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Abstract: In this article, we focus on the problem of sampling a point spread function (PSF) in
a tilted plane for computational wave optics and holography. Conventionally, the PSF represents
a symmetric wavefield distribution expressed in an orthogonal plane to the target hologram. In
contrast, we reveal the wavefield for a point-spread function over a tilted plane, showing an
asymmetric structure depending on the tilt angle. An asymmetric PSF formula was mathematically
derived and proposed. The axial propagation of the asymmetric PSF was validated by applying it
to the point-polygon hybrid method of computer-generated holograms. The off-axis propagation
of the asymmetric PSF was confirmed in optical experiments by modulating the obliquely incident
light with the asymmetric phase pattern uploaded to the spatial light modulator. The proposed
method allows accurate off-axis light, propagation, which is not possible with a conventional
symmetric PSF.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Huygens’ principle states that light propagates in space as a superposition of spherical waves. It
posits that every point on the wavefront acts as a source of secondary spherical wavelets, which
in turn propagate further. A single spherical wavefront produced by an infinitesimal point is
given by the well-known point-spread function (PSF) expression [1]

U(r) =
1

jλr
exp (jkr), (1)

where j is the imaginary unit, λ denotes the wavelength, k = 2π/λ is the wavenumber, and r
denotes the optical path length, U(r) is the radially symmetric wavefront of the disturbance
spreading from the source.

The PSF describes how a point source of light spreads out as a wave, while its inverse process
(time reversal) can be viewed as a convergent wavefield. The PSF recorded in a plane is also
known as the Fresnel zone plate, which behaves as a lens. When this PSF pattern modulates
the parallel light illumination, the zone plate will refocus the light to a point. Therefore, in
optical imaging, the PSF is a crucial concept for analyzing and designing optical systems, as it
characterizes the response of the system to a point source input, providing a basis for determining
how an optical system will image more complex objects [2,3].

The propagation of spherical waves in space is isotropic, so the wavefront recorded on a plane
of a given direction will exhibit a radially symmetric structure, as shown in Fig. 1(a). The phase
pattern in Fig. 1(b) describes the wavefield distribution in the plane P, given by z = 0, expressed
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using the Cartesian coordinate system (x, y, z), which is radiated from a source point s(x0, y0, z0),
as calculated by Eq. (1) where

r =
√︂
(x − x0)2 + (y − y0)2 + z2

0. (2)

Since the spatial frequency of the wavefront signal is proportional to the incidence angle, large
angles may exceed the Shannon sampling limit for a regularly sampled hologram. To avoid
aliasing, the wavefield is recorded in a finite region that satisfies sin θ ≤ λ/(2p), where θ denotes
the radial angle to the propagation direction and p is the sampling pitch. For simplicity, we
approximate the two-dimensional region by bounding Eq. (2) with a square-shaped pattern as
shown in Fig. 1(b), which may result in undersampling at the four corners. For greater accuracy,
a pincushion PSF should be used [4].

Fig. 1. (a) Schematic of a point spread wavefield to the orthogonal plane P. (b) The
symmetric phase pattern on the plane P is obtained by the regular PSF. (c) A 2D schematic
diagram: the tilted plane P′ records the wavefront emitted by the source s and the plane
wave propagating along the z-axis yields a carrier wave in the plane P′.

In Fig. 1(a), the recording plane is orthogonal to the propagation direction, so the phase pattern
in Fig. 1(b) shows perfect symmetry, which will be referred to hereafter as regular PSF. However,
this does not hold for the common case in which the recording plane is tilted w.r.t. the hologram
plane P, as shown in the 2D profile of Fig. 1(c). A plane P′ is rotated by an angle of ϕy around the
y-axis so that it is tilted w.r.t. the plane P. The light wave emitted by the source s still propagates
along the z-axis, and the wavefield is recorded in the tilted plane P′. Intuitively, the wavefield in
the tilted plane P′ is different from the one on the orthogonal plane P, which varies with angle
and direction of inclination. In contrast to the symmetry of the regular PSF, the wavefield on
the tilted plane may have an asymmetric structure, hence referred to as the asymmetric PSF
(aPSF). To our knowledge, no explicit formula for mathematically describing an asymmetric
PSF directly on the tilted plane has thus far been proposed. In this article, our objective is to
mathematically derive asymmetric PSF, allowing the analytical calculation of the wavefield at
arbitrary inclinations, which will be proposed in Section 2.

In diffraction calculations, a fundamental problem is the propagation of waves between two
parallel plane segments, which is usually implemented by means of Fresnel diffraction in the
spatial domain [5,6] or the angular spectrum method in the frequency domain [7,8]. The
extended cases are diffraction between two parallel plane segments with a lateral offset, i.e.,
whose centers have different x and y coordinates; this can be solved by various variant methods
of Fresnel diffraction [9] and angular spectrum diffraction [10,11]. The more general case is
diffraction between two nonparallel planes, which implies a rotation of the coordinate system
or a resampling of the wavefield relative to the direction of propagation. The corresponding
methods for propagation along the tilted axis have also been successively derived on the basis
of Fresnel diffraction [12] and angular spectrum diffraction theories [13], and interpolation



Research Article Vol. 33, No. 4 / 24 Feb 2025 / Optics Express 8677

is often required to solve discretized coordinate grid mismatches caused by rotation [14,15].
Nonparallel propagation is essential for computer-generated holograms (CGH), especially for
three-dimensional (3D) objects consisting of polygon meshes, since most of the mesh surfaces
are tilted with respect to the hologram plane. In our previous work [16], we proposed treating the
tilted mesh as a wavefront recording plane (WRP) and spreading the source onto the tilted WRP
by the regular PSF. However, errors arise because the regular PSF expression is inaccurate for
tilted planes, especially for large tilt angles. This limitation can be addressed by the asymmetric
PSF proposed in this work, cf. Section 3.

The regular PSF enables on-axis focusing and is typically used for optical detection [17],
imaging [18], or multi-beam laser manufacturing [19]. However, on-axis propagation in an
optical setup usually requires a half-mirror to separate the incident and the reflected light, which
implies a loss of the light energy. This is uneconomical for near-eye displays where power
consumption is important. In contrast, the asymmetric PSF allows for accurate off-axis focusing
of tilted incident light, which enables optical detection, off-axis imaging, or off-axis multi-beam
manufacturing over a wide angular range. In the off-axis optical setup, the light energy utilization
is four times of that in on-axis setup due to the saving of half-mirror. The off-axis focusing
properties of the asymmetric PSF in the optical experiment are confirmed in Section 4.

2. Proposed method: asymmetric PSF

As shown in Fig. 1(c), the local coordinate system (x′, y′, z′) of the tilted plane P′ can be represent
by the global coordinate system (x, y, z) as follows:

[x′ y′ z′]⊺ = R[x y z]⊺, (3)

where ⊺ is the transpose operator and R denotes the rotation matrix, which can be derived from
the normal vector of the tilted plane using Rodrigues’ rotation formula to avoid the gimbal lock
issue [20]. Assume that the global plane P is rotated by ϕx and ϕy around the x– and y–axes,
respectively, then the rotation matrix is defined by

R =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
r1 r4 r7

r2 r5 r8

r3 r6 r9

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (4)

which is an orthogonal matrix, i.e., R−1 = R⊺. Therefore, Eq. (3) can be expanded to⎧⎪⎪⎪⎨⎪⎪⎪⎩
x = r1x′ + r2y′ + r3z′

y = r4x′ + r5y′ + r6z′.
z = r7x′ + r8y′ + r9z′

(5)

Since the rotation is performed around the origin point of both coordinate systems, which
allows z′ = 0 always exist, Eq. (5) can be further simplified by omitting the z′ term at the end.
Equation (2) gives the optical path from the source s(x0, y0, z0) to global coordinates, which it
can be then rewritten in local coordinates based on Eqs. (2) and (5) as follows

r′ =
√︂
(r1x′ + r2y′ − x0)2 + (r4x′ + r5y′ − y0)2 + (r7x′ + r8y′ − z0)2. (6)

It is worth noting that an initial carrier wave in the tilted plane should be defined, the reason of
which will be revealed by a physical property next. Generally, as shown in Fig. 1(c), a plane wave
propagating in free space is defined as exp[j(kxx + kyy + kzz)], where kx, ky and kz represent the
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wavenumber components on the x, y and z-axises. The case of kx = ky = 0 and z = 0 describes
a special propagation along the z-axis and recording in the plane P, in which the wavefield is
a constant. However, the tilted plane P′ implies z ≠ 0 as shown in the 2D profile of Fig. 1(c),
which indicates a carrier wave written as

u0 = exp(jkz) = exp[jk(r7x′ + r8y′)], (7)

where z = r7x′ + r8y′ is known from Eq. (5).
Based on the optical path given in Eq. (6) and the initial carrier wave given in Eq. (7), the

asymmetric PSF to characterize the wavefield on the tilted plane P′ generated by the source
s(x0, y0, z0) is derived as

U′
asym(x

′, y′) = u0 ·
1

jλr′
exp(jkr′) =

1
jλr′

exp[jk(r′ + r7x′ + r8y′)], (8)

where U′
asym(x′, y′) represents the computed wavefield of the proposed asymmetric PSF.

Figure 2(a) shows the phase pattern of U′
asym(x′, y′) distributed on the tilted plane rotated

ϕy = 36◦ around the y-axis and ϕx = 45◦ around x-axis, i.e., the normal vector of the tilted plane
is n = [−0.42, 0.7, 0.57]. The rotation matrix R is determined by the normal vector based on
Rodrigues’ formula. The recording plane is sampled at a resolution of 1024×1024 with a pitch
of 6.4 µm, the source point is at (−0.8, 0.2, 25) mm, and the wavelength of light is defined as
633 nm. There is some unwanted aliasing noise in the wider region of the plane P′ in Fig. 2(a)
due to undersampling at large diffraction angles. Therefore, a quadrilateral mask is required to
filter out the asymmetric PSF, as shown in Fig. 2(b), which corresponds to the rotation of the
square region in the regular PSF. To obtain the quadrilateral mask, one can first geometrically
solve for the four intersections of the four radial lines emanating from the source point with the
tilted plane and then draw the region of interest bounded by the four points on the canvas [21].

Fig. 2. (a) The phase distribution in the tilted plane P′ is obtained by the proposed
asymmetric PSF. (b) The phase of asymmetric PSF is filtered by the mask. (c) The phase
distributed in the global plane P is obtained by rotating the phase pattern in the plane P′

by spectral interpolation. (d) The rotated phase pattern of (c) is propagated to different
distances, where 25 mm is the focal.

The example in Fig. 2(b) indicates that the PSF in the tilted plane is an asymmetric structure
that looks like being squashed along the rotation axis. A MATLAB-based open source program
for the implementation of the proposed asymmetric PSF can be found in Github [22].
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To further confirm the correctness of the asymmetric PSF, we can obtain the wavefield in
the plane P of the global system, defined as Uglb(x, y), by rotating U′

asym(x′, y′) in the frequency
domain, expressed as

Uglb(x, y) = RotL2G{U′
asym(x

′, y′)}, (9)

where RotL2G{·} denotes the rotation operator from the local system to the global system given
in Eq. (11), which is completely derived in Appendix. The phase pattern of Uglb(x, y) is shown in
Fig. 2(c), which deviates slightly from the regular PSF. This is because the spectral interpolation
used for wavefield rotation will generate some errors, resulting in noise. However, this noise is
random and weak in amplitude, so it will not affect the convergence of the wavefield. Figure 2(d)
gives propagation results of Uglb(x, y) along the z-axis at different distances, showing isotropic
convergence and focusing to a point at 25 mm.

3. Axial propagation of aPSF

In CGH, the point-polygon hybrid method (PPHM) [16] leverages the PSF to first record the
wavefield on the tilted polygon plane and then propagates it onto the nonparallel hologram plane
using spectral interpolation of its angular spectrum, as illustrated on Fig. 3(a). This method was
confirmed to yield high performance by reducing the computational effort and yielding higher
visual fidelity of depth cues. However, since the PSF is supposed to be asymmetric in the tilted

Fig. 3. (a) Schematic diagram of the PPHM [16]: the wavefront spread out from a point is
recorded on the tilted plane. (b) An example of a 3D object computed using the PPHM is
where the points of a smooth dome spread the wavefield over the tilted polygon surfaces.
(c) The texture map used for PPHM, where the values of points on the smooth dome are
extracted from. (d) is an enlargement of the regular PSF, and (e) is a reconstruction of a
hologram generated by the regular PSF, showing focusing distortion. (f) is the enlargement
of the proposed asymmetric PSF, and (g) is a reconstruction of a hologram generated by
the asymmetric PSF, showing appropriate focus. Both (e) and (g) focus on the center of the
object (Visualization 1).

https://doi.org/10.6084/m9.figshare.27284790
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plane, the use of the regular PSF will result in focusing distortion [23]. As in the example shown
in Fig. 3(b), a conical polyhedron consists of four tilted triangles and four flat triangles, where
the depth values of the pixels within the triangles form a dome with a smooth gradient. The
intensities of pixels are given by the texture map shown in Fig. 3(c), which is a bilevel pattern
consisting of small white disks on a black background.

An example of the error caused by using the regular PSF in this context is shown in Fig. 3(d),
computing the wavefront of a single point on the tilted triangle plane. The wavefield distribution
in the tilted triangle, referred to as U′(x′, y′), is obtained by aggregating the wavefront of all
pixels. The wavefield distribution in the orthogonal plane, referred to as Uglb(x, y), is obtained
by rotating U′(x′, y′) from the local system to the global system using the rotation operator
RotL2G{U′(x′, y′)} given in Eq. (11). The hologram is generated by the angular spectrum method
[14,16], simplified as

Uholo = PropdUglb(x, y), (10)

where Propd{·} denotes the propagation operator using the transfer function H(fx, fy; z) =

exp [j2πfzd] , where (fx, fy) are the frequency coordinates in the global system, fz =
√︂
λ−2 − f 2

x − f 2
y

and d denote the propagation distance. The inverse process of propagation of the angular spectrum
for Uholo can bring the pattern back in focus, as shown in Fig. 3(e) focusing on the topmost part
of the dome, i.e., the center circle of the texture map. Obviously, the defocused area shows an
asymmetric diffusion in Fig. 3(e), as if being squashed, which is highlighted by the enlarged
portion. This distortion indicates that the regular PSF does not accurately represent the wavefield
distribution in the tilted plane.

Instead, we argue that an asymmetric PSF should be used to characterize the wavefield
distribution in the tilted plane. As derived in Section 2, we can obtain the transform matrix
by the normal of the tilted plane in Fig. 3(b), and then compute the wavefront of a point by
the proposed Eq. (8), the partial enlargement of which is shown in Fig. 3(f). The hologram
is generated by performing Eq. (10), and the same focal reconstruction is shown in Fig. 3(g),
presenting the expected symmetric diffusion, which differs from the squashed diffusion for
Fig. 3(e). Visualization 1 gives reconstructed animations of the focus changes in Figs. 3(e) and
(g).

The above example demonstrates that the proposed asymmetric PSF can accurately describe
the wavefront of the PSF in the tilted plane. Utilizing it in the PPHM for CGH confirms the
feasibility of the asymmetric PSF for axial propagation.

4. Off-axis propagation of aPSF

Typically, a PSF acts like a lens that converges incoming parallel light to a focal point along the
propagation axis, but only if it is a regular PSF and the incoming light is incident orthogonally.
Figure 4(a) shows the optical setup for orthogonal incidence, where a half mirror must be used to
separate the input and output paths, implying that only 25% of the light can be utilized. It is
well-known that liquid crystal-based spatial light modulators (SLMs) can modulate the phase of
incoming light. A phase-only SLM with a pixel pitch of 3.74 µm with a resolution of 3840×2160
is used to modulate the incident light and the camera is for detecting modulated light. The camera
can be shifted along the reflection axis of the SLM panel. Figure 4(c) shows the calculated phase
pattern for the regular PSF consisting of a sequence of 5 × 3 points, each increasing in depth by
5 mm from top to bottom and left to right. The first point (top left) is placed at a distance of
20 cm, and the last point (bottom right) is at 27 cm. Figure 5(a) shows the detection results for the
reference case using the regular PSF of Fig. 4(c) in an on-axis optical setup shown on Fig. 4(a).
The four pictures in Fig. 5(a) are focused on different positions, respectively, presenting isotropic
convergence and converging into a sharp dot at the focused location. Visualization 2 provides an
animation of the camera moving along the axis.

https://doi.org/10.6084/m9.figshare.27284790
https://doi.org/10.6084/m9.figshare.27284802
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Fig. 4. (a) On-axis optical setup for orthogonal incidence onto the SLM. (b) Off-axis optical
setup for slanted incidence onto the SLM. (c) The phase pattern of the regular PSF consists
of an array of 5 × 3 dots. (d) The phase pattern of the asymmetric PSF with a y-axis tilted
angle 22◦.

Fig. 5. Reconstructed images at different positions modulated by SLM. (a) The regular
PSF phase pattern is modulated by orthogonal incidence in Fig. 4(a). (b) The regular PSF
phase pattern is modulated by slanted incidence. (c) The proposed asymmetric PSF phase
pattern is modulated by slanted incidence. (d) The proposed asymmetric PSF phase pattern
is modulated by orthogonal incidence in Fig. 4(a). The animations of a shifting camera see
in Visualization 2.

https://doi.org/10.6084/m9.figshare.27284802
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Fig. 6. (a) 3D point cloud model of chess pieces. (b) The hologram generated by the
regular PSF. (c) The hologram generated by the asymmetric PSF. (d) Reconstructions of the
regular PSF hologram and (e) reconstructions of the asymmetric PSF in the on-axis setup.
(f) Reconstructions of the regular PSF hologram and (f) reconstructions of the asymmetric
PSF in the off-axis setup. See the corresponding animations in Visualization 3.

Conversely, if light is incident at an angle on the SLM while using a regular PSF phase pattern,
as shown in Fig. 4(b), where the incident angle is approximately 22◦, the modulated light in the
reflected direction will lose its isotropic focusing property. This is demonstrated in Fig. 5(b),
where the focal locations converge into a line instead of a point because the divergence along the
y-axis does not harmonize with the divergence along the x-axis; see Visualization 2. It is worth
noting that no half mirror is required for oblique incidence, which means that the light energy
utilization is four times higher compared to the on-axis setup where a half mirror is required.

As discussed in Section 2, in the case of oblique incidence, one should utilize the asymmetric
PSF phase pattern, as expressed in Eq. (8) according to the tilt angle, given in Fig. 4(d). Figure 5(c)
shows the reconstructed results of using the asymmetric PSF of Fig. 4(d) in the off-axis optical
setup of Fig. 4(b). The modulated light along the off-axis direction for the asymmetric PSF phase
exhibits the same isotropy as the regular PSF phase of orthogonal incidence in Fig. 5(a), the
in-focus position converges to a point, while the out-of-focus position diverges anisotropically;
see Visualization 2. As a comparison, the asymmetric PSF phase pattern is also used to modulate
the orthogonal incident light, and the results are shown in Fig. 5(d) with the same anisotropy as
that in Fig. 5(b); see Visualization 2.

To further validate the asymmetric PSF, two chess pieces consisting of 564 points, shown in
Fig. 6(a), are used to generate holograms by aggregating all the point-spread functions. The center
of the two pieces are located at 186 mm and 213 mm, respectively. The holograms computed by
the regular PSF and by the asymmetric PSF are shown in Fig. 6(b) and Fig. 6(c), respectively.
The parameters of holograms are consistent with those of the SLM. Figure 6(d) shows results of

https://doi.org/10.6084/m9.figshare.27284805
https://doi.org/10.6084/m9.figshare.27284802
https://doi.org/10.6084/m9.figshare.27284802
https://doi.org/10.6084/m9.figshare.27284802
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the regular PSF hologram reconstructed in an on-axis optical setup (cf. Figure 4(a)), where the
front piece and the rear piece are focused, respectively. However, the reconstructions of regular
PSF hologram by the off-axis optical setup show focusing distortion, as shown in Fig. 6(e). The
same distortion also occurs in the reconstructions of the asymmetric PSF hologram in the on-axis
optical setup, as shown in Fig. 6(f). The appropriate way is to reconstruct the asymmetric PSF
hologram in the off-axis optical setup, as shown Fig. 6(g), with the same focusing distance and
convergence image as in Fig. 6(d). The corresponding animations created by a moving camera
can be seen in Visualization 3.

From the results of the experiments shown in Figs. 5 and 6, it can be confirmed that the regular
PSF will match only the orthogonal incident light, whereas the asymmetric PSF will match
incident light at a tilted angle. This difference gets more pronounced as the tilt angle increases.

5. Conclusion

The point-spread function describes a regular wavefield distribution in an orthogonal plane that
exhibits rotational symmetry. However, the spread wavefield in a tilted plane was confirmed as an
asymmetric structure, where the asymmetry arises from the nonlinear stretching of the sampling
coordinates. This article revealed this physical mechanism in Section 2 and rigorously derived
the asymmetric PSF formula as Eq. (8), showing that the asymmetric wavefield distribution
depends on the tilted angle.

In the case where the tilted plane is used as the WRP, all points diffuse the light wave towards
the tilted polygonal surface, which should be done by the asymmetric PSF. Based on the results of
axial propagation without distortion of the tilted plane, the asymmetric PSF effectively corrects
the inaccuracies in PPHM [16] that arise when using the regular PSF to record the wavefield of
tilted polygonal surfaces.

The zone plate generated by the regular PSF can only converge orthogonal incident light to a
focal point, implying distortion or anisotropic convergence for off-axis incidence. The optical
experiment with off-axis incidence using the asymmetric PSF phase pattern verified isotropic
convergence at arbitrary tilted angles, enabling optical imaging at larger fields of view and saving
up to three times the illumination power for the display system.

The proposed asymmetric PSF formula complements the regular PSF, making the propagation
and recording of light waves more universally applicable in mathematical descriptions.

Appendix: Spectral rotation from the local system to the global system

This appendix elaborates on how to obtain the wavefield distribution of the global system (x, y, z)
from the known wavefield of the local system (x′, y′, z′), i.e., rotating the spectrum of the local
system to the global system. Suppose the known wavefield in the z′ = 0 plane of the local system
as U′(x′, y′, z′ = 0), which also can be represented in the global coordinates as U(x, y, z ≠ 0).
Then, the wavefield distributed on the z=0 plane of the global system, U(x, y, z = 0), can be
obtained by the operator

U(x, y, z = 0) = RotL2G{U′(x′, y′, z′ = 0)}, (11)

which is derived as follows.
By Fourier transform, the spectrum of U(x, y, z) in the global system can be expressed as

A(fx, fy) =
∬

U(x, y, z) · e−j2π(fxx+fyy+fzz)dxdy. (12)

Due to the rotational transform of the matrix R, the integral expression above undergoes a
coordinate transform, rewritten as

A(fx, fy) = J
∬

U′(x′, y′, z′)e−j2π(f̂xx′+f̂yy′)dx′dy′, (13)

https://doi.org/10.6084/m9.figshare.27284805
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where J = |r1r5 − r2r4 | is the Jacobian determinant, and{︄
f̂x = r1fx + r4fy + r7(fz − 1/λ)
f̂y = r2fx + r5fy + r8(fz − 1/λ).

(14)

The new frequency coordinates (f̂x, f̂y) are not sampled with equal spacing, making it impossible
to calculate the integral term in Eq. (13) using the Fast Fourier Transform (FFT) in numerical
calculations. Therefore, an interpolation operation is suggested to calculate Eq. (13) as follows:

A(fx, fy) = JΘ(f̂x,f̂y)
(f ′x ,f ′y )

F [U′(x′, y′)], (15)

where F [U′(x′, y′)] denotes the FFT operation based on the equally spaced sampling grid (f ′x , f ′y ),

and Θ(f̂x,f̂y)
(f ′x ,f ′y )

denotes the interpolation of the sampling grid (f̂x, f̂y) into the sampling grid (f ′x , f ′y ) to
obtain the spectrum under the sampling coordinates (f̂x, f̂y).

Finally, the wavefield distributed on the z = 0 plane of the global system can be computed as

U(x, y, z = 0) = F −1[A(fx, fy)] = J · F −1
{︂
Θ
(f̂x,f̂y)
(f ′x ,f ′y )

F [U′(x′, y′)]
}︂

, (16)

where F −1 denotes the inverse FFT. This corresponds to the rotation operator defined in Eq. (11).
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