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Abstract Engineering design is a complex process to find a suitable trade-off
among different, and sometimes conflicting, design specifications. In reality,
these requirements can be often considered as constraints of the design prob-
lem, that can be defined in terms of performance measures or geometrical
characteristics of the device under study. In this paper, a new design space
exploration methodology is presented for discovering feasible regions in the
design space, where the term feasible region indicates the set of all design
configurations satisfying all constraints of the design problem. The proposed
method is based on Gaussian Process metamodels to estimate the feasible
region and leverages a information-based adaptive sampling technique to se-
quentially refine the prediction accuracy, which is applicable for multiple con-
straints problems. In order to efficiently stop the adaptive sampling process,
a novel framework to estimate the metamodel’s prediction accuracy is pro-
posed. The efficiency, accuracy and robustness of the proposed approach are
compared with state-of-art techniques on suitable benchmark problems and
practical engineering examples.

Keywords Feasible region · Gaussian Process · Adaptive sampling · Stopping
criterion

1 Introduction

Modern engineering design is a complex and systematic task. Different disci-
plines are involved and various goals are set depending on the design stages.
In the early stage of the design pipeline, a trade-off between conflicting design
requirements must be found to generate satisfying solutions for the problem
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at hand. Without loss of generality, these requirements are presented as con-
straints. The designs satisfying such constraints are considered feasible and
can be good candidates for detailed investigation. In practice, Autodesk [1]
pointed out that, in the preliminary design stage, designers would use design
optimization (e.g., [2,3]) as a heuristic design tool. These algorithms are orig-
inally proposed to push the performance of a design problem to its extreme
as a finalizing step in the design process [4], but now optimization has been
misused to explore the space of feasible designs at the beginning of the de-
sign cycle. This interesting phenomenon stems from the fact that there is a
need for a generative design process where designers are presented with several
interesting design candidates.

Nevertheless, the sole emphasis on optimality by optimization algorithms
may not be the best choice at this stage and there is a need of techniques
identifying all the suitable designs. Several arguments support this claim. First,
the optimal design configuration may be just used as the start of the design
process [4], being too myopic at limited number of optima may ignore some
interesting design candidates. Secondly, especially at the early design stage,
the objectives of the system that need to be optimized may not yet be clearly
defined [5] and designers need a strategy to gain understanding about the
design space. In this case, unconventional but feasible designs may also be
valuable and worth further investigation. Additionally, the obtained result
may not transfer well to reality [6] (a phenomenon called the reality gap [7]).
In these cases, a large collection of suitable design configurations can quickly
provide a working solution.

This alternative interpretation can be formulated as a feasible region iden-
tification problem, where one seeks to make accurate predictions if a design
configuration is feasible or not:

Find A := {x ∈ X : IA(f(x)) = 1}

where IA(f(x)) =

{
1 α ≤ f(x) ≤ β
0 otherwise

(1)

f : X → R is a noise-free, continuous, black box constraint function defined on
a compact set X ⊂ Rd. IA(·) is an indicator function defined on an interval of
the output space explicitly specified by the designer, which denotes if design
requirements are satisfied. In the bounded space X , a design x is called feasible
if its corresponding constraint function value f(x) is in the interval [α, β]. The
region is called feasible region if all designs within are feasible. Specifically, we
denote α, β ∈ {R,−∞,∞} as feasible boundary, while {x ∈ X : f(x) ∈ {α, β}}
is denoted as feasible region boundary. In general, more than one constraint
f can be applied in a design problem, hence the feasible region will be the
intersection of the ones corresponding to each different f .

In this framework, Computer Aided Design (CAD) simulations are often
involved to evaluate if the constraints are satisfied, leading to feasible design
configurations. However, given the complexity of modern engineering systems,
CAD simulations can be both time- and resource-intensive. For instance, an
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electromagnetic simulator or a computational fluid dynamic solver can take
hours [8] or even days [9] to perform a single evaluation of f . Hence, it is of
paramount importance to limit the number of (expensive) evaluations during
the design phase, while also being able to provide a large number of feasible
designs with high accuracy. In this scenario, active learning [10,11] (or adaptive
sampling1 [12–14]) is an elegant tool to solve this problem. Active learning
(AL) is also known as the sequential experimental design method in statistics
[15]: it sequentially extends the data set to explore the design space in a sample-
efficient way, in order to reduce uncertainty with respect to certain properties.
Such desired properties can either be the maximum location of a function,
which some examples are shown in Bayesian Optimization (or surrogate based
optimization) [16,17], the overall accuracy of regression model [18], or a feasible
region satisfying all constraints. The last case is considered in our study.

In this paper, we introduce an information theoretic-based active learning
framework to make accurate feasibility predictions within a bounded design
space. In order to reach an efficient termination of the active learning pro-
cess, a new framework of termination criterion, which we alternatively refer
to as stopping criterion, is proposed to provide a probabilistic belief of the
metamodel’s prediction accuracy. We theoretically investigate the relations be-
tween the proposed stopping criterion and the test accuracy metrics commonly
used for binary classification problem. The performance of our novel method
are validated through comparison with respect to state-of-the-art methods on
synthetic experiments. Additionally, two real world design problems, including
one involving multiple design constraints, are also presented.

This paper is structured as follows. First, the background and related tech-
niques are described in Section 2. The novel active learning framework, includ-
ing the active learning method and the framework of the stopping criteria, is
introduced in Section 3. The numerical experiments and real world applica-
tions are presented in Section 4. Conclusions are summed up in Section 5.

2 Background and Related Work

The generic active learning framework for feasible region identification prob-
lems is shown in Fig. 1. Given the initial samples, the corresponding function
values are evaluated by expensive black box functions. Subsequently, a meta-
model is fitted to the data. Next, a new sample of the design parameters is
selected according to some specified criterion built upon the model (infill cri-
terion or acquisition function). The key characteristics of the active learning
are two fold: the model provides a description of the feasible region, and one
can utilize the model prediction to formulate an acquisition function, which
provides on a measure how informative an unevaluated sample can be. Then,
the acquisition function is used to choose the next sample to evaluate. The

1 Note that in this paper the terms “active learning” and “adaptive sampling” are used
interchangeably.
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Fig. 1: Generic flowchart of active learning for feasible region identification

model is updated accordingly to provide a new (and more accurate) descrip-
tion of the feasible region. This process is repeated until a stopping criterion
is met. Finally, the feasible region is accurately described by the metamodel.

2.1 Metamodels for characterizing feasibility

A metamodel, or surrogate model, is a numerical approximation of the black
box constraint function. Making feasibility predictions with metamodels is a
common strategy. This problem has a close relation with reliability analy-
sis [19], where the computation complexity is mainly from the statistical esti-
mation of f in Eq. 1. In other contexts, this problem is also widely studied [20]
and is referred to as excursion set [21,22] and level set [23,24] estimation, where
one wants to predict if an unevaluated observation’s outcome has surpassed
a specified level. From Eq. 1, a unified view can be given by regarding level
set estimation, excursion search and feasible region identification as the same
problem2.

In order to make accurate predictions, several approaches have been pro-
posed in literature [5, 13, 25, 26]. These methodologies are regression-based,
rather than classification-based, since f is a real-valued continuous function in
many relevant engineering applications. We refer [11, 27, 28] for classification
based methods in case of f is discrete-valued,

2.2 Active feasible region identification

Once the metamodel has been constructed, active learning will improve the
confidence in predicting the feasible region. Several techniques have been pre-
sented in literature to actively identify the feasible region. An early one ac-
tively selects queries to learn the boundaries that divide a function domain

2 The main research of level set estimation is built on discrete data sets, where one tries
to efficiently identify all the data of which the outcomes are above a given level. On the
other hand, recent research, for instance [23, 24], has mentioned that the problem can be
generalized for a continuous domain, which becomes very relevant for feasible region identi-
fication.
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into regions where the function is above or below a given threshold [26]. A
heuristic acquisition function has also been proposed to encourage sampling
near the feasible region boundary, while having large uncertainty at the same
time. A weighted integration mean square error (IMSET ) strategy is proposed
by Picheny [25] to measure the belief of the metamodel about the accuracy
of the feasible region. A new sampling technique is then developed, based on
the fact that model variance is not affected by the function response of new
data. Several stepwise uncertainty reduction (SUR) strategies for the excur-
sion set estimation problem have also been developed in [20], which employ
sequential sampling to minimize the estimation error or uncertainty, measured
by Bayesian risk. Some SUR methods’ consistency property have also been es-
tablished recently [29]. A variant of Probability of Feasibility (PoF) [30] has
been proposed in [31], where a predicting variance term has been heuristically
added to encourage exploring within the design space. Since most of the works
assume the presence of the feasible region within a bounded design space, an
active expansion sampling technique is introduced in [11] for unbounded design
space problem.

2.3 Stopping criterion

Considering the active learning framework in Fig. 1, it is fundamental to define
a metric to stop the iterative refinement of the metamodel.

In order to define such a stopping criterion, it is necessary to assess when
the feasible region is accurately characterized by the metamodel, i.e., if the
metamodel can accurately predict if a design configuration is feasible or not.
As different performance metrics have been used for regression and classifica-
tion problems, first the proper problem type must be determined. The goal
is to predict whether a data is within the feasible region: IA(f(·)) → {0, 1}.
This can be formulated as a binary classification problem, thus evaluated by
measurements for classification metrics such as the F1 score:

F1 = 2
precision · recall

precision + recall
(2)

where precision and recall are defined as:

precision =
true positives

true positives + false positives
(3)

recall =
true positives

true positives + false negatives
(4)

Either precision, recall or F1 score can be used as a performance measurement,
with each one having its own merits. Precision (Eq. 3) describes to what extent
the predicted feasible region actually corresponds to a region satisfying the
feasibility criteria, nevertheless, it lacks information of indicating whether all
the feasible regions in the design space have be captured by the model. On
the other hand, the recall metric (Eq. 4) provides more emphasis on to what
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extent all the feasible regions have been captured by the model, though it
provides no indication when the models incorrectly predicts infeasible regions
as feasible ones. The F1 score, defined as the harmonic mean of precision and
recall, provides a good balance for considering all these circumstances. This
metric has been widely used in several applications [5,11,32] and is particularly
suitable in our scenario.

Unfortunately, the direct application of the F1 score (as well as the preci-
sion and recall) is costly because of the requirement of suitable test data. Thus,
common AL methods [5,11,19] use a maximum number of function evaluations
as the stopping criterion. However, it is not possible to estimate upfront how
many function evaluation are necessary to obtain an accurate estimate of the
feasible region: adopting a predefined maximum number of function evalua-
tions can lead to an inaccurate estimation of the feasible region or to perform
too many (unnecessary) expensive evaluations of the function f . To circum-
vent this problem, a common approach is to determine the stopping criteria
purely based on the metamodel. Perhaps the most relevant criterion is the
IMSET proposed in [25], in which the Kriging predicted variance is weighted
by a probability specifying how likely a point is in the feasible region, and
then averaged within the design space. The IMSET metric presents as elegant
way to measure model’s belief about its accuracy within the feasible region.
However, the use of this unscaled metric in reality still depends on expert
knowledge to judge if the averaged variance is tolerable or not.

3 Active feasible region identification with stopping criterion

The proposed novel AL framework is presented in this section, where we first
assume that the constraint functions are continuous-valued like in [5, 33] and
can be described via Gaussian Process regression. Then, the acquisition func-
tion is presented in (Section.3.2) and the new stopping criterion is proposed
in (Section.3.3).

The main workflow of our active learning consists of the following steps:

1. Use design of experiments (DOE) techniques to select an initial set of
design samples to evaluate.

2. In each subsequent iteration:
(a) Build a GP regression model on the evaluated samples (Section 3.1)
(b) Check if the stopping criterion has been satisfied (Section 3.3), if yes

then proceed to step 3, otherwise continue.
(c) Select a new sample to be evaluated by maximizing the acquisition

function (Section 3.2)
(d) Evaluate the new sample, augment the existing samples and go back to

step 2(a)
3. Exit the AL process and return the final metamodel for prediction.

The proposed framework is illustrated in Fig. 2.
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Fig. 2: Flowchart of the active learning framework: the Gaussian Process is
utilized to provide a probabilistic description of the feasible region. The data is
sequentially acquired by the information-theoretic based acquisition function.
The whole active learning process will terminate until the metamodel is 95%
confident that its prediction accuracy is larger than a predefined acceptable
F1 score C.

3.1 Gaussian Process regression

There are many regression models that can be used to cheaply approximate the
simulator, such as Bayesian neural networks, support vector regression, and
random forest regression. Nevertheless, under the category of data-efficient
machine learning, Gaussian Process (GP), also known as Kriging [34, 35], is
arguably the most prevalent probabilistic technique. GPs have been widely
used as a regression method in many different areas including electronics en-
gineering [36], computational fluid dynamics [37] and chemistry [38].

A GP can be considered as a distribution over functions f : X → R that
is completely defined by a suitable mean function m : X → R and covariance
function k : X ×X → R. Starting from the GP prior and the training data Dn,
it is possible to derive a posterior belief of the function distribution aggregated
at (possibly multiple) test data X∗. This belief is Gaussian distributed:

Y ∗|Dn,X∗ ∼ N (KT
∗n(Knn + σ2I)−1y,K∗∗ −KT

n∗(Knn + σ2I)−1Kn∗) (5)

where X∗ denotes the (possible multiple) test point, Knn is the kernel matrix
between training samples Dn, Kn∗ is the kernel matrix between the training
samples and the test point and σ2 is the variance of the Gaussian likelihood,
which usually represents the noise level of training samples. Note that, Eq.
5 also reveals that sampling a path of a Gaussian Process based on discrete
observations is equivalent with sampling a known multivariate Gaussian dis-
tribution, this property will be heavily utilized for the proposed stopping cri-
terion. The interested reader is referred to [39] for a detailed description of
GPs.

Once the GP metamodel has been built, it can be utilized to make feasibil-
ity predictions. Since the GP posterior prediction is a Gaussian distribution,
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we use its mean to make the feasibility predictions, i.e., the feasible region is
modeled by:

Aµ := {x ∈ X : IA(µ(x)) = 1} (6)

Note that the use of the GP posterior mean as the feasibility predictor also
embeds our assumption that, in case there is a misclassification of a design
configuration’s feasibility, the cost of either wrongly predict it as feasible (false
positive) or wrongly predict it as infeasible (false negative) is equivalent from
a decision theoretic perspective [39]. We refer to [21] in case these two costs
are not equivalent.

3.2 Acquisition function based on uncertainty reduction

The information-theoretic based acquisition function presented in [5,40,41] is
adopted. The main intuition behind it is to sample the point that maximizes
the expected information gain of an interval g, given the new data x. This is
quantified by the reduction of differential entropy:

αg(x) = H(p(g|Dn))− Ep(fx|Dn,x) [H(p(g|Dn ∪ {x, fx}))] (7)

where p(fx|Dn,x) denotes the predictive response distribution at x, which
in case of a GP is a Gaussian distribution, E(·) denotes the operation of ex-
pectation through possible outcomes of fx, while H(·) denotes the differential
entropy, which can be used as an aggregated representation of a probability
distribution’s uncertainty.

However, the calculation of Eq. 7 is intractable, since the GP posterior must
be updated to calculate p(g|Dn ∪ {x, fx}) for a certain location x. In order
to alleviate the computational burden, a common alternative representation
[42] arises by noting that Eq. 7 actually represents the conditional mutual
information: I{g, fx|Dn,x}. Hence, Eq. 7 can be reformulated as its symmetric
form:

αg(x) = H(p(fx|Dn,x))− Ep(g|Dn) [H(p(fx|Dn,x, g))] (8)

Let us suppose that the feasible boundary is [α, β]; the acquisition function
is then formulated to maximize the expected information gain about the region
of interest and its complement3

α(x) =

3∑
i=1

αgi(x)

= 3H(p(fx|Dn,x))−H(p(fx|Dn,x, fx < α))

−H(p(fx|Dn,x, α < fx < β))

−H(p(fx|Dn,x, β < fx))

(9)

3 For notation simplicity, we follow the original formulation in [5] and reuse symbol α and
β in Eq. 3 with a different domain: α, β ∈ R. In practice, it can be trivially applicable in
case g is defined on an infinite interval, e.g., α < fx <∞.
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with intervals defined as:

g1 = {−∞ < fx < α}, g2 = {α < fx < β}, g3 = {β < fx <∞} (10)

Now, computing Eq. 9 only involves calculating the differential entropy
of a truncated Gaussian distribution. In particular, the following closed form
expression holds [5]:

αg2(x) =H(p(fx|Dn,x))−H(p(fx|Dn,x, α < fx < β))

=− log (Z)

− 1

2Z

[
(α− µ(x))N (µ(x)|α, σ2)− (β − µ(x))N (µ(x)|β, σ2)

] (11)

where Z = Φ
[
β−µ(x)
σ(x)

]
−Φ

[
α−µ(x)
σ(x)

]
, and Φ denotes the cumulative distribution

function of the standard normal distribution.
One advantage of this information-theoretic based acquisition function is

that it can be conveniently extended to handle multiple constraints problem.
Since the derivation of this condition is omitted in [5], we briefly demonstrate
it here. Consider the following multi-constraint problem: x → f , where the
desired feasible region must satisfy all k black box constraints:

IA(f(x)) =

{
1 α1 ≤ f1(x) ≤ β1, α2 ≤ f2(x) ≤ β2, ..., αk ≤ fk(x) ≤ βk
0 otherwise

(12)
by making use of the mutual information I(g;f |x,Dn), the acquisition func-
tion can be formulated as:

αg(x) = H(p(fx|Dn,x))− Ep(g|Dn,x) [H(p(fx|Dn ∪ {x, g}))]

=
1

2
ln det(2πeΣ(x))−H(p(fx|Dn ∪ {x, g}))

(13)

Σ(x) is the covariance matrix between each one dimensional f . Assuming the
independence between the different components of f , Eq. 11 can be written
as:

αg2(x) =
1

2
ln (2πe)k det(Σ(x))−

k∑
j=1

H(p(fj |Dn ∪ {x, gj2}))

=

k∑
j=1

1

2
ln (2πe)σ2

j −
k∑
j=1

[
1

2
ln(2πeσ2

jZ
2
j )+

1

2Zj
[(αj − µj)N (µj |αj , σ2

j )− (βj − µj)N (µj |βj , σ2
j )]

]
=

k∑
j=1

αgj2 (x)

(14)
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Note that, for simplicity, the symbol x is sometimes omitted in Eq. 14.

Once the acquisition function is defined, it can be used in the learning loop
(see Fig. 2). Indeed, at each iteration, the GP metamodel is refined with a
new expensive simulation, performed for the maximizer x̄ of the acquisition
function. In order to estimate x̄, the following procedure is adopted: the acqui-
sition function is evaluated at 1000 candidate points chosen via Monte Carlo
sampling, then the best candidate point is chosen as the starting point of an
L-BFGS-B gradient based optimizer [43]. This optimization process can be
performed very efficiently, since the acquisition function α(x) depends only on
the GP model, which is very cheap to evaluate.

Let us remark that this information theoretic-based acquisition function
has demonstrated competitive performance compared with existing active learn-
ing techniques for feasible region identification. The interested reader is re-
ferred to [5] for a detailed discussion on this topic.

3.3 Framework of metamodel-based stopping criterion

An accurate estimation of the precision, recall and F1 score requires to eval-
uate f for a large set of samples in the design space. Since evaluating f via
simulations is expensive, it is not possible to directly use these metrics as stop-
ping criterion of the proposed active learning strategy. In the following, it is
first described how these metrics can be efficiently estimated from a Bayesian
perspective, i.e., from the metamodel’s belief. Then, these estimations can be
adopted as stopping criteria of the AL process (see Fig. 2). For notation and
introduction simplicity, we start with the description of the stopping crite-
rion in case of single constraint function (k=1), and then we generalize it to
multiple constraints.

For a problem defined by a single constraint f : Rm×d → Rm×1, the
corresponding feasible region is Af := {x ∈ X : α ≤ f(x) ≤ β}, and
the feasible region predicted by the GP metamodel (with posterior mean
µ : Rm×d → Rm×1) is Aµ := {x ∈ X : α ≤ µ(x) ≤ β}. Furthermore, let
us indicate with precisionµ|f, α, β,X∗ the precision of the metamodel identi-
fying feasible region Aµ, compared with the actual feasible region Af based
on test data X∗. Let us use recallµ|f, α, β,X∗ and F1µ|f, α, β,X∗ to indicate
recall and F1 score estimated by the metamodel, respectively. These three per-
formance measurements depend on the given feasible boundary [α, β] and test
data X∗ : {X∗F , X∗IF } ∈ Rn,d, where X∗F and X∗IF denotes predicted feasible
and not feasible data by posterior mean µ, respectively, m can be the size of
the test data, while d represents the problem dimensionality.

Let us further define a set operator IF [C] = {c ∈ C|α < c < β}, where
C ⊂ Rm×1, which returns the subset of elements satisfying the constraints.
Let us define a similar operator for the metamodel IAµ(D) = D ∩ Aµ, which
returns the subset of elements of the input data D ∈ Rm×d that satisfy the
feasible region.
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With slight abuse of the notations given above, the precision, recall and
F1 score can then be represented as:

precisionµ|f, α, β,X∗ =
|IF [f [IAµ(X∗)])]|
|IF [µ[X∗]]|

=
|IF [f [X∗F ]]|
|X∗F |

(15)

recallµ|f, α, β,X∗ =

|IF [f [IAµ(X∗)])]|
|IF [f [IAµ(X∗)])]|+ |IF [f [IX\Aµ(X∗)]]|

=
|IF [f [X∗F ]]|
|IF [f [X∗]]|

′

(16)

F1µ|f, α, β,X∗ = 2
precisionµ · recallµ
precisionµ + recallµ

= 2
|IF [f [X∗F ]])|

|IF [f [X∗]])|+ |X∗F |

(17)

where |.| denotes the number of rows, for instance, |X∗| = n.
These three performance metrics are difficult to compute, as a large number

of samples needs to be evaluated by the expensive simulator as test data. In
order to efficiently make use of these metrics, a Bayesian approach can be
utilized to describe the expensive constraint f in Eq. 15-17 with the belief of
the GP metamodel: f follows a generative approach from the GP posterior.
In this framework, Eq. 15-17 become random variables.

First, we will present an analytical analysis of the precision metric under
our setting. Specifically, we provide an unbiased analytical estimation of its
mean and an analytical approximation of its variance.

Proposition 1. Given the assumption that the black box function is a random
sample path of a known GP posterior: f ∼ GP. We have:

Ef (precisionµ|f, α, β,X∗)

=
1

NF

NF∑
i=1

[
Φ

(
β − µ(x∗Fi)

σ(x∗Fi)

)
− Φ

(
α− µ(x∗Fi)

σ(x∗Fi)

)]

= Ef

[
1

NF

NF∑
i=1

IF [f(xFi)]

]
≈ Ef [V (Af⊆µ)/V (Aµ)]

(18)

where NF is the size of the predicted feasible data set X∗F , i.e., |X∗F |. x∗Fi
denotes a specific point i in X∗F , V (·) denotes the volume of a region, Af⊆µ
denotes the feasible region within bounded space Aµ

A generalized proof of proposition 1 (which is applicable in case of mul-
tiple constraints) is given in appendix (Section A.1). Proposition 1 explains
three properties of the Bayesian treatment of the precision metric. First and
foremost, the precision metric formulated by comparing the posterior mean
and GP posterior that contains the black box function f is a random variable,
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and its expectation equals the second line of Eq. 18, which provides an un-
biased analytical expression of this expectation. Second, the last line of Eq.
18 reveals the connection of the precision metric with the excursion search
method [20], which tries to provide an accurate estimation of the probability
of failure within a given design space X . This brings an intuitive geometric
interpretation of this equation: with the increase of the test data, the analyt-
ical expression will eventually converge to the expected feasible volume ratio
within the model predict feasible space Aµ. Third, based on the second prop-
erty, the last line of Eq. 18 also provide a justification that one can use any
test data when applying the metamodel, with Eq. 18 still as a meaningful
reference even though it is originally conditioned on probably different test
data X∗. Since as long as these two datasets are condense distributed in the
design space, applying Eq. 18 on different test data sets approximate the same
geometric interpretation.

We now demonstrate an approximation of the variance of the precision
metric, a generalized proof of which is given in appendix (Section A.2).

Proposition 2. Based on the same assumptions and notations of proposition
1. The variance of the precision metric can be approximated as:

Vf (precisionµ|f, α, β,X∗) ≈
1

N2
F

NF∑
i=1

[
W (x∗

Fi
)−W (x∗

Fi
)2
]

(19)

where W (x∗Fi) :=
[
Φ
(
β−µ(x∗

Fi
)

σ(x∗
Fi

)

)
− Φ

(
α−µ(x∗

Fi
)

σ(x∗
Fi

)

)]
, the equality can be taken

when the conditional independence of GP posterior prediction holds, i.e., cov(Y ∗|Dn,X∗)
is diagonal.

The benefits of using Bayesian perspective to describe the precision metric
(as well as the recall and F1 score) is twofold. First, the Bayesian description
of f by the GP posterior has circumvented the use of precalculated expensive
test data. Second, the reformulation of the performance metric as random
variables has also allowed the calculation of its variance, which is of practical
interest since a confidence bound of it can then be extracted.

Unfortunately, similar analytical forms do not exist for the recall and F1
score metric. Hence, in order to make use of these metrics as stopping criteria,
following the same Bayesian treatment, one can sample the possible f from
the GP posterior to calculate the possible F1 scores, as shown in Algorithm 1.
This new algorithm, referred to as F1-Sample, is used in this paper to describe
to what extent the feasible region has been modeled.

In case the feasible region is defined by multiple (k in total) black box

constraints: A := {x ∈ X :
k⋂
j=1

αj < fj(x) < βj}, a histogram of sampled F1

score could be evaluated for each one of the constraints. However, this does
not provide an overall accuracy of the prediction model.

Hence, an aggregated F1 score is proposed in the following. We first intro-
duce some additional definitions in order to properly describe the criterion for
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Algorithm 1: Sampling the F1 score

Input: GP, sample number: N , feasible boundary: α, β, test data: X∗;
Extract: X∗F ,X∗IF , |X∗F | from X∗;
F1 = {};
for i := 1 to N do

sample f ∼ GP based on X∗ through Eq. 5;
calculate F1µ|f, α, β,X∗through Eq. 17
F1 = F1 ∪ {F1µ|f, α, β,X∗} ;

end
Output F1

multi-constraint problems from a practical implementation perspective. Let
us define a set operator IAµ(D) = D ∩ki=j Aµj , which returns the subset of

elements of input data D ∈ Rm×d that are in the joint feasible region. Let
I ′Fj [·] : Rm → {0, 1}m denote whether function values are within a feasible

region j, while the operator | · |1 returns the element number of 1. Assuming
the same bounded design space X for all functions and using the same test
data X∗ for each of the constraints f , then the predictions of these models
can be aggregated into a single final model by reformulating the F1 score as a
random variable:

F1µ(f)|α,β, X∗ = 2
|
∏k
j=1 I

′
Fj

[fj(IAµ [X∗])])|1
|
∏k
j=1 I

′
Fj

[fj [X∗]])|1 + |X∗F |
(20)

As this expression cannot be trivially decomposed, we can also sample its
distribution as in Algorithm 2.

Algorithm 2: Sampling the aggregated F1 score
Input: GP1,GP2, ...,GPk, sample number: N , feasible boundaries: α, β, test data:
X∗

Extract: X∗F ,X∗IF , |X∗F | from X∗

F1 = {}
for i := 1 to N do

for j := 1 to k do
sample fj ∼ GPj based on X∗ through Eq. 5;

end
calculate F1µ|f ,α,β, X∗through Eq. 20
F1 = F1 ∪ {F1µ|f ,α,β, X∗}

end
Output F1

The recall metric can also be sampled by following a similar procedure.
Note that the proposed strategy is also applicable to any other suitable prob-
abilistic models, while in this research, we restrict our discussion within the
framework of Gaussian Process.

Since the proposed F1-Sample measure heavily depends on sampling from
the Gaussian Process defined in Eq. 5, it is also worthwhile to describe the
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computational complexity of calculating the proposed stopping criterion. For
the general multi-constraint case, the computational complexity4 in case of
exact sampling (A. 2 of [39]) is O(n3Nk), where n = |X∗| represents test
sample numbers, N is the path sample number of GP posterior and k denotes
the number of constraints. More efficient F1 score estimation is a topic of
future research, we refer to [45–47] for further discussion.

In order to utilize the samples from Algorithm 1 and 2 as an indicator of
the metamodels’ prediction accuracy, the sampled F1 score (or recall) can be
averaged as the unbiased estimator of Eq. 20’s mean, which is referred to as
F1-Sample. Meanwhile, as the F1-sample measure relies on the assumption
that the real function f follows the generation of a GP (Proposition 1), in
reality this assumption can (possibly) result in either overestimation or un-
derestimation of the real F1 score. Thus, in order to provide a more robust
estimation, several different strategies can be adapted. For instance, instead of
using a fixed test data set, it can be randomly generated for each F1 sample.
On ther otherhand, one can employ a fully Bayesian approach by placing a
prior distribution on the kernel hyperparameters and sample the posterior GP
to estimate the F1 score. Moreover, one can take a step further by sampling
from a mixture of possible kernels (e.g., [48]). Nevertheless, such approaches
will result in much more extra computational effort within the current AL
framework. Hence, in order to efficiently make use of the proposed F1-sample
metric as a stopping criterion, as shown in Fig. 2, a conservative approach
can be adopted by investigating when the metamodel is 95% confident that
its predicted F1 score is larger than an acceptable F1 score, which can be ob-
tained from the 5th percentile of the F1-Sample as a point estimation. Once
this condition is continuously reached for several iterations (e.g., 5 iterations
are used in this paper), it is suitable to stop the AL iterations.

4 Numerical examples and application examples

First synthetic experiments are conducted to validate the F1-Sample metric,
i.e., to investigate to what extend it is able to capture the real F1 score.
Afterwards, applications to Electronic Design Automation (EDA) examples
are presented, where the feasible region identification is of practical interest
during design space exploration. In particular, an antenna and a distributed
filter are studied, both operating in the microwave spectrum. Different design
constraints are applied to their frequency response, simulated using ADS Mo-
mentum [49]. In the first EDA example, the feasible region is defined by a single
constraint condition on the device Return Loss (RL). In the second EDA ex-
ample, a feasible region determined by multiple constraints must be identified,

4 The computational complexity involving sampling from multivariate normal distribution
depends mainly on the (e.g. Cholesky) decomposition of the n × n covariance matrix (a
detailed derivation can be found for instance at A. 4 of [44]). Nevertheless, given a fixed
test data location X∗ (i.e., a fixed covariance matrix), this decomposition only need to be
calculate once upfront and can be reused to generate different samples with O(n2).
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based on the filter operating bandwidth. Both geometrical parameters and ma-
terial properties are used as design parameters. Microwave designers can find
feasible solutions for different manufacturing processes or layout techniques.

All the experiments are conducted on a computer with Intel(R) Core(TM)
i7-8650u @ 1.9GHz processor and 16 GB RAM. The AL framework is imple-
mented using GPFlowOpt [50]. Regarding the GP hyperparameters, the mean
function m is chosen equal to zero, while the Automatic Relevance Detection
(ARD) [39] version of the Squared Exponential (SE) kernel is employed. The
kernel hyperparameters are determined using maximum likelihood estimation
with an L-BFGS-B optimizer. For the test data X∗ of F1-Sample metric, we
use 10000 random samples. Then, to calculate the F1-Sample score, N = 500
function samples are drawn from the posterior GP. Finally, 20 experiments are
conducted independently to provide robust results.

4.1 Numerical Examples

The numerical experiments are conducted on seven different benchmark func-
tions, described in Table 1 along with their feasible regions. In order to give
an indication of the difficulty of the problems studied here, the feasible ratio
and the feasible variance ratio are also reported in Table 1. The feasible region
ratio indicates the ratio between the volumes of the feasible region and the
total bounded design space, and it is defined as:

Rfr = V (A)/V (X ) (%) (21)

where the operator V (·) calculates the volume of a specified region. The fea-
sible variance ratio is the function variance within the feasible region over the
variance in the design spaces, and is defined as:

Rfv = ∆{f |A}/∆{f |X} (%)

where ∆{f |X} = max
x∈X

f − min
x∈X

f

∆{f |A} = max
x∈A

f −min
x∈A

f

(22)

4.1.1 Assessment of stopping criterion on random distributed data

The accuracy of the estimated F1 score by F1-Sample is assessed by training a
one-shot GP model on random data sets with an increasing number of samples
T . Adopting random samples to build the GP, makes it difficult to accurately
model the feasible region, especially in cases when the feasible ratio is small: it
might happen that no point is located in the feasible region. This allows a fair
evaluation of the F1-Sample score even when the metamodel is less confident.
The F1-Sample score is compared against the deterministic F1 score estimated
on a random test data set of 10000 samples.
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Table 1: Benchmark functions settings. As the Rfv metric is not well defined
for multiple constraints problems, it is reported as Not Applicable (NA)

Function Design Space [α, β] Rfr(%) Rfv(%)

Rosenbrock [51] [−2, 2]2 [−∞, 100] 34.89 2.79
Hosaki [11] [0, 1]2 [−∞,−1] 7.71 0.32
Curved Function [52] [0, 1]3 [1, 2] 4.74 2.21
Branin-Hoo [51] [0, 1]2 [20, 40] 24.68 6.61
Goldstein-Price [53] [−2, 2]2 [−∞, 500] 15.21 0.05
Six-hump camel back [53] [−3, 3]× [−2, 2] [1, 10] 35.04 5.63
Multi-Constraint Functions
f1: Branin-Hoo & [0, 1]2 {[−∞, 30],

5.45 NA
f2: Quadratic: y = x21 + x22 [0, 1]2 [0.9, 1.1]}

As a comparison, we also investigate the performance of the IMSET , which
has widely been applied as an accuracy measurement of the feasible region
within the design space:

IMSET =

∫
X
s2k(x)W (x)dx (23)

where the so-called interval weight: W (x) = Φ(β−µ(x)σ(x) ) − Φ(α−µ(x)σ(x) ) (Eq.21

of [25]) is the probability that a response x is inside the interval.
In order to evaluate the performance of the metric estimation, two crite-

ria will be considered. First, a good prediction accuracy measurement should
follow the same trend as the test data, based on a suitable evaluation metric,
which is the F1 score in our setting. This can be retrieved from the linear
correlation between the stopping criterion and the F1 score. Moreover, the
deviation of the estimation should be sufficiently small with respect to the F1
score, since either overestimating or underestimating the F1 score will provide
misleading results to designers.

Results in the form of linear correlation are provided in Table 2. The devia-
tion with respect to the F1 score is also provided in Fig. 3. This progress plot is
constructed by linearly interpolating the F1 score versus the F1 score predicted
by the two metrics. Since the metamodel is built by random sampling, all the
experiments are independent, hence the F1 score prediction is only reported
with its mean. One immediate advantage which can be seen here is that the
IMSET metric, while also measures the metamodel’s accuracy, cannot be used
to describe the F1 score directly, as it is unscaled and negatively correlated
with the F1 score. Thus a scaled IMSET is used here for fair comparison and
denoted as IMSE+

T := 1−IMSET /max(IMSET ). Note that, this comparison is
not performed for the Curved benchmark function due to the small volume of
its feasible region, which requires an unaffordable number of samples to pro-
vide an accurate metamodel. For all the other benchmark functions, it can be
shown that the proposed F1-Sample clearly provides a better correlation with
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(a) Rosenbrock (b) Hosaki

(c) Branin-Hoo (d) Goldstein-Price

(e) Six-hump camel back (f) Multi-Constraint

Fig. 3: Deviation progress plot of random sampling: The deviation of averaged
stopping criteria predicted verses F1 score is shown with the increase of F1
score, a positive deviation means an overestimation of the F1 score; a negative
deviation means an underestimation.
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Table 2: Benchmark results of random sampling. Averaged results from 20
experiments are shown as the Pearson correlation coefficient using the true F1
score, where the bold denotes a higher correlation.

Function IMSE+
T F1-Sample T range

Rosenbrock 0.4832 0.8517 5-60
Hosaki 0.3139 0.5196 5-95
Curved Function - - -
Branin-Hoo 0.6410 0.8495 5-60
Goldstein-Price 0.2816 0.7345 5-95
Six-hump camel back 0.6832 0.8539 5-60
Multi-Constraint Functions
f1: Branin-Hoo &

NA 0.9043 5-35
f2: Quadratic: y = x21 + x22

the F1 score than the IMSE+
T . Taking a look at the deviation progress plot

in Fig. 3, both stopping criteria converge when the model accuracy improves,
i.e. when the F1 score approaches to 1. Nevertheless, F1-Sample has a smaller
deviation for almost all the processes.

4.1.2 Assessment of stopping criterion in active learning

To further demonstrate the advantage of F1-Sample in the AL schemes, experi-
ments for active feasible region identification are conducted, now based on the
proposed entropy-based acquisition function. The initial data are generated
by max-min Latin Hypercube Design (LHD). The experiments starting and
stopping sample numbers, as well as the corresponding results are reported in
Table 3. For some benchmark functions like the Goldenstein-Price function,
low correlation is shown by both metrics. The main reason is that the feasible
region is especially difficult to model in this case, as the function variance is
considerably larger than the specified feasible region variance. Additionally, in
earlier stages the metamodel accuracy is not high enough for the criterion to
closely follow the F1 score trend, which changes along with the learning steps.
This issue will gradually disappears as the model accuracy grows.

As a complementary benchmark, a multi-constraint experiment is exe-
cuted. Since there is no trivial extension of IMSET to this setting it is not
compared here and reported as Not Applicable (NA). Results with random
sampling and active learning are also provided in Table 3 and Fig 4. A high
correlation can be observed consistently.

4.2 Design of a microstrip patch antenna

We now demonstrate the usage of the proposed AL framework in the electronic
design of a microstrip antenna, which consists of a metal patch on a dielectric
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(a) Rosenbrock (b) Hosaki

(c) Curved Function (d) Branin-Hoo

(e) Goldstein-Price (f) Six-hump camel back

(g) Multi-Constraint

Fig. 4: Progress plot of the active learning process: The deviation of the stop-
ping criteria versus the F1 score is shown. A positive deviation means an over-
estimation of the F1 score; a negative deviation means an underestimation.
The shaded areas with black edge represent 2σ of F1-Sample metrics.
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Table 3: Benchmark results of active learning. Averaged results from 20 AL
experiments are shown as the Pearson correlation coefficient using the true F1
score, where the bold denotes a higher correlation (compared by mean).

Function IMSE+
T F1-Sample T range

Rosenbrock 0.4571 ± 0.2350 0.6027 ± 0.2328 5-20
Hosaki 0.3601 ± 0.1502 0.4357 ± 0.2690 5-80
Curved Function 0.6828 ± 0.1449 0.9321 ± 0.0450 5-65
Branin-Hoo 0.6479 ± 0.2028 0.8098 ± 0.0801 5-35
Goldstein-Price 0.4025 ± 0.1167 0.4320 ± 0.3453 5-85
Six-hump camel back 0.4643 ± 0.1661 0.7133 ± 0.1434 5-45
Multi-Constraint Functions
f1: Branin-Hoo &

NA 0.8175 ± 0.1654 5-25
f2: Quadratic: y = x21 + x22

W1

L1
W2

L2

hsub

Fig. 5: Microstrip patch antenna geometry and design parameters

substrate, with a ground metal layer on the backside side. The patch geometry
is shown in Fig. 5, while the design parameters can be found in Table 4. The
feed line for the signal is matched with a 50 Ω impedance at 2.4 GHz. The
antenna is simulated in the range [2 − 3] GHz with ADS Momentum, and a
typical simulation requires about 45 seconds. Thus, the objective function is
the frequency for which the Return Loss (RL) is minimal. If this value is in-
cluded in [2.35, 2.45] GHz, the design is considered feasible. The mathematical
notation is shown as follows:

Find A = {x ∈ X |IA(f(x)) = 1}

where IA(f(x)) =

{
1 2.35 ≤ f(x) ≤ 2.45

0 otherwise

f(x) := argmin
ζ∈[2,3]

(RLx(ζ))

(24)

where RLx(·) denotes the RL curve for a given design x, f(x) denotes the RL
curves minimum between frequency ζ range: [2, 3] GHz.
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Table 4: Microstrip patch antenna design parameters range

Parameter Description Range
W1 main patch width mm [32.0, 38.0] mm
L1 main patch length [27.5, 33.5] mm
W2 feed width [2.2, 3.6]mm
L2 feed length [8.2, 9.2]mm
hsub substrate height [1, 2] mm
esub substrate relative permittivity [2, 5]

Fig. 6: Progress plot of active feasible region identification for the microstrip
patch antenna. Sampled F1 histogram are shown at different iterations, where
the vertical dashed line denotes the 5th percentile of the histogram.

An initial GP model is built using 30 initial samples, which are generated
by LHD. The progress plot of the predicted F1 score is shown in Fig. 6. It can
be seen that the F1-Sample keeps increasing with the number of iterations.
The sampled F1 score histogram with its 5th percentile are also shown at three
different stage of the AL process. By applying the proposed stopping criterion,
the six dimensional AL process has stopped in 71 iterations, and the whole
AL process lasts about 62 minutes.

To evaluate the final learned GP’s performance, 3000 antenna configura-
tions are randomly generated in the design space and the final GP metamodel
is adopted to predict their feasibility. Only 372 have been predicted as fea-
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sible. We evaluated these predicted feasible designs performance by the ADS
Momentum simulator, the results of RL curves are shown in Fig. 7. The final
learned GP metamodel has a precision score of 98.12%, a F1 score of 96.69%.

(a) Predicted feasible designs (b) Predicted infeasible designs

Fig. 7: Microstrip patch antenna: RL of the 372 designs predicted as feasible
by the metamodel. Among these, 365 are true positive(in green), while 7 are
false positive(in red). Besides, 18 of 2628 predicted infeasible designs are false
negative. Note that both the false positive and false negative are near the edge
of the feasible region.

4.3 Design of a double-folded microstrip band-stop filter

L

S

main line

stub

hsub

Fig. 8: Double-folded Microstrip band-stop filter geometry and parameter de-
sign parameters

The second application example is a double-folded microstrip band-stop
filter [54], formed by a dielectric substrate between a top metallization and
a bottom ground plane. As illustrated in Fig. 8, the geometry of the upper
layer consists of two stubs, with identical length and spacing, folded onto the
two sides of a transmission line. Here, the proposed AL framework can be
applied to identify all possible parametric configurations for which the band-
stop presents the desired width and location. Hence, the feasible region is
defined by the following conditions:

BW ≤ 7 GHz; 13.5 ≤ f0 ≤ 14.5 GHz (25)
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BW = fH − fL; f0 =
fH + fL

2
(26)

where BW is the bandwidth and f0 is the central frequency. The filter re-
sponse is computed at 101 frequency points over the frequency range [5− 25]
GHz. Then, BW and f0 can be defined w.r.t. the higher and lower band-stop
frequencies (fH , fL), which correspond to -3 dB of magnitude response.

Table 5: Double-folded Microstrip band-stop filter design parameters range

Parameter Description Range
L stub length [1.98, 2.38] mm
S line-stub spacing mm [0.081, 0.161] mm
hsub substrate height mm [0.110, 0.150] mm
esub substrate relative permittivity [9.6, 11]

The design space has four parameters as shown in Table 5, and the eval-
uation of a single design configuration takes about 42 seconds. The initial
GP model is built upon 10 initial samples from a LHD and updated by the
proposed entropy search-based method. The corresponding progress plot are
depicted in Fig. 9, showing a rapid convergence of the F1-Sample score for this
multi-constraint problem. The AL process is halted when F1-Sample is con-
tinuously larger than 0.98 for 5 consecutive iterations. The overall AL process
takes about 14 minutes.

The accuracy of the computed metamodel is verified by comparison with
1000 ADS simulations. The results are shown in Fig. 10, indicating a precision
score of 98.22%, a F1 score of 98.08%.
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Fig. 9: Progress plot of active feasible region identification for the double-
folded microstrip band-stop filter. Sampled F1 histogram are shown at different
iterations, where the vertical dashed line denotes the 5th percentile of the
histogram.

(a) Predicted feasible designs (b) Predicted infeasible designs

Fig. 10: Double-folded microstrip band-stop filter: the magnitude of the ele-
ment S21 of the scattering matrix (representing the frequency response of the
filter) for the 338 designs predicted as feasible by the metamodel from 1000
randomly distributed designs. Among these, 332 are true positive (in green),
while 6 are false positive (in red). Besides, 7 of 668 predicted infeasible designs
are false negative.
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5 Conclusion

An information-theoretic based active learning method has been introduced
to sequentially learn an accurate Gaussian Process metamodel for generating
feasible design candidates. In particular, feasible regions can be identified with
an efficient, robust and automated procedure, where multiple constraints can
be specified at the same time. Furthermore, a novel AL stopping criterion has
been proposed, based on the probabilistic description of the prediction accu-
racy. The proposed framework has been applied to two real-world electromag-
netic design problems, a six-dimensional design space with a single constraint,
and a four-dimensional problem with two constraints. In both applications, the
method is able to reach a high-precision representation. Moreover, the num-
ber of samples needed to compute the model is minimized thanks to a novel
sampling strategy, as well as the stopping criterion which allows for online su-
pervising the metamodel’s belief about the feasible region, thus stopping the
algorithm efficiently. This indicates that the model is suitable to simulate the
behaviour of the real system on a confined region, and it can be successfully
employed to generate a large number of good design candidates in complex
engineering problems.

There are still several limitations on proposed algorithm. For the F1-
Sample itself, the stopping criterion depends on numerical integration in the
input domain, which makes it difficult to apply it in high dimensional prob-
lems. Moreover, the sampling process used to approximate the distribution
requires additional computation. Future research will be focused on overcom-
ing these limitations.
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A Appendix

A.1 Proof of proposition 1

Here, we directly prove a generalized proposition, which is applicable to multiple constraint
problems; then, we show that proposition 1 is a special case of this general proposition. We
first introduce the notation of precision metric in multiple constraints problems, by following
the same notation of Eq. 20, it can be defined as:

precisionµ|f ,α,β, X∗ =
|
∏k
j=1 I

′
Fj

[fj(IAµ [X∗])])|1
|X∗F |

(27)

Proposition 3. Given the assumption that each black box constraint function is a random
sample path of a known GP posterior: ∀fj ∈ f : fj ∼ GPj , if ∀fi, fj ∈ f , ∀x ∈ X ⊂ Rd:
cov(fi(x), fj(x)) = 0, then the following analytical expectation exists:
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Ef(precisionµ|f ,α,β,X∗)

=
1

NF

NF∑
i=1

 k∏
j=1

[
Φ

(
βj − µj(x∗Fi )
σj(x∗Fi )

)
− Φ

(
αj − µj(x∗Fi )
σj(x∗Fi )

)]
= Ef

 1

NF

NF∑
i=1

 k∏
j=1

IF [f(xFi )]

 ≈ Ef
[
V (Af⊆µ)/V (Aµ)

]
(28)

where NF is the size of the predicted feasible data set X∗F , i.e., |X∗F |. x
∗
Fi

denotes a specific

point i in X∗F , V (·) denotes the volume of a region, Af⊆µ denotes the feasible region within
bounded space Aµ

Proof Start with the precision shown in Eq. 27.
While the denominator is a constant, for the numerator, we have:

|
k∏
j=1

I′Fj [fj(IAµ [X∗])])|1 =

NF∑
i=1

 k∏
j=1

IFj [fj(x
∗
Fi

)]

 (29)

By taking the expectation of this term w.r.t. f and by making use of the linearity of
expectation and the independent assumption, it becomes:

Ef =

NF∑
i=1

Ef

 k∏
j=1

IFj [fj(x
∗
Fi

)]


=

NF∑
i=1

 k∏
j=1

[∫ βj

αj

f(x∗Fi )dfj

]
=

NF∑
i=1

 k∏
j=1

[
Φ

(
βj − µj(x∗Fi )
σj(x∗Fi )

)
− Φ

(
αj − µj(x∗Fi )
σj(x∗Fi )

)]
(30)

which has obtained the second line of the Eq. 28. The last line of Eq. 18 and Eq. 28 can
be conveniently obtained by substituting Eq. 29 into Eq. 28 and by taking the expectation,
and can be regraded as the Monte Carlo approximation of the feasible ratio defined in the
last term. With this proof, it can be seen that proposition 1 generally holds when k = 1.

A.2 Proof of proposition 2

Here, we follow the same strategy adopted in (Appendix A.1) by introducing a generalized
proposition, which is applicable to multiple constraint problems, and then we show that
proposition 2 is a special case of this general proposition. We begin with some necessary
lemmas.

Lemma 1 Slepian inequality: let X1, X2, ..., Xn be normal with zero means and covari-
ance matrix {ρi,j}, and let Y1, Y2, ..., Yn be normal with zero means and covariance matrix
{li,j}. Let ρi,i = li,i, i = 1, 2, ..., n, If ρi,i ≥ li,j , i, j = 1, 2, ..., n, then

Φ(α1, α2, ..., αk; {ρi,j}) ≥ Φ(α1, α2, ..., αk; {li,j})

Proof The proof of Slepian inequality can be found at [55].

Lemma 2 Given the random variables {X1, X2}, which follow a joint multivariate normal
distribution, each of them has the following marginal distribution:
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X1 ∼ N (µ1, σ1), X2 ∼ N (µ2, σ2). (31)

If Cov(X1, X2) ≥ 0, then the following inequality holds:

Pr(α1 ≤ X1 ≤ β1, α2 ≤ X2 ≤ β2) ≥ Pr(α1 ≤ X1 ≤ β1) · Pr(α2 ≤ X2 ≤ β2),

where α1,α2,β1,β2 are constants.

Proof

Pr(α1 ≤ X1 ≤ β1, α2 ≤ X2 ≤ β2)

= FX1X2
(β1, β2)− FX1X2

(α2, β1)− FX1X2
(α1, β2) + FX1X2

(α1, α2)
(32)

Where FX(·) denotes the cumulative density function of X. Substituting {ρi,j}, {τi,i} in
Lemma 1 with the covariance matrix cov(X1, X2), and the diagonal matrix of cov(X1, X2)
respectively. Since cov(X1 − µ1, X2 − µ2) = cov(X1, X2), one can utilize Lemma 1 to have:

Pr(X1 ≤ β1, X2 ≤ β2) = Pr(X1 − µ1 ≤ β1 − µ1, X2 − µ2 ≤ β2 − µ2)

≥ Pr(X1 − µ1 ≤ β1 − µ1)Pr(X2 − µ2 ≤ β2 − µ2)

= Pr(X1 ≤ β1)Pr(X2 ≤ β2)

(33)

Hence, the following holds:

Pr(α1 ≤ X1 ≤ β1, α2 ≤ X2 ≤ β2)

≥ FX1
(β1)FX2

(β2)− FX1
(α2)FX2

(β1)− FX1
(α1)FX2

(β2) + FX1
(α1)FX2

(α2)

= (FX1 (β1)− FX1 (α1))(FX2 (β2)− FX2 (α2))

= Pr(α1 ≤ X1 ≤ β1) Pr(α2 ≤ X2 ≤ β2)

(34)

Lemma 3 With the same notation of Lemma 2, if Cov(X1, X2) < 0, then the following
inequality holds:

Pr(α1 ≤ X1 ≤ β1, α2 ≤ X2 ≤ β2) < Pr(α1 ≤ X1 ≤ β1) Pr(α2 ≤ X2 ≤ β2),

Proof The Proof follows the same steps as for Lemma 2.

Finally, we can show our main proposition.

Proposition 4. With the same assumptions and notation of proposition 3. the variance
of precision defined by multiple constraints can be approximated as:

Vf (precisionµ|f ,α,β, X∗) ≈

1

N2
F

NF∑
i=1

 k∏
j=1

(
Wj(x

∗
Fi

)(1−Wj(x
∗
Fi

)) +Wj(x
∗
Fi

)2
)
−

k∏
j=1

Wj(x
∗
Fi

)2

 (35)

where Wj(x
∗
Fi

) :=

[
Φ

(
βj−µj(x∗

Fi
)

σj(x
∗
Fi

)

)
− Φ

(
αj−µj(x∗

Fi
)

σj(x
∗
Fi

)

)]
, the equality can be taken when

the conditional independence of GP posterior prediction holds, i.e., ∀GPj : cov(Y j∗|Dn,X∗)
is diagonal.
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Proof

V

 |∏k
j=1 I

′
Fj

[fj(IAµ [X∗])])|1
|XF |


=

1

N2
F

V

NF∑
i=1

 k∏
j=1

IFj [fj(x
∗
Fi

)]


=

1

N2
F

NF∑
i1=1

NF∑
i2=1

cov

 k∏
j=1

IFj [fj(x
∗
Fi1

)],

k∏
j=1

IFj [fj(x
∗
Fi2

)]


=

1

N2
F

NF∑
i=1

V

 k∏
j=1

IFj [fj(x
∗
Fi

)]

+
1

N2
F

NF∑
i1=1

NF∑
i2 6=i1

E(

k∏
j=1

IFj [fj(x
∗
Fi1

)] · IFj [fj(x
∗
Fi2

)])

−E(
k∏
j=1

IFj [fj(x
∗
Fi1

)])E(
k∏
j=1

IFj [fj(x
∗
Fi2

)]))


=

1

N2
F

NF∑
i=1

 k∏
j=1

(
V(IFj [fj(x

∗
Fi

)]) + E((IFj [fj(x
∗
Fi

)]))2
)
−

k∏
j=1

E((IFj [fj(x
∗
Fi

)]))2


+

1

N2
F

NF∑
i1=1

NF∑
i2 6=i1

 k∏
j=1

E
(
IFj [fj(x

∗
Fi1

)] · IFj [fj(x
∗
Fi2

)]
)

−
k∏
j=1

E(IFj [fj(x
∗
Fi1

)])E(IFj [fj(x
∗
Fi2

)])


(36)

By substituting with Wj(x
∗
Fi

) :=

[
Φ

(
βj−µj(x∗

Fi
)

σj(x
∗
Fi

)

)
− Φ

(
αj−µj(x∗

Fi
)

σj(x
∗
Fi

)

)]
, we have

V

 |∏k
j=1 I

′
Fj

[fj(IAµ [X∗])])|1
|XF |


=

1

N2
F

NF∑
i=1

 k∏
j=1

(
Wj(x

∗
Fi

)(1−Wj(x
∗
Fi

)) +Wj(x
∗
Fi

)2
)
−

k∏
j=1

Wj(x
∗
Fi

)2


+

1

N2
F

NF∑
i1=1

NF∑
i2 6=i1

 k∏
j=1

(
Wj(x

∗
Fi1

) ·Wj(x
∗
Fi2

) + cov(IFj [fj(x
∗
Fi1

)], IFj [fj(x
∗
Fi2

)])
)

−
k∏
j=1

Wj(x
∗
Fi1

)Wj(x
∗
Fi2

)



(37)

For the covariance term:

cov(IFj [fj(x
∗
Fi1

)], IFj [fj(x
∗
Fi2

)]) = E(IFj [fj(x
∗
Fi1

)], IFj [fj(x
∗
Fi2

)])

− E(IFj [fj(x
∗
Fi1

)]) · E(IFj [fj(x
∗
Fi2

)])

= Pr(αj ≤ fj(x∗Fi1 ) ≤ βj , αj ≤ fj(x∗Fi2 ) ≤ βj)

− Pr(αj ≤ fj(x∗Fi1 ) ≤ βj)Pr(αj ≤ fj(x∗Fi2 ) ≤ βj)
(38)

With Lemma 2 and 3, since the posterior covariance between different points can either
be positive or negative, a diagonal assumption of cov(Y j∗|Dn,X∗) is hence made to elimi-
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nate Eq. 38 and provide an analytical approximation of the variance. One can also observe
that proposition 2 can be generally obtained with k = 1.
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