non-causal entropy can be written as the sum of the entropy of the transition
dynamics (first term of eq. (A3)) and the causal entropy (second term of eq. (A3)).
Due to the dependency on transition dynamics, the maximization of Shannon entropy
introduces a bias towards actions with uncertain (and potentially hazardous) out-
comes. Therefore, in place of conventional Shannon entropy, it is recommended to
utilize causal entropy in decision-making processes to mitigate such biases.

Appendix B Minimizing Policy Gradient Variance

The vanilla policy gradient is characterized by minimal bias but tends to exhibit high
variance. To mitigate this variance while maintaining low bias, the introduction of a
state-dependent baseline is a well-established technique [42].

Proposition 6. In the gradient of the Lagrangian (eq. (11)), we can replace
ZtT,;tl 'yt'*tﬂ with a state dependent baseline b(s¢). Proof. See Section C.5 in the
appendizx.

Because of proposition 6 we can replace ZtT,;tl vt'*tﬁ with the state-value function
V7 (s;) which is a commonly used baseline. The gradient can then be written as

T-1

VoL(0,\) =Errr, [Z Vologmg(a | s¢)(Q™ (s, ar) — Blogmg(ay | s¢) — V7™ (s¢))
= (B4)
T-1
=E;r, [Z Vo logmg(as | s¢)A™ (s, ar) (B5)
t=0

with A™ (s,a) the advantage function. We adopt generalized advantage estimation
(GAE) [51] to obtain an approximation of the advantage.
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Appendix C Proofs

C.1 Proposition 2

The primal objective is defined as

max L(7, \) (C6)

mell

with L£(m, A) the Lagrangian defined in eq. (4), and thus the optimal policy

" = argmax L(m, ). (Cn

The simplex II which restricts the valid policies is defined by two constraints (see
eq. (3)). The first constraint requires that m(a | s) is positive for all states and
timesteps. We treat this constraint as implicit since the causal entropy is not defined
for negative probabilities. The second constraint requires that 7 is normalized over
all actions for all states and timesteps. We assume, for now, the state-action space is
discrete. Augmenting the normalization constraint on the current objective gives us:

* — )\
" = argmax L(m,\)

T-1 (C8)
s.t. Z Z (Z m(a | s) — 1> = 0.

t=0 s;€S \a€cA
Then, the Lagrangian of the optimization problem in eq. (C8) is defined as
T-1
W(m A p) = LmA) + > > s, (Z m(al|s) — 1) (C9)
t=0 s, €S acA
with {ps, }s,es,0<t<r—1 the dual variables for the normalization constraint. Then the

optimal policy is
7" = argmax U (m, A, ). (C10)

The optimal policy n* satisfies the KKT condition:
Vo (r*, A ) =0. (C11)

To obtain an expression for the optimal policy, we take the gradient of the Lagrangian
w.r.t. the policy, equate V¥ (m, A, 1) to zero and solve for 7.

Proposition 7. The gradient of the Lagrangian (eq. (C9)) w.r.t. to the policy m(a; |
st) is given by

vw(at\st) \Ij(ﬂ—v )‘? M) = s, + pﬂ'(st) (R(stv at) A ¢(st7 at)
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— Blogm(as | s¢) — B+ Ex Z fyt _t R(Sy, Ay)

t'=t+1

“X-6(Sy, Av) — Blog (A | Sy))

] ). (c12)

Proof. We take the gradient of each term of the Lagrangian (eq. (C9)) w.r.t. to the
policy m(ar | s¢) separately. Uppercase characters Si, Ay represent random variables
while lower case characters s;,a; denote individual observations.

Vr(acls) B [R(7)] (C13)
T-1
= TetatonBe | 32 RS Av)] ()
t'=0
T-1
:EStNﬂ' [Vﬂ(a”&)Eﬂ[Z,}/t R(St’yAt’) St:|:| (015)
t'=0
T-1
= ESt’Vﬂ' |:’)/t]I[St = St]vﬂ-(at‘st)]Eﬂ' |: Z "}/t 7tR(St/, At/) St = St:|:| (C].G)
t'=t
T-1
= pw(st)vﬁ(adst)ETr |: Z ’Yt _tR(St/, At’) Sy = St:| (Cl7>
t'=t
T-1
= pﬂ'(st)vﬂ'(adst) (ﬂ'(at | St)Eﬂ' |: Z 'Yt 7tR(St/,At/) St = St, At = at]
t'=t
T-1
(X o B SRS s s e )9
ayFay t'=t
T-1
= pﬂr St |:Z ’}/t _tR St/ Atl) St = S¢, At = at] (019)
t'=t
T-1
= oelo) [ RGst.a) + B2 | T RS A s (c20)
t'=t+1

where pr(sy) represents the discounted probability that an agent acting according to
policy m will be in state s; at time t

pr(5t) = Eg,mr (YIS = s4]] - (C21)

The gradient of the entropy term:

Vor(ar]se) B [H(7)] (C22)
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T-1
= Vﬂ(adst)Ew |: Z fYtIH(At' | St’):|

t’=0
T—1
= _vﬂ'(atlst)Eﬂ |: Z /yt log’]T(At/ | St/):|
t'=0
T—-1
= —pr(5t)V(as|s0) Ex [ > A ogm(Ay | Su)| S = sj
t'=t

T-1

= —px(5t)Var(a,|s) En [logw(At | S¢) + Z ,Yt'—tlogW(At' | S¢)

wa])

t'=t+1
T-1
> A logm(Ay | Si)

t'=t+1

= —pr(st) <1 +logm(as | s¢) +Ex

The gradient of the feature matching term:

T-1 T—1
Vor(arls)N (ED { > (S, At)} ~E, { > 4" 6(Sw, At/)D
t'=0 t'=0

T-1
= _vﬂ'(a”st)A ‘Ex |: Z th¢(st’7At’):|

t'=0
T—1
= _pﬂ(st))‘ . vﬂ(at\st)Eﬂ' |: Z ’Vt 7t¢(st’a At/) Sy = St:|
=0
T—1
= pelsOn o) +Be| 3 o 0(50,Av)
t=t+1

The gradient of the normalization constraint term:

Vor(at|st) Til Z s, ( Z mw(a]s) — 1)

t=0 s €S acA

= /’I’St'

(C23)

(C24)

(C25)

(C26)

(C27)

(C28)

(C29)

(C30)

(C31)

(C32)

(C33)

After equating the gradient from Proposition 7 to zero and re-arranging, we get an

expression for the optimal policy 7*:

. oo (L . Bs
™ (ar | st) =e P(ﬁ (R(staat) A ¢(St’at)+p,r(st) B

T—1
+E{ ST AU (R(Su, Av) — A+ B(Sy, Av)
t'=t+1
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~ Blog (A | Si))

sear]) ) (o

Vis) 2 1 4 p (C35)

We define V(s;) and Q(s¢, ay) as

T—1
+Eﬂ[ S A (R(Sy, Av) — A+ (5w, Aw) — Blogm(Av | )

st, at} . (C36)

The optimal policy can then be described as

7 (as | 8¢) = exp (;(Q(st,at) — V(st))) (C37)

In eq. (3) we defined the set of valid policies as the set of normalized policies II and
assume all values of y are chosen such that »° _,7(a | s) = 1 Vs € S. Because of
this, we can say that Vs € S:

1= Z m(a | s) (C38)
a€A
1
= exp | =(Q(s,a) — V(s)) (C39)
; P (ﬂ )
1 1 1
exp(BV(s)) = ;exp (B(Q(s, a) — V(s))) exp(BV(s)) (C40)
1
= exp | =Q(s,a) (C41)
a; P (B )
1
Vi(s) = ﬁlogaze;exp (BQ(S, a)). (C42)

For a continuous action space we get

1
V(s) = 5log/exp (ﬂQ(S, a)> da. (C43)
Similarly, it can be demonstrated that

Q(stvat)
= R(s¢,a1) — A - (8¢, aq)
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T-1
+ Eﬂ- |: Z ’}/t,_t (R(St/,At/) - A ¢(St/, At/) — ﬁlOg?T(At/ | St/))

t'=t+1

= R(s¢,a1) — N - (8¢, at)
+7E, |:E7r |:Q(St+1a Apy1) — Blogm(Apyy | St+1)}
= R(st,at) — A - d(st, at)

+7Ep {Ew |:Q(St+1a A1) = (Q(Sir1, Apr) — V(Stﬂ))]

st, at} (C44)

St at} (C45)

st (C16)

= R(st,a) — A d(se,a) +VE, [V(5t+1)

st, af} . (C47)

C.2 Theorem 3

First, we will prove the convergence of the policy evaluation step.

Proposition 8 (Policy Evaluation). Starting with an initial Q-function
Q" : S x A — R with |A| < oo, where Q¥ = T™QF. Then the sequence QF will
converge to the Q-value of m as k — oo.

Proof.
We define an augmented reward signal as

Rﬂ(st»at) £ R(St; at) - ¢(St, at) + 5H(at | 5t)~ (C48)

Applying the standard convergence results for policy evaluation [52] proves the propo-
sition. It is necessary to have |A| < oo in order to ensure that the augmented reward
is bounded.

For the projection presented in eq. (10), we can prove that the new, projected policy
has a higher value than the old policy according to the objective in eq. (4).
Proposition 9 (Policy Improvement). Given moq € II and Tpew be the pol-
icy obtained by solving the minimization problem defined in eq. (10). Then
Qv (84, a5) > QT (s¢, ar) for all (sg,as) € S x A with |A] < .

Proof.
Let Q7 and V7™ be the action-value and state-value function corresponding to

Toid € II. We can define Jr,, as
1
Tra (7' (| 8)) = Drr (77' I eXp(E (@7 (s¢ | -) — V”"“’(St)))) : (C49)
Then Tpew can be defined as
Tnew(- | 8t) = arg ;I,lelrl_ll It (71-/(' ‘ St)) (050)
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The inequality Jr,,(Tnew(- | 5¢)) < Jrpu(Toa(- | s¢)) must hold, as we have the option
of always selecting Tpew = Toiq from the set of policies I1. Hence,
1 T ol s
Er,.., [10g Tnew(at | st) — B(Q (st ar) = VT (se)) | <

Eny, [1ogw<at ) = L (@ (s0ra1) - vwsm} (Cs1)

sy

1 1
Eﬂmm |:10g ’/Tnew(at | St) - BQﬂOld(sta at):| + Bvﬂ—om(st) S

Ero {log Towa(ar | st) — ;Q””M(St,at)} + %V””“(St) (C52)

1
Er .. [log Tnew(@t | 5¢) — EQMJ(SM at)] <

Er,., {bgﬁold(at | s¢) — ;Q”"“(st,at)} (C53)

Er,., [Q@""(st,at) — Blog Mnew(ar | s¢)] = V7 (s¢). (C54)

We can bring V™4 outside the expectation since the state-value function only depends
on the current state (eq. (C52)). Eq. (C54) follows from the definition of the optimal
policy in eq. (6). We can repeatedly expand the Bellman equation by applying the
Bellman equation and the inequality of eq. (C54):

Qﬂ'old (St , at)

= R(s¢,ar) — A d(se,ae) + 7 Ep [V (s141)] (C55)
< R(st,at) — A~ ¢(st,ar) + ’YEpﬂrnew[

Q" (St41,at+1) — Blog Tnew(attr | 5t+1)] (C56)
< Qe (¢, ay). (C57)

Then, the convergence to Q™ follows from Proposition 8.

At each iteration 4, the policy m; will reach an optimum due to Proposition 9. Because
the sequence Q™ increases monotonically and is bounded for @ € II, the sequence
converges to some 7*. We have to prove that 7* is indeed optimal. At convergence,
it must be the case that Jp-(7*(- | 1)) < Jp+(mw(- | s;)) for all 7 € II, m # «*. By
repeatedly expanding Q™ as done in Proposition 9, we can show that Q”*(st,at) >
Q7 (st,a¢) for all (s¢a:) € S x A. Thus, the value of any other policy in II is lower
than that of the converged policy. This makes 7* optimal in II.
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C.3 Proposition 5

max,em £(m, ) can be viewed as a pointwise maximum of affine functions of A, thus
is concave. A > 0 is an affine constraint. Hence, the dual problem (eq. (5)) is a convex
optimization problem.

C.4 Proposition 4

We calculate the gradient of each term of the Lagrangian eq. (4) separately w.r.t. the
policy parameters 6. The gradient of the causal entropy term is

VQETNTFQ [H(T ] (058)
T-1
= VoErn, [ v H(ay | st)] (C59)
t=0
T-1
=—VoE;r, { 7" log o (ay | st)} (C60)
t=0
T-1

=—Vy Z <P(T | 7o Z Hlog mo(ay | sf)> (C61)

t=

= — Z (VgP T | 7p) 7 log mg(ays | s¢)

H

t=0
T—1
+P(r | 1) 3 7'V logma(a | st>> (C62)
t=0
T—1
=~ 3 (P 7o) vaton Plr | ) Y- " Togofar | 1)
T t=0
T—1
P(r | m) Y 7'Velogme(ay | st)) (C63)
t=0
T—1
= —ZP 7 | Wg)(VglogP T | 7o Z og ma(ay | st)
t=0
T—1
+ 3 2 alogma(ar | 0) (C64)

t=0
T-1 T-1
= —FErmr, |:V9 log P(7 | mp) Z v log mg(as | s¢) + Z V' Velogme(as | s¢)| (C65)
t=0 t=0
T-1 T-1
B, | X Vologmalar | 5) 32" oo | s0)

t=0 t'=t
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T—1
+ Z 7'V glog me(ay | st)] (C66)
t=0

T-1 T-1
=—E;r, {Z Vo logmg(ay | s¢) ( Z w/t/_t log g (ay | se) + 1>} ) (C67)

t=0 t'=t

In eq. (C59) and eq. (C60), we apply the definition of causal entropy. P(7 | 7) denotes
the probability of a trajectory 7 under policy 7. Eq. (C63) follows from VP(7 | w) =
P(r | m)Vlog P(1 | m). Eq. (C66) follows from the definition of the probability of a
trajectory 7 under a policy m: P(7 | ) = Z(so) HtTQOI p(st41 | St,a1)m(ar | s¢). Then
the second sum needs to be updated since the policy at time ¢’ cannot affect the policy
at time ¢ when t < ¢’ because of the causal relation between consecutive states. The
gradient of the reward term can be calculated similarly

VoEr o, [R(T)] (C68)

= TNM[ZVglogﬂ (at | s¢) Z’y —tR st,at] (C69)

t'=t
and the feature matching term:

VoA (ETND [%7%(%“0} — Errr {TX:l “Ytd)(st,at)] - 0%) (C70)

t=0

=—VoA - E;n, [Z Y p(se, ap) } (C71)

T—1 T—
=—E o, {Z Vo logm(as | st Z =ty 10) st,at)} (C72)

t=0 I=t¢

In our work, the same discount factor is used to discount rewards, costs and entropies.
Putting it all together, we get

VoL(O,\) =Err, [Z Vo logmg(as | st) Z ~y

t=t
(R(Stu at’) - A ¢(St'7 at’) — Blog 7T0(at’ | St’) - 5) . (073)
We rewrite eq. (C73)
VoL (6,)
T-1
=Ern, {Z Vo log ma(ay | s¢) <R(St, ag) — X - P(s¢,at)

t=0
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+ 3 T (Rl av) = X+ @s, a) — Blogma(ar | siv))

t'=t+1

— Blogma(ay | st) Z od _tﬁ)} (C74)

t'=t

Using the definition of the action-value function (eq. (7)) we obtain:

T-1 T—1
VoL(0,A\) =E;n, {Z Vo log mg(at | st)(Q(st,at) — Blogmg(ay | s¢) — Z 7t’—tﬁ)}
t=0 =t (C75)

C.5 Proposition 6

We can replace Zz:;tl ~¥'~t8 with a state dependent baseline b(s;) in eq. (11) only
when this does not affect the gradient VoL(0, A). We rewrite eq. (11):

VoL(0,\) (C76)

!

= Erm, [ Vologmg(ar | s:)(Q(se,ar) — Blogmo(ay | s¢) Z 7" 7B) } (C77)

t'=t

~+
I
o

~

=E;n, [ Vo log mo(ay | St)(Q(Staat) — Blogmg(ay | 3t)):|

Erm {Z Vo logm(as | st Z o tﬂ} (C78)

t'=t

t

Il
<

In the second term, we replace Zz;tl 'yt/’tﬁ with a state-dependent baseline b(s;)
which gives us:

T-1
VoL(0,\) =Erry [Z Vologmg(as | s¢)(Q(s¢,ar) — Blogmy(ay | st))}
t=0 o
—Errmy [Z Vo logm(as | st)b(st)] (C79)
t=0

Since the introduced baseline only affects the second term it suffices to prove that

Errrg {Z Vo logm(a; | st Z A tﬂ} =Eren, [Z Vologm(as | s¢)b (st)} (C80)

t'=t
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T-1
Ern, [Z Vo logmg(ay | st)b(st)} (C81)

t=0
T-1
= ESO:T—LG‘O:T—I |:Z Vg log W@(at | St)b(st):| (082)
t=0
T-1
= ESO:haU:t—l Est+1:T—17at:T—l [VQ log 7T9(at ‘ St)b(st)]:| (083)
- t=0
rT—1
= Esﬂ:tya(]:t—l b(st) ESt+1;T71,at:T71 [V@ log 7T9(at | St)]:| (084)
L =0
ST—1
— Euae s | 3 B(50) Ea, [Volog mola | st)]] (Cs5)
- t=0
rT—1
=Es0.s 0001 Z b(st) Z mo(as | s¢)Velogmg(ay | st)ﬂ (C86)
- t=0 ar€A
rT'—1
s | 0050 S Vomolar | st>]] (Cs7)
- t=0 a;€A
rT—1
= Esorsa0.-1 Z b(st)Ve Z mo(ay | St)]] (C88)
- t=0 a;€A
T-1
= Eso:t,ao:t—l b(st)vﬁ : 1]:| (C89)
- t=0
=0 (C90)

Err, [ZtT;Ol Vologm(as | st) ZtT,;tl ’yt'*tﬂ] can be solved similarly and also results
in 0.
Appendix D Details on the Environments

In this section we provide details on and screenshots from the environments used for
evaluation.

D.1 Gridworld

Figure D1 shows the gridworld used in the experiments, with the yellow “I” represent-
ing the initial state, the yellow “O” the goal state and the red crosses the constrained
states.

D.2 Virtual Robotics Environment

Figure D.3 shows screenshots of the realistic robotic environments.
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Fig. D1 Gridworld environment

(a) Ant (b) Half-cheetah  (c¢) Swimmer (d) Walker (e) Inverted pen-
dulum

Fig. D2 Screenshots from the virtual robotics environments.

Fig. D3 Realistic traffic environment

D.3 Realistic Traffic Environment

Figure D3 shows the realistic traffic environment (image from original publication
[19]). The ego car is shown in blue, other cars are red. The agent only has partial state
information, observations are restricted by an observation radius (visualized in blue
around the ego agent). The agent’s destination is shown in yellow.

Appendix E Experimental Settings

All experiments were run on a NVIDIA GeForce GTX 980 GPU with 3 GB RAM.
We adopted Adam [53] to optimize all neural networks. To calculate the nominal
policy, we use Proximal Policy Optimization (PPO) [43]. The output layer of the
policy network utilizes a soft-max activation function such that the requirements of
the policy specified in eq. 3 are met.

The ¢ network is a standard feedforward neural network with ReLU activation on the
hidden layers and Sigmoid activation on the output layer. A and ¢ are adjusted using
possibly different learning rates. Every iteration the learning rate for ( is updated using
an exponential decay schedule parameterized by a decay factor. Table E1 reports an
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Fig. F4 Results from MCE-ICRL (8 = 0.01) in the proposed gridworld environment.

overview of the used hyperparameters for our method. Table E2; E3 and E4 provide
the used hyperparameters for the baseline methods GACL, ME-ICRL and VME-ICRL
respectively.

Appendix F Additional Experimental Results
F.1 Gridworld

Figure 4(a) shows the states visited by the expert which are used as input for our
method. Figure 4(b) reports the learned cost function when using MCE-ICRL with
B = 0.01. Figure 4(c) shows the state visitations of the nominal agent. Figure F7
depicts the reward and constraint violation rate during training at different timesteps
for the different methods for different rates of stochasticity. Figure F8 depicts the
reward and constraint violation rate during training at different timesteps for our
method with various value of § and for different rates of stochasticity. Figure F9
depicts the reward received and the constraint violation rate during training for the
ablation study on the pre-training of the feature encoder.

F.2 Virtual Robotics Environments

Figure F10 depicts the reward received and the constraint violation rate during train-
ing for different values of . Figure F11 depicts the reward received and the constraint
violation rate during training for the ablation study on the pre-training of the feature
encoder.

F.3 Realistic Traffic Environment

Figure F5 depicts the reward and constraint violation rate during training at different
timesteps for our method with various value of 3. Figure F6 depicts the reward received
and the constraint violation rate during training for the ablation study on the pre-
training of the feature encoder.
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Fig. F5 Evaluation of our method in the realistic traffic environment for different values of 8: reward
(top) and constraint violation rate (bottom) of trajectories sampled from the nominal policy during
training. Results are averaged over 10 random seeds. The x-axis is the number of timesteps taken in
the environment during training. The shaded regions correspond with the standard error.
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Fig. F6 Evaluation of our method in the realistic traffic environment for feature encoder pre-training
disabled: reward and constraint violation rate of trajectories sampled from the nominal policy during
training. Results are averaged over 10 random seeds. The x-axis is the number of timesteps taken in
the environment during training. The shaded regions correspond with the standard error.
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