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Abstract

Identifying subgroups with similar survival outcomes is a pivotal challenge in
survival analysis. Traditional clustering methods often neglect the outcome
variable, potentially leading to inaccurate representation of risk profiles. To
address this, we present SurvivalLVQ, a novel interpretable method that adapts
Learning Vector Quantization (LVQ) to survival analysis. Unlike traditional
classification uses of LVQ, SurvivalLVQ groups individuals by survival prob-
abilities and assigns a unique survival curve to each cluster, representing the
collective survival behavior within that group. Moreover, it can predict in-
dividual survival curves using weighted averages from nearby clusters. When
tested on 76 benchmark datasets, it outperformed other clustering methods
and showed competitive prediction performance. SurvivalLV(Q bridges the gap
between clustering techniques and outcome-oriented methods. Its strong clus-
tering performance, coupled with competitive prediction capabilities and with
easy to interpret outcomes, make it a promising tool for various applications
within survival analysis.
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1. Introduction

Survival analysis is a branch of statistics that focuses on modeling the dura-
tion leading up to specific events, be it death, recurrence of a disease, or mechan-
ical breakdown. A distinguishing feature of survival analysis is its adeptness at
handling ‘censored’ data. This means it can provide unbiased predictions even
when only knowing a lower or upper boundary of the actual event time. This
approach is highly valuable in numerous fields, including medicine, engineering,
and economics, as it allows researchers and practitioners to identify factors that
affect the likelihood of an event occurring and to forecast future outcomes.

In many medical applications, a key challenge is to identify subgroups of
individuals with similar survival outcomes. For instance, identifying different
subgroups of patients with distinct survival probabilities can help physicians
tailor treatment plans to each patient’s specific needs. Moreover, subgroup
identification can also be used to discover novel bio-markers or risk factors
that are associated with certain subgroups. This information can then provide
valuable insights for developing new treatments and improving patient care [1, 2,
3]. Finally, the explainability of these outcomes, in terms of predictive modeling
or clustering, is essential. Being able to clearly understand and communicate
the factors that influence survival outcomes and subgroup identification not
only can ensure a more effective, personalized treatment, but it also enhances
trust among both practitioners and patients, as they can better understand the
rationale behind medical decisions [4, 5].

Clustering in survival analysis can serve a critical role in distinguishing differ-
ent risk categories within groups of individuals. However, traditional clustering
techniques do not include the outcome variable in the clustering process, which
results in clusters that may not accurately represent groups with differing risk
profiles. This omission shows a missed opportunity to leverage crucial data
related to survival time in the clustering process.

One algorithm that results in interpretable subgroups and employs outcome

information is Learning Vector Quantization (LVQ), which was proposed in the



context of classification tasks [6]. LVQ is a machine learning algorithm that
partitions data points into clusters based on their similarity and class. The
representatives of each cluster are called prototypes. These prototypes serve as
intuitive representative samples from the data, offering users insights into the
defining features of each cluster.

An extension of LVQ, Generalized Matrix Learning Vector Quantization
(GMLVQ), further enhances interpretability [7]. GMLVQ introduces a para-
metric distance measure, which not only quantifies differences between data
points but also provides insights into feature importance and intercorrelation.

In contrast to many vector quantization algorithms (e.g., K-means), both
traditional LVQ and GMLVQ are supervised algorithms and therefore leverage
label information. This labeled approach amplifies their interpretability, as
clusters can be directly associated with known outcomes. Moreover, LVQ is
actively used in a wide range of applications in the biomedical field, for example
to detect SARS-CoV-2 types based on their RNA sequences [8], classifying eye
states using electroencephalography (EEG) data [9], and in neuroimaging [10].

LVQ has been extended to time series classification [11]. However, to our
knowledge LVQ has not been extended to the survival analysis setting yet.

In this article, we present SurvivalLVQ, a novel adaptation of the LVQ frame-
work tailored specifically for survival analysis. Drawing from the advanced fea-
tures of the GMLVQ model, our method harnesses the clustering capability of
LVQ and groups datapoints by their survival probabilities. Furthermore, Sur-
vivalLV(Q assigns a distinct survival curve to each prototype, representing the
collective survival behavior within that group. In addition, the method can also
be used to predict individualized survival curves by computing a weighted aver-
age of the survival curves from clusters adjacent to the instance being predicted.

We have rigorously tested our method across a comprehensive collection of
76 benchmark datasets. We compared SurvivalLVQ’s performance with other
prevalent clustering and prediction survival analysis techniques.

In Section 2, we refer to the related literature of our research, providing

a context within which our contributions can be understood. Following this,



Section 3 introduces Learning Vector Quantization (LVQ) and its various adap-
tations. Next, in Section 4 we describe how we modified LVQ to be compatible
with the survival analysis setting and created survivalLVQ. We present the ex-
perimental setup in Section 5 and present the results in Section 6. In Section 7,
we illustrate the practical application of SurvivalLVQ through a detailed exam-
ple analysis. Section 8 concludes by discussing the implications of our findings

and potential future research directions in this area.

2. Related work

In the body of literature dedicated to survival analysis, the primary em-
phasis has been on methods that estimate point risk scores or that model indi-
vidualized survival distributions. In contrast, clustering based on risk-profiles
has received less attention, but a few methods have previously been proposed.
These include feature-based clustering methods such as K-means and hierarchi-
cal clustering [12, 13, 14], and a two-step approach followed by Bair et al. [15]
and Gaynor et al. [16]. More specifically, Bair et al. applied univariate Cox
proportional hazards models to establish the correlation between each covariate
and the target outcome, and assigned a Cox score to each covariate. Through
a cross-validation process, an optimal threshold was identified for the set of co-
variates to be incorporated into the K-means algorithm. Only the covariates
that surpassed this threshold and demonstrated significant survival disparities
among the clusters (verified through a log-rank test) were considered for the
K-means algorithm.

Gaynor et al. [16] subsequently refined this methodology by introducing su-
pervised sparse clustering. Extending upon Bair’s technique, Gaynor et al. also
calculated Cox scores for the covariates, but allocated weights to these covari-
ates instead, based on their respective Cox scores derived from a multivariate
model. The weighted covariates were then used in the K-means clustering.

It should be noted that the previously mentioned methods do not incorpo-

rate survival outcomes during the clustering stage, and therefore the resulting



clusters do not necessarily align with survival outcomes.

Beyond the clustering frameworks discussed, researchers have explored di-
verse methodologies. Luo et al. [17] present a thorough review that encapsulates
the cutting-edge advancements in this field. Below we will provide a concise
summary.

Xia et al.[18] proposed an outcome driven attention-based multi-task model
for patient classification and clustering in acute coronary syndrome using K-
means on latent features. Mouli et al.[19] presented DeepCLife, optimizing sur-
vival function differences between clusters through deep learning. Chapfuwa et
al. [20] proposed a Bayesian method that enhances prediction and risk profiling
by clustering data in a latent space. Manduchi et al.[21] developed a deep gen-
erative model to reveal intricate distributions underlying explanatory variables
and survival outcomes.

Nevertheless, while employing deep learning and latent spaces can signifi-
cantly enhance the power of these techniques, they often come at the cost of
interpretability. This becomes especially problematic in the field of medicine,

where the ability to explain and understand model outcomes is often important.

3. Learning Vector Quantization (LVQ)

In this section, we provide an introduction to the LVQ algorithm family,
specifically the Generalized Learning Vector Quantization (GLVQ), as well as
the Generalized matrix Learning Vector Quantization (GMLVQ) algorithms, as
they serve as the foundation for the method proposed in this article. Please
note that our discussion of LVQ based algorithms is not exhaustive. For a more
comprehensive overview of available algorithms, we recommend referring to the
review by Nova et al. [22].

LVQ is a class of supervised machine learning algorithms, primarily used for
classification tasks. The first version of LVQ was introduced by Kohonen [6].
LVQ is based on the concept of prototype vectors, which are representatives of

each class in the dataset. During training the main goal is to update the LVQ



prototypes to minimize classification errors.

LVQ stands out for its interpretability. The prototypes provide an easy-
to-understand representation of each class. These prototypes provide insights
into the underlying data structure and can facilitate the identification of distin-
guishing features. Its appeal extends to ease of implementation, customizable
prototype numbers for optimal complexity and performance balance, and effec-
tive multi-class problem handling.

The first versions of LVQ faced a few limitations, including the possibility of
slow convergence and inconsistent performance. Many authors have proposed
adaptations to LVQ to overcome these limitations, but also to further improve
performance or interpretability. We highlight further advantages arising from

specific adaptations of the LV(Q family below.

3.1. Generalized Learning Vector Quantization (GLVQ)

Generalized Learning Vector Quantization (GLVQ), introduced by Sato and
Yamada [23], is an extension of the classical LVQ algorithm. It employs a cost
function-based method to refine prototype locations, tackling classical LVQ’s po-
tential issues like slow convergence and instability. By evaluating the distances
between an input sample and the nearest correct and incorrect class prototypes,
GLVQ directs prototypes more effectively, enhancing classification accuracy and
ensuring more stable and rapid convergence than the heuristic-based updates of
classical LVQ.

Since GLVQ forms the basis for GMLVQ and therefore also for our newly

proposed method, we describe this method in more detail. Let us assume we

have a dataset D = {(x1,y1), (X2,92),- .., (®N,yn)}, where x; € RP represents
a feature vector, and y; € 1,2,...,C represents the corresponding class label
fori=1,2,...,N. There are C distinct classes in the dataset. For each class c,

there are M, prototypes, and the total number of prototypes is M = 25:1 M..
The classification process in GLVQ takes a simple nearest-prototype ap-
proach. A new data point € RP is mapped to the class label ¢(z) = c(w;) of

the closest prototype, i.e., the prototype w; for which d(w;, ) < d(wj, ) holds



for every j # 4. In the case of ties, an arbitrary choice is made. Distance func-
tion d can be any valid distance metric but often the squared Euclidean distance
metric is selected: d(x,w) = (x —w)T (x — w). In the distance calculation be-
tween a prototype and a datapoint, it is possible to exclude certain features from
the calculation if they contain missing values. This partial distance calculation
allows LVQ to effectively handle missing data [24, 25].

During training a cost function is minimized to find the optimal positions
of class prototypes in the feature space. Gradient descent is typically employed

for optimization and the cost function is defined as follows:

N

EGLVQ = Z (D(,LLl) where Hi =
i=1

d*(z;) —d~ (z;)
dt(z;) + d=(x;)

(1)

where @ is a monotonically increasing function, e.g. the logistic function or the
identity function. More specifically, d*(z;) denotes the distance to the near-
est data point from the same class, whereas d~(x;) represents the distance to
the closest data point from a different class. As such, it is worth noting that
a negative value of the numerator in u; indicates accurate classification of the
data point, while a positive numerator indicates inaccurate classification. The
denominator ensures that —1 < p; < 1 and the magnitude of y; reflects the con-
fidence level in the prediction: values near —1 denote high confidence in correct
predictions, and values near 1 indicate confidence in incorrect predictions.

A crucial step in the learning process of LVQ algorithms (including GLVQ)
is a proper initialization of the prototype locations. When the LVQ system
has only one prototype per class, it is common to assign the initial locations of
the prototypes to the class centroids resulting from a K-means partitioning. In
cases where the system has multiple prototypes per class, locations are typically
derived using k-means clustering for each class.

An advantage of GLVQ is that it can work with any differentiable distance
measure and customized cost function. This allows for more flexibility in adapt-
ing the algorithm to various types of data and problem domains. One such

adaptation is Generalized Matrix Learning Vector Quantization (GMLVQ).



3.2. Generalized Matriz Learning Vector Quantization (GMLVQ)

Generalized Matrix Learning Vector Quantization (GMLVQ) was introduced
by Schneider et al. [7] and extends GLVQ by changing the distance metric to
an adaptive metric. GMLVQ incorporates a full matrix of relevance factors in
the distance metric, accounting for the correlations between features and their
importance for classification. The distance metric is adapted during the training

phase. This generalized distance metric is shown in Equation 2.

dMw,z) = (z — w) Az — w) (2)

Here, A € RP*P where p is the dimensionality of the feature space. The A
matrix represents the learned distance metric and can capture feature impor-
tance and account for correlations between features. A has to be symmetric and
positive-definite to define a valid distance metric. This is ensured by substitut-
ing A = QTQ, where typically Q € RP*? and computing 2 instead.

The training of GMLVQ uses the same cost function as GLVQ (Equation 1)
but substitutes the distance metric with the new distance function. The learning
rate for A can be selected independently from the learning rate used for adjusting
the prototype locations. Typically, it is set to be an order of magnitude smaller
to ensure a more gradual pace of metric learning in comparison to the updates
made to prototype locations [7].

The incorporation of feature importance and correlations commonly leads to
improved classification performance. Furthermore, importance and correlations
are made visible by the A matrix. The diagonal elements of the matrix represent
the importance of each feature in the classification process whereas the off-
diagonal elements capture the correlations or dependencies between pairs of
features. This ability to account for feature correlations enables GMLVQ to
perform better than GLVQ in cases where features are not independent.

During training initialization, the A matrix is typically set to the identity
matrix that assigns equal weights of the features at the start of the training

process. Additionally, in order to prevent degeneration during training and



to ease interpretation, the constraint ) . A;; = 1 is enforced by normalizing
the matrix after every update during training. Consequently, each feature’s
relevance lies between 0 (no importance) and 1 (maximal importance).

The approach however, becomes computationally impractical for high- di-
mensional data, as the number of A parameters grows quadratically with the
number of the features. This challenge can be addressed by employing stan-
dard preprocessing methods, like implementing Principal Component Analysis
(PCA) to the data instances. Another option is to restrict the rank of the ma-
trix A. Since A = QTQ, we can restrict { to be a € R™*P, where m < p,

resulting in positive-semidefinite matrices with a restricted rank [7].

4. SurvivalLVQ

In this section we introduce our new algorithm named SurvivalLV(Q, an adap-
tation of the GMLVQ algorithm to the survival analysis setting. This adaptation
is achieved by replacing the fixed class label of each prototype with a survival
function, which is learned during the training phase. A detailed description of
the training and inference phases is provided in this section.

Given a survival dataset Dg = {(z1,61,T1), (x2,02,T2),..., ((xN,0n,TN)},
where x; € RP represents a feature vector, §; € {0,1} denotes the censoring
status (1 if true event was observed, 0 otherwise) and T; the event or censoring
time; we need to employ appropriate statistical tools to analyse this type of
data. A fundamental tool for computing survival over time is the Kaplan-Meier
estimator [26]. This non-parametric method is capable of handling censored
data and offers an unbiased estimate of the survival function for the underlying
population, even in the presence of censoring. For each time point ¢;, let d; be
the number of events that have happened at time ¢;, and let n; be the number
of instances that have not yet experienced any event, then the Kaplan-Meier

estimator is defined as:

Kt =[] (1-52) (3)



In the context of SurvivalLVQ, the M prototypes extracted by the LVQ
approach now correspond to the Kaplan-Meier survival estimate, referred to
as ¢. This vector corresponds to a survival function of the instances represented
(i.e. instances within the same cluster), and has T' components, where 7' denotes
the number of discrete time steps.

The predicted survival function of a new datapoint, S(ac), is parameterized
by the two closest prototypes, 7 and k, as shown in Equation 4.

A dA

S(x) = ¢ ! 4
(x) d;‘+d£c’+d§‘+d£ck (4)

Here, dé‘ is short for d*(wj, ) and denotes the distance to the closest proto-
type j. The distance to the second closest prototype (k) is denoted by di. The
distance metric d*(w, ) is the same as used in GMLVQ (Equation 2).

As highlighted by Equation (4), only two prototypes are involved during
the inference phase, in contrast to the full set of M available prototypes. This
choice was made to enhance interpretability, as considering only two prototypes
simplifies the interpretation of the predicted survival function. Additionally, we
observed that when more than two prototypes are used, their locations drift
away from the data during training. This behaviour, although not harmful for
predictive performance, is undesirable because it hinders interpretability as the
prototypes are no longer meaningful cluster representatives. This behavior is

akin to what is commonly observed in the probabilistic variants of LVQ [27].

4.1. The learning rule

Training the survival LVQ model is based on the minimization of a cost func-
tion. The presented cost function in this section is based on the Brier score [28].
The Brier score is a commonly used metric for performance assessment of sur-
vival prediction, thus using this score as cost function follows naturally. The
Brier score was extended by Graf et al. [29] for survival problems with right cen-
sored data. Individual contributions to the empirical Brier score are reweighed

according to the censored information:
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BSt Z azt yzt (5)

Where y;; = 1 if and only if the corresponding event has T; > ¢, and where «;;
denotes the weight of the i-th instance and is defined as:

6;/G(T) t=T,

= ) (6)

1/G(t) t<T;
Here é’(t) denotes the Kaplan-Meier estimate of the censoring distribution,
which can be computed using the Kaplan-Meier formula on the same data with
reversed censoring status.

The Brier score gives a model performance for a single time ¢. The score
can be integrated to produce a model performance score for a time interval. A
discrete version of this Integrated Brier Score (IBS) is used as the cost function
for training the survivalLVQ model. It is defined as IBS = % 23:1 BS;. From
this the SurvivalLVQ cost function follows:

1 N T
ESLVQ = ﬁ Z o (Si — yzt 2 (7)

i=1 t=1
Here S;; indicates the predicted survival probability as predicted by the Sur-
vivalLVQ system for sample ¢ at time ¢ (Equation 4).

During the training process, the cost function is minimized by using an ap-
proach similar to that used in GMLVQ. However, in the case of SurvivalLVQ),
the prototype labels must also be defined and updated. Note that these labels
have to be constrained to obtain a valid (monotonically decreasing) survival
function. In our implementation, we opted to compute a Kaplan-Meier esti-
mate for each prototype during the update phase, after every epoch. Each data
point is assigned to the prototype it is closest to. Subsequently, the prototype
survival curve ¢ € R is determined by calculating its Kaplan-Meier estimate
(Equation 3). To set the initial positions of the prototypes during our exper-
iments, we used the K-means++ algorithm [30] applied to the feature vectors

only. An overview of the learning process is provided in Algorithm 1.

11



Algorithm 1 Overview of the steps taken to train a SurvivalLVQ model.

Input: Survival dataset Dg = {(xs, d;, Ti)}ﬁ\;l

Input: Number of prototypes M, number of epochs Nepochs

function UPDATELABELS()
forp=1,...,M do
Define D, = { (x:,6;,T;) € Ds | Vq # p, d*(wp, x;) < d*(wq, i) }
cp <+ Kaplan-Meier estimate from D,
end for

end function

Initialize prototypes W using K-means++ on feature vectors
Initialize relevance matrix A (e.g., identity matrix)
UPDATELABELS() > Initialize prototype labels
for epoch =1,..., Nepochs do
Update W and A by minimizing Esrvg (Equation 7) with an optimizer

UPDATELABELS()
end for
Output: Prototypes W = {w,,};,”:l, relevance matrix A > Explanation
Output: Prototype survival curves {cp}iL, > Prediction

5. Experiments

In this section, we outline the experiments conducted to test and evaluate the
performance of SurvivalLVQ. We discuss the benchmark datasets used for this
evaluation and give a brief overview of the other methods that were compared.

We then describe how the experiments were set up and conclude with the results.

5.1. Datasets

SurvSet [31] is a collection of open-source survival analysis datasets designed
for benchmarking machine learning algorithms and statistical methods. The col-
lection contains 76 datasets, varying in dimensionality and background. Most

of these datasets originate from biomedicine. The collection includes both long
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datasets with fewer features than observations and wide datasets, with more
features than observations (e.g., genomics datasets). Additionally, there is sub-
stantial variation in censoring rates across the datasets. The main properties of
the dataset collection (number of observations, number of features, and censor-

ing rate) are shown in Figure 1.

Overview of the SurvSet datasets
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Figure 1: Overview of the 76 datasets contained in the SurvSet library. On top: large

datasets; on the right side: high dimensional datasets

We use SurvSet to test survivalLVQ by comparing its performance across
these diverse datasets and assessing its effectiveness in various scenarios. Fur-

thermore we compare the performance to other interpretable algorithms.

5.2. Competing algorithms

We evaluated the performance of survivalLVQ by comparing it with several
existing clustering methods and predictive methods. We primarily focused on
approaches with interpretability and cluster discovery characteristics, as these
are the central aspects of our work. To assess our algorithm’s competitiveness

in terms of predictive performance, we also included Random survival forests
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(RSF) [32], a widely used method with lower interpretability.

5.2.1. K-means

We used the K-means++ algorithm [30] as a reference clustering method.
This is equivalent to using the SurvivalLVQ method and refraining from per-
forming any update steps after initialization, thus preserving the initial values
for both the distance metric (A = I') and prototype locations. By adopting this
baseline method, we could also assess whether SurvivalLVQ learns any mean-

ingful information during training.

5.2.2. Cox proportional hazards model (CoxPH)

Cox regression, also known as the Cox proportional hazards model [33]
(CoxPH), is a widely used statistical method in survival analysis. The pri-
mary goal of CoxPH is to estimate the hazard function, which describes the
instantaneous risk of experiencing the event of interest at a given time, given
that the subject has survived up to that point. The model assumes that the
hazard functions are proportional across instances. CoxPH allows users to iden-
tify the variables that significantly impact the time-to-event and quantify their
effects. Due to the variety in dimensionality of the datasets within SurvSet, we

employed a regularized version of it involving elastic net.

5.2.8. Supervised sparse clustering (SSC)

The method introduced by Gaynor et al. [16] serves as an enhancement
over the approach by Bair et al. [15]. Gaynor et al.’s method is referred to as
Supervised Sparse Clustering (SSC) in the following sections. SSC begins by
computing Cox scores for covariates through a multivariate model to ascertain
their relationship with the target outcome. Gaynor et al. allocate weights to
covariates in accordance with their Cox scores. These weighted covariates are
subsequently incorporated into the K-Means clustering algorithm.

It is important to note that the SSC method is not inherently designed for
prediction performance; if applied as it is, SSC yields only K unique predicted

values, one for each cluster. To obtain a better performance assessment, we
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modify the predictions of SSC in an analogous way to what is used in Survival-
LVQ, as in Equation 4. Specifically, we generate individualized survival curves
for new test samples by taking a distance-weighted average of the Kaplan-Meier
curves from the two closest clusters. This modification allows for individualized

predictions, ensuring a fair evaluation of SSC’s predictive capabilities.

5.2.4. Survival trees

Survival trees [34, 35] are a type of decision tree used in survival analysis
to model the relationship between predictor variables and survival time. In a
typical regression tree, the leaf nodes contain the average value of the response
variable for the observations that fall into that node. The leaf nodes of sur-
vival trees contain information about the survival probability or time for the
observations that fall into that node. Specifically, the leaf nodes of a survival
tree contain the estimated survival probability or median survival time for the
individuals in the subgroup represented by that node. The split criterion used
in survival trees is typically based on the log-rank test.

Survival trees can also be used for clustering, by setting the number of leaf
nodes to be equal to the number of clusters. Consequently, all data points that
are assigned to the same leaf node are considered to constitute a cluster. This
approach facilitates a direct comparison between survival trees and clustering

algorithms in terms of their grouping capabilities.

5.2.5. Random survival forest (RSF)

Random survival forests (RSF) [32] is an ensemble learning method for sur-
vival analysis, which extends the popular Random Forest algorithm to handle
time-to-event data. The main objective of RSF is to model the relationship
between predictor variables (features) and the time until an event of interest
occurs (such as death or failure). RSF works by constructing multiple survival
trees during the training process. Each tree is built using a bootstrapped sam-
ple of the original dataset, and at each split, only a random subset of features

is considered for the splitting criterion. This approach introduces randomness
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and diversity among the trees, improving the model’s generalization ability and
reducing overfitting. Once the ensemble of trees is built, predictions for a new
observation are made by aggregating the outcomes of individual trees. In sur-
vival analysis, this is often done by computing the cumulative hazard function

for each tree and then averaging them across the entire forest.

5.3. Experimental setup

This section details our experimental setup, covering preprocessing, hyper-
parameter tuning for each algorithm, performance metrics used, and statistical

methods for comparing algorithm results.

5.3.1. Data preprocessing

In our experiments, we found that different algorithms require varying de-
grees of preprocessing, influenced by their inherent properties. Distance-based
algorithms like LVQ and K-means are sensitive to the scale of features, making
data scaling essential. In contrast, tree-based methods and the CoxPH model
are less affected by feature scaling as they rely on data distribution and event
time rankings, respectively. We utilized z-scoring scaling (based on the training
set) for standardization, as it proved advantageous for certain algorithms.

To counter skewed data impacting distance-based methods, we integrated an
automated skew correction using the Fisher-Pearson coefficient of skewness [36],
applying log-transformation to parameters when it lessened skewness in training
data. We employed one-hot encoding solely for distance-based and regression
methods, acknowledging that tree-based algorithms inherently handle categori-
cal variables.

Despite LVQ’s ability to manage missing data [24, 25], we uniformly applied

median imputation across all methods for consistency.

5.3.2. Implementation
We used several well-known Python packages to apply various survival anal-

ysis algorithms in our experiments. Specifically, we used the CoxPH and tree-
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based implementations from scikit-survival (0.18.0) [37], as well as the K-means
implementation from scikit-learn (1.2.2) [38].

For the implementation of survivalLVQ, we used PyTorch [39]. We utilized
Batch Gradient Descent with the Adam optimizer, which has been shown to be
effective for GMLVQ by LeKander et al. [40]. A fixed batch size of 128 was used.
To achieve a slower time-scale of metric learning compared to the prototype
updates, we set the learning rate of the distance metric to be one order of
magnitude smaller (one-tenth) than the general learning rate, as recommended
by the original GMLVQ authors [7].

Several of the datasets have high dimensionality and have more more fea-
tures than observations. To limit the number of trainable parameters for these
datasets, we restricted the rank of the LVQ relevance matrix A using the low
rank strategy described in Section 3.2. Since A = QTQ, we limited Q such that
Q € R™"*P_where we set n to the number of observations and p is the number
of features. During the initialization phase of training, we set {2 (and conse-
quently A) to the identity matrix for datasets where the number of features is
fewer than the number of observations. For datasets with more features than
observations, we set ) such that it approximates the identity matrix, making

use of the Moore-Penrose inverse.

5.8.3. Cross-validation and hyperparameter tuning

To ensure a fair comparison between the different algorithms, we preformed
a grid search to tune the hyperparameters using cross-validation. The C-index
was used as the primary metric for the tuning process. The C-index was chosen
over the log-rank score since it can be calculated for all evaluated methods.
Further, the C-index was favored over the integrated Brier score (IBS) to avoid
any bias towards SurvivalLVQ, which optimizes the IBS during training.

For small datasets (under 500 samples), we used five-fold cross-validation
with nested loops for hyperparameter tuning via grid search. For larger datasets
(500+ samples), we simplified to an 80/20 train/test split, maintaining hyper-

parameter tuning but eliminating the outer loop. All splits were stratified to
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ensure equal proportions of censored samples.
The hyperparameter grid per algorithm is listed in Table 1. Parameters that

are not listed were kept to the defaults.

Algorithm Hyperparameters

learning rate: [le-3, le-2, le-1]
SurvivalLVQ epochs: [16,32,64,128]
#prototypes: [2,3,4,5]

K-means #prototypes: [2,3,4,5]

#prototypes: [2,3,4,5],
SSC L1 ratio: min=0.001, max=0.999, steps=20
alpha: min=log10(1e-5), max=log10(100), steps=20

L1 ratio: min=0.001, max=0.999, steps=20

CoxPH
log,palpha: min=-5, max=2, steps=20
min weight fraction leaf: [0.005, 0.01, 0.02, 0.05, 0.10]
Survival trees max leaf nodes: [4, 8, 16, 32, 64, 12§],
max #features: [None, "sqrt”, "log2”]
RSF #trees: 100

Table 1: Hyperparameters tuned for the six algorithms

5.8.4. Performance metrics

The benchmark datasets lack explicit cluster labels, making traditional clus-
tering metrics like the silhouette score unsuitable. Following Chapfuwa et
al. [20], we used the log-rank score to assess clustering in survival analysis but
recognized its limitations, as survival curve separation doesn’t fully reflect clus-
tering quality. Thus, we supplemented it with survival analysis metrics like
the integrated Brier score and concordance index (CI), evaluating clustering
effectiveness through alignment with survival outcomes.

The following metrics were calculated:

e The integrated Brier score (IBS), computed as:

N
1 ~
BS; = N ; it (Sit — Yit)* (8)
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Where « is defined in Equation 6, and takes into account the censoring

status and the censoring distribution.

The C-index, also known as Harrell’s concordance index, quantifies the
pairwise concordance between predicted risk scores and observed survival
times, ranging from 0 to 1, with higher values indicating better prediction

performance.

The Inverse Probability of Censoring Weighted (IPCW) C-index
[41] is a modification of the traditional C-index that accounts for censoring
in survival data. It adjusts for the probability of censoring, weighting the
contribution of each observation to the concordance calculation based on
the inverse of its censoring probability. The IPCW C-index is a more
robust performance metric in the presence of censoring, as it accounts
for the potential bias introduced by non-random censoring in survival

analysis.

The log-rank score [42] performs a hypothesis testing to compare the
survival distributions of two populations, where the null hypothesis is that
the two groups have identical hazard functions. Note that this metric can

not be calculated for the non-clustering methods.

We consider an algorithm to be performant if the discovered clusters can

effectively predict survival outcomes, as measured by metrics such as the IBS or

the (IPCW) C-index. Additionally, the clusters should exhibit well-separated

survival functions, which can be evaluated using the log-rank score.

5.4. Statistical methods

In our analysis, we used the Friedman test to assess significant differences in

algorithm rankings across datasets. If significant, we applied the Nemenyi post-

hoc test for pairwise comparisons to pinpoint significant performance differences,

using a critical distance (CD) to define significant rank differences. Both tests

were conducted at a 95% confidence level.
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6. Experimental results

This section presents results from two experiments. The first focuses on the
clustering algorithms, and includes the calculation of the log-rank score, which
is an metric that can be computed for these clustering methods. The second
evaluates the predictive performance of SurvivalLVQ and comparing it with that

of the five other algorithms described previously.

6.1. Clustering experiment

In our first experiment we compared the performance of four clustering meth-
ods: SurvivalLVQ, K-means, SCC, and Survival trees. Four evaluation metrics
were used: average log-rank score, C-index, IPCW C-index, and IBS.

To ensure a fair and meaningful comparison, we took into account the influ-
ence of the number of clusters on the log-rank score by conducting the analysis
using several fixed cluster sizes. By keeping the number of clusters constant for
each comparison, we eliminated the confounding effect of different cluster sizes,
enabling a clearer analysis of the performance characteristics of the methods.
Table 2 summarizes the results of this experiment, presenting the performance
rankings of each method for each cluster size.

In general, among the methods tested, SurvivalLVQ demonstrated the best
performance across multiple cluster sizes. It achieved the highest C-index,
IPCW C-index, and IBS in three out of four cluster sizes, indicating its effective-
ness in capturing survival patterns within the data. Log-rank score measures
the difference in survival rates between clusters, and the SurvivalLVQ log-rank
score for two of four cluster sizes, was higher compared to the other methods.

SSC showed competitive results, however, its performance scores were only
higher than Survival LVQ in the four cluster set. K-means and Survival trees
show similar performance to each other, with varying results across different
cluster sizes. They exhibited lower C-index, IPCW C-index, and IBS scores
compared to SurvivalLVQ and SSC. The log-rank scores for K-means and Sur-
vival trees were also generally lower, indicating a less pronounced distinction in

survival rates between clusters.
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Method Log-rank C-index IPCW C-index Brier
2 clusters
SurvivalLVQ 2.08 1.58 1.61 1.58
K-means 3.07 2.93 2.89 2.91
SSC 2.36 2.18 2.24 2.77
Survival tree 2.49 3.32 3.26 2.74
3 clusters
SurvivalLVQ 2.11 1.66 1.70 1.72
K-means 3.11 2.88 2.89 2.88
SSC 2.25 2.20 2.20 2.39
Survival tree 2.54 3.26 3.21 3.00
4 clusters
SurvivalLVQ 2.38 1.80 1.73 1.79
K-means 2.93 2.94 2.94 2.68
SSC 2.33 2.22 2.29 2.45
Survival tree 2.37 3.04 3.04 3.08
5 clusters
SurvivalLVQ 2.53 2.04 2.11 1.93
K-means 2.85 2.91 2.93 2.53
SSC 2.36 2.03 2.00 2.39
Survival trees 2.26 3.03 2.96 3.14

critical distance.

considered statistically significant.
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Table 2: Summary of performance metrics rankings for clustering. The best results

are highlighted in bold.

A Friedman test was performed for each cluster size and performance metric
under consideration. The results consistently indicated statistical significance,
validating the subsequent execution of a Nemenyi post-hoc test to identify the
This critical distance quantifies the minimum difference in
performance that must be exceeded to establish statistical significance between
methods. Here, the critical distance was determined to be 0.54. As such, any

difference in performance between the algorithms that surpass this value can be



Table 2 illustrates a distinct trend: SurvivalLVQ’s performance advantage
over other methods is more pronounced with fewer prototypes, as indicated by
its lower average ranks. This trend does not signify a reduction in LVQ’s effi-
ciency with more prototypes, but rather the comparative improvement of other
methods at higher cluster counts. The efficacy of SurvivalLVQ stems from its
combined use of the relevance matrix and prototype locations for differentiating
groups, a benefit that gradually diminishes as cluster numbers increase. Our
cross-validation in Section 6.2 confirms this, showing the optimal number of
LVQ clusters to average at 3.6. Notably, this efficiency with fewer prototypes is
key for model interpretability, a vital consideration in many applications.

Overall, the results of this experiment suggest that SurvivalLVQ outper-
forms the other methods in terms of capturing survival patterns in the data.
SSC, K-means, and Survival trees also showed promising results but were gen-
erally less effective in differentiating survival patterns among clusters. These
findings provide valuable insights for researchers and practitioners when choos-

ing a clustering method for survival analysis.

6.2. Prediction experiment

In our second experiment we compared the predictive performance of all
previously introduced six methods on the 76 datasets. Three evaluation met-
rics were used: C-index, IPCW C-index, and the IBS. The average ranks of
each method across these datasets were calculated for each evaluation metric.
A Friedman test conducted for each metric revealed statistically significant dif-
ferences across all metrics, and were therefore followed by Nemenyi tests. The
results are summarized in the critical difference plots in Figure 2. The raw
prediction outcomes from the evaluated algorithms are available as digital sup-
porting materiall.

In all three metrics CoxPH demonstrated the best performance with the

lowest average rank, followed by Random survival forest and then Survival-

L Additional digital supporting material: https://itec.kuleuven-kulak.be/survivallvq/
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Figure 2: Critical difference plots, comparing the performance of various methods

using the Nemenyi post-hoc test.

LVQ. The average ranks of SurvivalLVQ were notably lower than K-means and
Survival tree, which had the highest average ranks for all metrics. The differ-
ence between the ranks of CoxPH and SurvivalLVQ exceeds the critical distance
(CD), for the C-index and the IPCW C-index, showing a statistically significant
difference in performance between these two methods. However, the difference
between the ranks of SurvivalLVQ and RSF did not exceed the CD, for any of
the three metrics.

Focusing on the SurvivalLVQ method, its performance in terms of C-index,

IPCW C-index, and IBS were better than K-means and Survival trees, which
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were observed to have the highest average ranks among the six methods. Com-
pared to SSC, SurvivalLVQ performed better, especially in terms of the IBS.
This makes it the best performant clustering method in terms of prediction
performance, although the differences between SurvivalLVQ and SCC were not
statistical significant.

Interestingly, RSF also outperformed SurvivalLVQ in all metrics but was
second to CoxPH. Considering the critical distance, the differences in average
ranks between SurvivalLVQ and RSF were never statistically significant. Among
the three metrics, SurvivalLVQ ranks lowest on the IBS metric. This aligns with
our expectations, given that we employed the IBS as the cost function during
our implementation of SurvivalLVQ.

In conclusion, SurvivalLVQ exhibits competitive performance, particularly
when compared to the clustering methods and survival trees. However, in this
analysis, CoxPH and RSF show better performance across all the considered
metrics. Further investigation may be required to understand the specific sce-
narios in which SurvivalLVQ may provide advantages over other methods in

terms of prediction.

7. Example analysis on the PBC3 dataset

In this section we describe an example analysis of the PBC3 dataset [43]. The
goal of this analysis is to demonstrate the use of SurvivalLVQ, the information
it provides, and some considerations while performing an analysis.

The PBC3 clinical trial took place in six European hospitals and followed
349 patients with primary biliary cirrhosis (PBC). Patients were randomly as-
signed to receive either Cyclosporin A treatment (176 patients) or a placebo
(173 patients). The initial aim was to observe the treatment’s impact on sur-
vival time. However, due to a rise in liver transplants for these patients, the
main outcome was changed to the time until “failure of medical treatment”,
meaning either death or needing a liver transplant [43]. The dataset contains

19 features in total after one-hot encoding, of which 7 are continuous and 12
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are binary (zero or one). A summary of the features are listed in Table 3.
Furthermore, the dataset contains the relevant survival analysis labels, namely
d; € {0,1} denotes the censoring status (1 if event was observed, 0 otherwise)

and T; the event or censoring time. Here i refers to the patient id.

Feature index

0-4 hospital (0: Copenhagen, 1: Hvidovre, 2: London, 3: Lyon, 4: Munich)
5 treatment (0: placebo, 1: CyA)

6 sex (1: males, 0: females)

7-9 histological stage (2, 3, 4)

10 histological missing (1: yes, 1: no)

11 previous gastrointestinal bleeding (1: yes, 0: no)
12 age (years)

13 creatinine (micromoles/L)

14 albumin (g/L)

15 bilirubin (micromoles/L)

16 alkaline phosphatase (IU/L)

17 aspartate transaminase (IU/L)

18 body weight (kg)

Table 3: Summary of the dataset features after one-hot encoding.

For our analysis, we adopted the preprocessing steps outlined in Section 5.3.1.
This analysis primarily serves as a demonstration of the method, so we did not
conduct an exhaustive hyperparameter search. After minimal manual tuning,
we set a learning rate of 0.01, ran for 64 epochs, and used 3 prototypes. We
employed an 80% training and 20% validation split. The learned LVQ system
is visualized in Figure 3.

In Figure 3, both the validation data and the 3 prototypes are projected
onto the first two eigenvectors of the relevance matrix (A). This projection
facilitates a 2D visualization of the data and prototype positions. The figure
reveals that Prototype 1 covers data points with higher survival times, Prototype

2 corresponds to a cluster of censored observations, and Prototype 3 is located
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Figure 3: Scatter plot of validation data and 3 prototypes on the first two eigenvectors
of the relevance matrix. Data point colors represent survival time, with white dots

indicating censored observations.

amidst data points with relatively shorter survival times.

After looking at the scatter plot visualization, we can also look at the labels
of the prototypes: The corresponding survival curves. Figure 4 provides a
visualization of these curves.

Figure 4 confirms our previous observations: Prototype 1 displays a relatively
high survival probability over time. Prototype 2 exhibits even superior survival
rates, indicating that its associated cluster of censored datapoints represents
patients who neither required a liver transplant nor died during the study. As
previously mentioned, Prototype 3 is positioned among data points with shorter
survival times and the corresponding survival curve reflects this trend. A K-
sample log-rank hypothesis test of identical survival functions [44] shows that
that the hazard rate of at least one group significantly differs from the others
at some time (p < 0.001).

For more detail, Figure 5 presents several plots with information regarding
feature importance.

Figure 5a displays the learned relevance matrix (A), offering insights into

both feature importance (diagonal elements) and intercorrelation (off-diagonal
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Figure 4: Visualization of the survival curves corresponding to the prototypes: The

prototype labels.

elements). It reveals disparities in the value of certain features for clustering
and prediction. Figure 5b focuses on the matrix’s diagonal, emphasizing indi-
vidual feature significance. Notably, treatment in the Copenhagen hospital (0),
histological stage (8,9), and age (12) emerge as key features. These findings
could be provided to medical specialists for clinical interpretation.

Interestingly, the treatment (5) appears less consequential in our study, align-
ing with the original authors’ findings that detected no significant univariate
difference between the groups [43].

Figure 5c shows the sorted eigenvalues of the relevance matrix. In our anal-

ysis the first two eigenvectors cover 83% of the variance.

8. Conclusion

Clustering has limitations in survival analysis due to the censored nature
of survival data and the need to leverage available survival time information.
To address these limitations, we proposed a novel method called survivalLVQ,
which adapted Learning Vector Quantization (LVQ) to the survival analysis
setting. LVQ is a supervised clustering algorithm that partitions data points

into clusters based on their similarity and class information. However, LVQ had
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Figure 5: Plots showing elements and properties of the relevance matrix (A)

not previously been extended to survival analysis, and our study aimed to fill
this gap.

Our proposed method, SurvivalLVQ, leverages the clustering power of LVQ
to group individuals based on their survival probabilities. It assigns a survival
curve to each cluster based on the collective survival behavior of the individuals
within it. Additionally, it can predict individualized survival curves for individ-
uals located in-between clusters by computing a weighted average of adjacent

cluster survival curves.
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When comparing clustering methods, SurvivalLVQ consistently outperformed
the competing clustering methods across various cluster sizes, demonstrating
higher scores in C-index, IPCW C-index, integrated IBS, and log-rank scores.
This further emphasizes the usefulness of SurvivalLVQ in capturing survival
patterns within the data.

In terms of predictive performance, SurvivalLVQ showed competitive re-
sults, especially when compared to clustering methods like K-means, Survival
trees, and SCC. It achieved a lower average rank for several performance met-
rics, indicating better predictive performance in capturing survival patterns.
While CoxPH showed the best overall performance, SurvivalLVQ still exhibited
promising results compared to other clustering methods, highlighting its use-
fulness in survival analysis. However, it is important to note that CoxPH and
RSF outperformed SurvivalLVQ across all metrics.

Finally, in the example analysis of the PBC3 dataset we showed that Sur-
vivalLVQ can offer crucial insights into survival patterns. The clear visual-
izations simplify complex data, making it easier to interpret. Through this
demonstration, we underscore the potential of SurvivalLVQ as a robust tool for
survival analysis, capable of effectively analyzing complex datasets.

As for future research directions, our approach used K-means to initial-
ize prototype points and the identity matrix for initial feature importance can
be optimised. Given the strong results shown by SCC, it is worth considering
whether starting with CoxPH scores for feature importance can further enhance
SurvivalLVQ’s performance, or at least speed up convergence. Additionally, our
choice of Euclidean distance may not be optimal, especially given that many
variables in the datasets were categorical. Future work should consider alterna-

tive metrics to refine the method’s effectiveness.
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