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Abstract

The non-equilibrium Green’s function formalism is often employed to model photon-assisted tunneling
processes in opto-electronic quantum well devices. For this purpose, self-consistent schemes based
on a quantum electrodynamical description of light-matter interactions have been proposed before.
However, these schemes are typically computationally very demanding. Therefore, in this work, a
novel semi-classical method based on Floquet-Green theory is proposed, which strongly mitigates the
computational costs. By comparison to results obtained with a traditional, purely quantum mechanical
technique, the new approach is validated and shown to be faster and exhibits superior convergence
properties. Finally, a two-band model for superlattice structures is constructed to further illustrate

the advantages of the novel, advocated method.
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1 Introduction

Multi-quantum well (MQW) devices have been
the subject of extensive research since their ini-
tal proposition in 1970 by Esaki and Tsu [1].
Typically, these devices are layered structures
that consist of an alternation of distinct semi-
conductors, as shown in Fig. 1. The multi-barrier
potential energy profile U in the device gives rise
to tunneling properties, leading to the manifes-
tation of negative differential resistance. Initially,
this prioritized their use as resonant tunneling
diodes [2—4]. However, the past decades, the com-
pact size and fast switching properties of quantum
wells have also aroused interest in their opto-
electronic features [5]. Several applications have
been proposed, such as infrared photodetectors [6],
waveguide modulators [7-9], light-emitting diodes
[10-13], quantum cascade lasers [14-17] and solar
cells [18, 19].

The development of these new MQW-based tech-
nologies requires specific modeling techniques that
are able to simulate electron tunneling, which is
a purely quantum mechanical phenomenon. More-
over, the often strong light-matter interactions in
these novel devices demand to go beyond equilib-
rium assumptions. A method that meets both of
these requirements is the non-equilibrium Green’s
function formalism (NEGF), which was pioneered
in the 60s by Schwinger, Kadanoff-Baym and
Keldysh [20-22]. This many-body physics based
solution tool allows the calculation of device prop-
erties based on the Hamiltonian of the device
and it has been applied broadly to the model-
ing of, e.g., atoms [23], nanojunctions [24, 25],
transistors [26], quantum dots [27, 28] and carbon
nanodevices [29-32].

Several NEGF-based models for opto-
electronic MQW devices have been proposed



Fig. 1: Schematic representation of a multi-
quantum well device. The red curve represents the
potential energy profile in the structure.

before [33-36], which are based on a rigorous,
second-quantized description of electron-photon
interactions. Nevertheless, the computationally
intensive nature of the resulting self-consistent
schemes has limited their widespread application.
In particular, the modeling of large intricate
structures necessitates the introduction of signifi-
cant approximations.

In this work, a novel semi-classical approach to
include electron-photon interactions is proposed,
based on Floquet-Green theory [37-42]. The self-
energy convergence loop that is required in the
fully quantum mechanical approaches is replaced
by a basis expansion in Floquet harmonics [43]
which strongly mitigates the computational load.
Typically, Floquet-Green theory is used to study
the AC response of systems connected to an
external voltage source. Here, however, a novel
NEGF method is employed as a new technique
to study interactions between MQW devices and
semi-classical light sources, which enables a direct
comparison to models based on quantum electro-
dynamics. Moreover, the novel formalism allows
for the efficient modeling of intricate two-band
structures.

The paper is structured as follows. First, the
choice of Hamiltonian for MQW devices is pre-
sented in Sec. 2. Thereafter, the previously
established, fully quantum mechanical NEGF
approach is briefly discussed in Sec. 3. Next,
the new solution technique is detailed in Sec. 4.
In Sec. 5, both methods are compared and
benchmarked, followed by the application of the
advocated method to the two-band modeling of
superlattice structures.

2 Multi-quantum well device
modeling

The following Hamiltonian H with minimal cou-
pling is proposed as a starting point to model

MQW structures subjected to an electromagnetic
field:

H = Hy + Hiy, (1)
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Here, ﬁ = —ihV and @ represent the momentum

operator and magnetic vector potential opera-
tor of the coupling electromagnetic field, whereas
U(z) is the potential energy operator, consisting
of the conduction band energy and the electro-
static potential energy. Furthermore, m, repre-
sents the possibly z-dependent effective electron
mass. Using transverse plane wave eigenstates,
the three-dimensional non-interacting Hamilto-
nian flo is reduced to one-dimensional contribu-
tions that are a function of the transverse wave
vector k| [44]. Since the methods described in
this paper are independently applicable to these
one-dimensional Hamiltonians, the final summa-
tion over k,-space that is required for the cal-
culation of observables is not executed. Also,
electron-phonon interactions are excluded, such
that phonon-assisted energy relaxation [45] is not
regarded. Issues with the resolution of bound
states [46] are prevented by assuring sufficient
coupling between the device and its contacts.
Several basis representations in the longitudinal z-
direction for the remaining Hy exist, depending on
the amount of molecular information of the device
that is to be included. First, an effective mass
tight-binding model corresponding to the real-
space basis |z) is obtained using a finite-difference
approximation of the involved derivatives. This
results in the following tridiagonal matrix repre-
sentation (denoted in bold):
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L (4)_
where m,. ; and U; represent the discretized elec-
tron’s effective mass and potential energy at




z = 1Az, respectively. Furthermore, m}, =
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Alternatively, and as was used in this work, semi-
empirical planar orbital basis sets that depict the
molecular nature of the involved semiconductors
can be employed to obtain a multi-band represen-
tation of the device [47]. To this end, the slab-like
geometry of the quantum-well device is divided
into layers containing several atoms. The cou-
pling of the atoms’ orbitals then gives rise to the
band-structure of the semiconductor. By only tak-
ing into account interactions between neighbor-
ing layers, the following tridiagonal block-matrix
structure is obtained [33]:

ac
Ei*l i—1 0

H, = o) B VY© . (5)
0 V& Eiy

Here, E; corresponds to the on-site energy matrix
at layer i, whereas V& = (V{*)! is the anion-
cation coupling matrix at layer . If a two-band
model is constructed, all block-matrix elements
E;, V{* have dimensions 2 X 2. Thus, a similar
tridiagonal structure as the previous representa-
tion (4) is observed, albeit with an extension of
the basis.

3 Non-equilibrium Green’s
function formalism

The basic quantity in the NEGF formalism is the
single-particle Green’s function g(1, 1), which can
be interpreted as a response function that carries
information on the propagation of a particle from
space-time coordinate 1’ = (r},t}) to 1 = (r1,1).
In practice, g(1,1’) is fully determined by intro-
ducing four different real-time Green’s functions,
namely the retarded/advanced Green’s functions
g™4(1,1") and the lesser/greater Green’s func-
tions ¢5(1,1'). Knowledge of these quantities
allows the calculation of interesting one-body
observables, such as the particle density and cur-
rent. In this section, the basic equations that
govern the NEGF formalism, as well as the fully

quantum mechanical solution scheme reported in
[33, 34] are briefly outlined.

3.1 Equations of motion

The real-time Green’s functions ¢%/4 and ¢S
are generally calculated from the time-dependent
Kadanoff-Baym equations [20]:

(iha - ﬁo)gR/A(l, 1) = 6(1,1")
ot

+ [a2EmAa, 2t )
(6)

gS(1,1) = /d2/d3 gf(1,2)25(2,3)94(3,1').
(7)

Since only steady-state properties are of inter-
est in this section, all involved Green’s functions
only depend on time differences 7 =t; — t]. As a
result, the Fourier transform can be introduced:

g () = o / dE e FrNGRIAS(B). (8)

Note that time-dependent functions are denoted
by small letters, whereas energy-dependent func-
tions are denoted by capital letters. By apply-
ing the Fourier transform (8) to the Kadanoff-
Baym equations (6)-(7), the following equations
of motion are obtained upon projecting on a
real-space basis [36]:

GR/A _ G(If/A + Gé%/AER/AGR/A’ (9)
G> = G'x>GA (10)

These are named Dyson’s equation and Keldysh’
equation respectively. The self-energies s R/AS
determine the types and order of interactions that
are included in the model. The difficulty in calcu-
lating the Green’s functions thus lies in obtaining
an adequate approximation for these self-energies.
In this work, the focus is on electron-photon inter-
actions, denoted as X, and derived from the
interaction Hamiltonian ﬁint of the system, and
on boundary contributions owing to the coupling
of the device to contacts «, denoted as X, such



that:

SHAS(E) =Y SAS(E)+3E45(B). (1)

If all interactions are neglected, the device is
described by the non-interacting Green’s functions
Gl/A.

o

[EI+in—Ho Gy (E) =L (12)

Finally, for systems where time-reversal holds,
the retarded and advanced Green’s functions are
linked through:

GA(E) = [6A(B)]". (13)

3.2 Self-energies

Expressions for the electron-photon self-energies
are typically derived from quantum electrodynam-
ics (QED). By assuming a weak electric field, only
the first-order term in the vector operator a is
included in PAIint:

Hipe ~ —7p- . (14)

e
Me
The following electron-photon self-energy matrix

elements Xy m = (I|Xep |m) are then obtained
according to [34]:

B2 i (B) =D MM [Ny G, (E F hw)

ep;lm
prq
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(15)
eh hy/lir€r .
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0 else
(16)

Where qu = (p| GS |q), with |p) corresponding to
real-space site pAz and where Npp, represents the
photon number, Aw the photon energy, € and u the
dielectric permittivity and magnetic permeability,
respectively and I, the photon flux. The Npp-
term in (15) encompasses absorption, whereas
the (Npn + 1)-term describes spontaneous and
stimulated emission. Moreover, in steady-state,
the electron-photon self-energies are calculated by

means of a Hilbert transformation:

dE' 3, (E') - B5,(E)
E—-FE +in
(17)
Within the self-consistent Born approzrimation
(SCBA), the self-energies in (15) are dependent
on the fully interacting Green’s functions GR/A’g,
which in their turn are calculated from the self-
energies. This results in a self-consistent solution
method.
Finally, the boundary self-energies 3, are calcu-
lated from surface Green’s functions, which are
obtained through the Sancho-Rubio scheme [48].
Alternative approaches leverage the established
transfer-matrix method [49] or complex absorbing
potentials [50].

SHAE) =i lim

n—0t 2

3.3 Derivative quantities

Determining the self-energies and the fully inter-
acting Green’s functions Gl/As yields the elec-
tron density in the device, n, and steady-state
current through contact «, I, [51, 52J:

E
n(bdz) =2 [ EagE), )

=2 [Lisrg< _grs<
h 2w (19)

+2°G* - G=Yp0im-

Moreover, the local density-of-states (LDOS) D of
electrons in the device is defined as:

D(E,kAZ) = - [GR(E) — GA(B)]

- e (20)

3.4 Solution scheme

The self-consistent method [33] is schematically
represented in Fig. 2 and this reference method is
from now on referred to as QED-NEGF. It con-
sists of an iterative self-energy convergence loop,
as well as a self-consistent Poisson-Schrodinger
solver [44]. The latter involves updating the poten-
tial energy profile U(z) via the calculated electron
density. This is not of importance for the pur-
poses of this paper, and will not be executed.
The iteration scheme for the self-energies goes as
follows:



1. Calculate G(I;’/A from (12), using the initialized
potential energy profile U(z) and boundary
self-energies 25/ A,

2. Calculate G= using G®/4 and 5 in (10).

3. Update Eegp using (15).

4. By invoking (17), calculate Efp/A, in order
to update G4 using (9). This closes the
iteration loop.

calculate
GR/A
I

f N
calculate update update
G= J| = U(z)
I

|
calculate :
5 I
! :
calculate calculate
Gs n(z)

extract
observables

=) integration
matrix inversion
_ matrix product(s)

Fig. 2: Flowchart of the QED-NEGF reference
solution method.

self-energy loop
' | Poisson-NEGF loop

Several cumbersome calculations are required in
this scheme. First, all Green’s functions matrix
elements are needed to update the electron-photon
self-energies. Therefore, recursive methods [53]
— often applied to mitigate the computational
demands of NEGF approaches — which only
require a limited amount of matrix elements, are
not feasable. Furthermore, the determination of
self-energies corresponding to energy F, is based
on Green’s functions evaluated at shifted ener-
gies E + hw. Performing iteration loops there-
fore requires knowledge of Green’s functions in
different, shifted energy intervals, which com-
plicates energy discretization. Finally, electron-
photon self-energies obtained using (15) are not

sparse, such that the tridiagonal nature of the
initial non-interacting Green’s function is lost by
including Eg)/ A This also complicates the matrix
products in Keldysh’ equation.

4 Semi-classical
Floquet-Green approach

Photon-assisted tunneling in MQW devices is
based on absorption and stimulated emission pro-
cesses, the modeling of which does not necessarily
require a rigorous quantum mechanical treat-
ment of the coupled light. Especially in the case
of weak electromagnetic fields, the dominating
tunneling mechanisms do not include intricate
electron-photon interactions. Therefore the new
semi-classical approach that is presented in this
section suffices and will be demonstrated to out-
perform more traditional methods. The mnovel
solution scheme is based on Floquet-Green the-
ory, and allows to mitigate most of the numerical
difficulties of the QED-NEGF method that were
discussed above. The advocated scheme will be
referred to as Floquet-NEGF.

The semi-classical treatment is constructed within
the long-wavelength approximation and by choos-
ing the welocity gauge, which is explained in
Appendix A. As such, the following interaction
Hamiltonian is obtained:

p-alt), (21)

where the magnetic vector potential reduces to
an explicitly time-dependent vector @(t) and its
quadratic term is eliminated by the choice of
gauge. Assuming an electric field with angular fre-
quency w that is linearly polarized along the z-axis
leads to the following full Hamiltonian h(t):

h(t) = Hy + Ay cos(wt)p.. (22)
From classical considerations, included in

Appendix A, an expression for Ay as a function
of the photon flux I, is retrieved:

2 [hl,
Ag = /222 (23)
me V €cw

In Sec. 3, the interaction Hamiltonian was split
from the non-interacting one and gave rise to the
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Fig. 3: Schematic of the Floquet-NEGF matrix equation (25).

electron-photon self-energy expressions. Here on Here, the matrix elements p,;, = (I|p|m)
the other hand, the full Hamiltonian B(t) (22) is in the real-space basis take the following form
employed in the time-dependent Kadanoff-Baym through invoking Heisenberg’s equation [33, 54]:
equations (6)-(7). The remaining self-energies in

these expressions now only stem from device-lead ime(2m — 21)
coupling. Since (8) can no longer be applied, the Pz im = A Hoim; (27)
difficulty is thus shifted to treating the explicit
time-dependence of h(t). To this end, the two-time where z,, — 2 represents the distance between
Fourier transform is introduced: two real-space nodes or layers. Also, the following
notation for the involved Floquet harmonics was
dE dE i duced:
R/A < t 1 1 ~R/AS E E introduced:
(hr,t /27Th/27rhg 1)
— (B0 =B Gl (E) = GS(E + mhw, E + nhw).  (28)
(24)

It should be noted that advanced harmonics Gf}lm
as well as an expansion in Floquet harmonics, are readily obtained from retarded harmonics
based on the periodicity of the Hamiltonian. After Givn by invoking (13).
some tedious calculations, which are detailed in Similar considerations lead to the following
Appendix B, alternative expressions for Dyson’s equations for the current through lead o
and Keldysh’ equations emerge:

Ia —_ I((;ond 4 Igump, (29)
con 2¢e [dE
[E1-H, —ZzR GE,.(B) £ == [ 5 Tap(B)(fa(E) = f5(E)), (30)
2e [dE
A PvP = — | — (T (F) — Tap(E E),
_ 02p2 [ijl’n(E) + Gﬁn(E)] _ 61'7,,0:[7 [e% h ot ( ﬂa( ) CKB( ))fa( )
Gs ZZ GE, (B)S (B+mhw)GA (B) T.p(E) =Y Tr[G{,(E)To(E + nhw)
(26) G o(E)T5(E)],



where the broadening function T, = i(ZF — £4)
was introduced. The two contributions 7¢°"d and
PP correspond to a conduction current sim-
ilar to the Landauer-Biittiker formula and a
pumped current owing to electron-photon inter-
actions, respectively [41, 55]. Both are dependent
on the transmission function Tog(E) for quantum
transport between leads a and . For symmetric
structures, where Tgo(F) = Top(E), it is clear
that the pumped current disappears. This enforces
the necessity of symmetry breaking in photodetec-
tors by, e.g., applying a bias voltage or embedding
a terminating barrier.

The solution scheme now becomes apparent by

R/A, R/AS

noting that G/~ (E + khw) = G777 (E).
Evaluating (25) at E — E + nhw (n € Z) leads
to an infinite set of implicit matrix equations.
Schematically, this set of equations is illustrated
by Fig. 3. The left matrix represents a tridiagonal
block-matrix, with diagonal blocks of size N X N:

E, = (E+nh)l-Hy— > ZH(E+nhw), (33)

and off-diagonal blocks —%. The inversion of

the left block-matrix results in the middle block-
matrix with Floquet harmonics Gf‘j (E), which are
required in (32). In practice, the matrix equation
(25) needs to have finite dimensions. Therefore,
the number of Floquet modes is truncated to M,
an odd number, leading to M x M blocks in (25).
This implies that a real-space basis set of size
N results in an overall matrix dimensionality of
(MN) x (MN).

The Floquet-NEGF method is schematically
drawn in Fig. 4, and consists of the following steps:

1. Initialize the block-matrix dimension M, the
potential energy profile U(z) and the boundary
self-energies 25/ As

2. Calculate G from (25), and thus from the
solution scheme shown in Fig. 3.

3. Calculate the current I, from (29), using the
required device-lead coupling self-energies.

4. If desired, e.g., to self-consistently solve Pois-
son’s equation, calculate the electron density
n with the G§y-matrix obtained from (26),
analogously to (18)

5. Check convergence by increasing M at least
once.

The advantage over the QED-NEGF of Sec. 3
approach is immediately visible, since the self-
energy loop, which requires cumbersome matrix
products, is eliminated. Instead, M should be
chosen large enough, to ensure convergence. The
sparsity of the involved matrices is kept, and shift-
ing of energy intervals no longer complicates the
scheme as was the case for the traditional method.
Furthermore, since only nyO(E)—matrices are
required in (32), it is not necessary to invert the
full block-matrix. Instead, the system of equations
can be partially solved.

5 Results and discussion

5.1 Resonant tunneling diode
5.1.1 Validation

Both approaches are now compared through the
modeling of the resonant tunneling diode (RTD)
that was discussed in [34]. To construct an effec-
tive mass model, the material parameters shown
in Table 1 are employed. Here, Upa,rier refers to the
applied terminating barrier, which is visible in the
LDOS of the structure, shown in Fig. 5a. Although
electron-phonon interactions were neglected, it is
clear that the sufficient resolution of the confined
energy levels is assured because of broadening
induced by the contacts. Based on this figure, it

initialization:
M, U(z), BfA=
Y,

N \
calculate |
GR/A \
m,n Y, |
I
calculate ) (“calculate ) (~ update I
Tap G U(z)
J
+ I
I
cdl( uldtc calculate) I
n(z) :
A -

[ extract observables ] increase M?

- -, =3 integration
i Poisson-NEGF loop matrix inversion
-- matrix product(s)

Fig. 4: Flowchart of the Floquet-NEGF solution
method.



Table 1: Parameters
used for the RTD sim-
ulation, as reported in

[34]
Material parameter

Az 1A
o 0.17 eV
€ 12.9 ¢g
Me 0.067 mg
I, 1000 W/m?
Ubarrier 0.2 eV

is also clear that the Fermi level was chosen such
that only the ground-state energy level is occu-
pied. The photocurrent response function R of this
device, defined as

pump
— IO‘

R=

4
i (34

is presented in Fig. 5b for both methods. For the
QED-NEGF simulation, only absorption contribu-
tions to Zegp were included in (15) owing to the
choice of Fermi level, and the method converged
after one iteration. Floquet-NEGF clearly repro-
duces the same result and converges already for
block-matrix dimension M = 3. The photocur-
rent equals zero for M = 1, such that this result
was not included in the figure. Moreover, both
methods match the results that were presented
in [34], which serves as an extra validation. The
three peaks that are visible in the photocurrent
response function of the device correspond to tran-
sitions originating from the ground-state energy
level Ey =~ 0.15 eV, given its occupation. The
second peak, which stems from the Fy — FE5 tran-
sition, is suppressed with respect to the other ones
due to selection rules. This example will now be
employed to further compare both methods.

5.1.2 Inclusion of more-photon
processes

The fundamentally different inclusion of electron-
photon processes calls for a careful comparison.
The QED-NEGF approach treats the interaction
Hamiltonian by means of electron-photon self-
energies. However, the traditional QED-NEGF
expressions only encompass the Fock term, cor-
responding to one-photon processes [56]. If the
self-energy iteration loop is not performed, the

=

25
2.0 5
- 2
215 =
21.0 =]
K E
0.5 ._'I“
0.0
0 5 10
z-position [nm] 0

(a) Local density-of-states. The white contour cor-
responds to the conduction band profile.

10"
—— QED-NEGF
1 Floquet-NEGF, M=3
10 [« Floquet-NEGF, M=5 §

R [nmz/photon]
=S
+
l‘/'/;

0.0 0.5 1.0 1.5 2.0 25
Photon energy [eV]

(b) Photocurrent response function simulations
performed by the QED-NEGF and Floquet-NEGF
approach.

Fig. 5: Simulations performed for the RTD struc-
ture presented in [34].

method is limited to modeling one-photon absorp-
tion and emission. Iterations sequentially include
more-photon processes, according to the SCBA.
Nevertheless, this renders the method computa-
tionally intractable, as explained before.

Floquet-NEGF, on the other hand, requires solv-
ing an infinite implicit set of equations. A trun-
cation to M X M blocks in the matrix system, is
performed, such that only Gﬁo—terms, where k €
(—Kmaxs - - - kmax) With kpax = %, are included
in the pumped current (31). Since these terms
correspond to electrons undergoing F + khw — E
transitions, k-photon processes are taken into
account. As a result, more-photon processes can
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(a) QED-NEGF method.

Transmission function [-]
—
S
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Photon energy [eV]

(b) Floquet-NEGF method.

Fig. 6: Transmission functions obtained through both
methods for different degrees in inclusion of electron-
photon interactions. The photon energy equals 0.1 eV
and I, = 10! W/m2.

be systematically incorporated by increasing the
dimensions of the block-matrix system.

These claims are now corroborated by studying
the transmission function of the RTD for a high
photon flux I, = 10*! W/m? and photon energy
hw=0.1 eV, as shown in Fig. 6. Including first-
order electron-photon interactions, corresponding
to either performing a single iteration loop in
QED-NEGF or solving a (3 X 3)-block matrix
system in Floquet-NEGF, results in additional
peaks near the first excited energy state Ep ~
0.56 eV. These peaks are situated at Fi + hw, as
expected. Similarly, second-order interactions give
rise to peaks at Fy +2hw, confirming the inclusion
of two-photon processes for both methods. How-
ever, it is clear that the shape and intensity of
the additional peaks obtained with QED-NEGF

differ from the Floquet-NEGF result. This is read-
ily explained as follows. The high photon flux
is necessary to observe the second-order peaks,
which correspond to two-photon processes with
low-probability. These high intensity simulations,
however, violate both the perturbative nature of
the SCBA [57] and the first order approxima-
tion (14) in the interaction Hamiltonian. On the
other hand, the Floquet-NEGF method does not
include a low-intensity approximation. The inter-
action Hamiltonian is similar to (14), but merely
because of the employed velocity gauge. The com-
parison here is thus necessarily somewhat limited,
still pointing out that the additional peaks are
observed at the correct locations for both methods
and that the Floquet-NEGF technique converges
excellently.

5.1.3 Computational demands

The calculation of the photocurrent response func-
tion R is now used to benchmark the computation
times of both methods. All simulations are per-
formed on a CPU laptop with 16 GB of RAM
memory. The total computation time, ¢, is com-
posed of the time required to perform all matrix
inversions, tiny, and all matrix products, tproq. The
results are presented in Fig. 7. On the one hand,
N corresponds to the number of real-space grid
steps, which characterizes the basis size. On the
other hand, the number of energy steps N deter-
mines the coarseness of the energy discretization.
Figures 7a and 7c¢ display computation times
for both methods, including first-order electron-
photon interactions. It is clear that t,.0q4 fully
determines the total required computation time
tiot for the QED-NEGF method, since both the
full black line and the dashed black line coin-
cide. This is understood from Fig. 2, where
Keldysh’ equation is employed to update G<.
The long computation times are caused by the
dense self-energy matrices that are involved in
these matrix products. In contrast, the equivalent
Dyson’s and Keldysh’ equations for the Floquet-
NEGF method, (25) and (26) respectively, are
entirely determined by the Floquet harmonics
Gfmﬁ requiring block matrix inversions. Conse-
quently, tproq4 remains low for this method and the
matrix inversion time is expected to be the deci-
sive factor. However, because of the sparsity of
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Fig. 7: Computation times per data point of the photocurrent response function. The total time ttot consists
of the matrix inversion time i, and the matrix product time tp.0q. Note that tyor (full black line) and tproq

(dashed black line) overlap for the QED-NEGF case.

the matrices involved and since not all matrix ele-
ments need to be determined, as mentioned before,
tiny remains low.

Identical trends are visible in Figs. 7b and 7d,
where second-order interactions are included. The
computation times for Floquet-NEGF are obvi-
ously somewhat higher due to the increase in
tiny, but still remain significantly lower than
QED-NEGF. This could perhaps even be further
improved upon by implementing recursive meth-
ods. Finally, it should be noted that the total
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computation time, o, of both methods is more
sensitive to the size of the basis than to the num-
ber of energy discretisation steps.

Since Floquet-NEGF proves to be considerably
faster, it is therefore better suited to model intri-
cate devices. This is the subject of the following
section.



5.2 Expansion to two-band modeling
of multi-quantum well structures

The effective mass model that was applied in all
previous simulations is quite simplistic. In order
to model interband transitions, expanding the the-
ory to two-band descriptions should be considered.
This increases the computational load, since the
basis size is doubled according to (5). Moreover, an
expansion to MQW models is required to describe
superlattice structures [58, 59]. The advocated
Floquet-NEGF method is capable of simulating
such devices and will therefore be employed in
what follows.

Table 2: Parameters used for the two-
band simulations of MQW devices pro-
vided by [33].

Material parameter ~ Well Barrier

€ 12.9 ¢g 13.1 ¢o
Me 0.067 mo  0.1087 mg
Fecon 0.5 eV 0.75 eV
Eqal 0eV -0.15 eV
Vac 2.5 eV 2 eV

AE 0.001 eV

Az 2 A

Iz 0.6 eV

A two-band model is obtained by making use
of the material parameters provided in [33]. These
are listed in Table 2, as well as the simulation
parameters. Here, F.,, and F,) represent conduc-
tion band and valence band energies, respectively.
Furthermore, the extension to MQW devices is
made. The resulting LDOS for single, three- and
six-well structures are shown in Fig. 8. The peri-
odic superlattice structure causes the formation
of minibands. Because transitions between these
minibands are now possible, additional peaks
appear in the photocurrent response function,
which is shown in Fig. 9a. Since the Fermi level
was chosen to be p = 0.6 eV, these peaks corre-
spond to Ey — FEj-transitions in the conduction
band.

If now the Fermi level is chosen to be 0.2 eV,
interband transitions take place. This is shown in
Fig. 9b for the same MQW devices, where the
peak for the single-well device occurs at photon
energy fw = 0.61 eV, as expected based on the
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Fig. 8: LDOS of the two band models for the
single-well device (top), the three-well device
(middle) and the six-well device (bottom).

LDOS. Once again, minibands give rise to addi-
tional peaks. These results further illustrate the
appositeness of the novel Floquet-NEGF method
to model quantum-well devices.

6 Conclusion

In this paper, a novel approach based on Floquet-
Green theory was proposed for the simulation
of electron-photon interactions in multi-quantum
well devices. To this end, a semi-classical model
was constructed, allowing a linearly polarized
electromagnetic field to interact with the struc-
ture. Choosing the velocity gauge in the long-
wavelength approximation results in an explicitly
time-dependent interaction Hamiltonian, similar
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(a) Fermi level u = 0.6 eV.
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(b) Fermi level p = 0.2 eV.

Fig. 9: Photocurrent response functions R acquired
from a two-band model for several superlattice struc-
tures and different Fermi levels.

to the established second-quantized NEGF meth-
ods, but without having to assume low field inten-
sities. By introducing Floquet modes, a novel sys-
tem of equations was obtained, which eliminates
the need for a self-energy iteration loop that typ-
ically complicates other NEGF approaches. This
novel method was then validated by reproducing
the result from [34], which enabled a fair compari-
son between the QED-NEGF and Floquet-NEGF
methods. Both were deemed capable of includ-
ing higher-order electron-photon interactions, but
Floquet-NEGF proved to be at least ten times
faster. This allowed to simulate more elaborate
two-band models of superlattice devices, which
exhibit minibands owing to their periodicity,
demonstrating the broad applicability of the advo-
cated method. The results from this paper depict
coherent transport, for which a Floquet scatter-
ing matrix approach [60] is a viable alternative.
Nonetheless, for realistic devices, the full strength
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of NEGF methods, such as the one presented here,
should to be exploited. Therefore, incoherent and
phase-breaking interactions need to be included in
the method. These additions, as well as a further
study of the validity of conservation laws in our
Floquet-NEGF approach pose interesting topics
for future research.

Appendix A Velocity gauge

To embed electromagnetic fields in the quantum
mechanical description of our systems, it suf-
fices to introduce the following minimal coupling
Hamiltonian:

. (P + ed(7,t))2

h(t) = T = ed (7). (A1)

The electromagnetic vector potential @(7,t) and
scalar potential ¢(7,t) are defined, using the elec-
tric field &(7,t) and magnetic field b(7,t) by the
equations:

arn) =200 G, (a2
b(7,t) = V X a(7,t). (A3)

However, these potentials @ and ¢ are not unique,
thus switching to a different gauge with potentials
d and ¢’ is allowed under the following conditions:

i =a—Vy, (A4)
x

/I

¢=o+5 (A5)

with gauge transformation function x(7,t). Since,
in this work, the impinging electromagnetic field
is a monochromatic plane wave, linearly polarized
along the z-direction, the electric field € is readily
obtained:

é(7 t) = eq sin(wt —ko7- ﬁu)ﬁz. (A6)
Now assume that the fields are initially described
in the Lorenz gauge, denoted by the (L) super-
script:

= 1 9L
v-al 4 = = A7
@ ¢ Ot (A7)
It is then straight forward to show that:
@M (7 t) = < cos(wt — ko 7+ @) )i, (AS8)
w



oM (7 t) = 0. (A9)

The small dimensions of the devices stud-

ied in this paper allow introducing the
long-wavelength approximation:
e(7,t) =~ eg sin(wt)i,, (A10)
— W7 1) ~ 2 cos(wt)i,. (A11)
w

Finally, a transformation to the velocity gauge is
performed with the following gauge transforma-
tion function:

X(t)(L—wel) _ (A12)

o [t (@0
:

Because of this transformation, the quadratic term
in the vector potential is eliminated and the
Hamiltonian reduces to:

7 _ (@2 € & S(vel)
h(t) = S + mep avel(t).

(A13)

In order to compare the semiclassical Floquet-
NEGF method to QED-NEGF, the vector poten-
tial should be expressed as a function of the
photon flux I,. To this end, the energy den-
sity u. associated with the impinging plane wave
is described classically as:

uo(t) = ele(t)|? _ ee sin(wt)’

: : (Al4)

By averaging over one period, this becomes:

(A15)

The power flux is then equal to . ¢, such that the
photon flux is found through:

ee3c
I,=—%. A16
4hw ( )
Finally, in the velocity gauge, we get:
4hl,
avel(t) = cos(wt). (A17)
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Appendix B Floquet-Green
equations

Using the two-time Fourier transform (24) in the
time-dependent Kadanoff-Baym equations (6)-(7),
the following expressions are obtained for the
two-energy retarded and lesser Green’s functions
gR7< (Ela Ei)

dE
By G (BB — [ SEEB(ENG™(Er - o E)

= 27['h5(E1 El I+/72R(E15E2)QR(E27E1)7
(B18)

dFs
< E El _
g= (B, Bn) / 2mh

/dE**gR By By)
S<(Es, E3)G" (B3, EY).
(B19)
The advanced Green’s functions are obtained
from the retarded ones through (13), whereas the
greater Green’s function is not required in the final
solution scheme. From (22), the Fourier transform
of the time-dependent Hamiltonian in (B18) is
given by:

H(E) = 2rh Hyd(E)

+2m hAopZ (5(E — hw) + 6(E + hw)).
(B20)

An expression for the time-dependent current
at contact «, i,(t), is obtained starting from a
general time-dependent form of (19) [61]:

ia(t1) = t1

2 [anmigtenny=s .
+g=(t, 1) B3 (11, 1)

— B0 (t, )8 (8, 1)

)g’ (t,t1)

- 35 (t, th)g t

(B21)

]

Applying the two-time Fourier transform to the
Green’s functions and self-energies in (B21) leads



to the following expression:

26 / dFEy @
2rh | 2wh
Tr[® (EQ,E3)9<(E3,E2 —F)
— gt (Es, E3)E§(E3, Es — FE)
+ X5(Ey, E3)GA (Es, By — E)
— G<(Es, E3)2] (B3, By — ).
(B22)

The periodicity of ﬁ(t) allows an important
simplification of the above equations, based on the
following Fourier expansion of all two-energy func-
tions "< into Floquet modes Gii, which are

functions of a single energy variable [40, 62, 63]:

G (By, EY) =2nh G ()
n (B23)
6(E1 — E1 — nhw),
GI=(B) = G (B + mhw, By + nhw). (B24)
Similarly, an expansion of the self-energies 25/ As
is possible. However, by assuming that the vector

potential disappears in the leads, only the DC-
components are retained:

SRAS (B E) = 2rhSBAS(B)S(E, — E)
(B25)
Introducing these Fourier expansions in (B18) and
(B19) results in:

Aop.,
(BxT = Ho)G{fy(E) = =5 (Gl 1 (E) + Gy ()

= 6,01+ B¥(E)GE, (BY),

(B26)
Gi(E ZGM )E<(E + nhw)G) , (B).
(B27)
For the current, we investigate the DC-

component, which corresponds to an average,
steady-state value. Substituting (B23) in (B22)
results in:

0 =% [ SEmENE)GE(E) - Gly(B)=E(E)

+E5(E)Gy(E) — Gio(E)SA(E)].
(B28)
To simplify expression (B28), a local equilib-

rium is assumed in the contacts, such that
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the fluctuation-dissipation theorem can be applied
[64]:

S5(B) = ifa(E)Ta(E),  (B29)
where f,(E) is the Fermi-Dirac function evalu-
ated with Fermi level y1,, and T (E) = i(Z7(E) -
»4(E)) is the broadening function. Here, the dis-
tinction between Ef/ A and the full device-lead

coupling self-energy LF/4 = ZEf/A is impor-

tant. Additionally, starting from (9), the following
dEy [ dE3

identity holds:
R _ | 222 [ B2
g (Er, B) _/27Th/27'rh

(GA(E1, B2)E4(Ey, E3)GT (B3, E)
—GM(Ey, E2) SR (Ey, B3)GR(Es, Ey)]
= Géo(El) - G(I):fO(El) =

> [Gon(B)SH(E

n

~G{ o (B)SH(E + nhw)G

gA(Ela El) -

no(E)

no(E)].
(B30)

+ nhw)G

Substituting (B27) into (B28), and applying (B29)
and (B30), finally results in:

Ia (0) _ I;ond + Igump7
dE
eont — % [ E gy B)(s) ~ 158,
dE
e =2 (980 (6 - 1)1, (E),
E)= ZTr GOAJI )Ta(E +nhw)Gr o(E)T4(E)] .

(B31)
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