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Abstract—An accurate technique leveraging conservative
higher-order time stepping is proposed to analyze electrostatically
induced waveguides in graphene. These highly tunable one-
dimensional (1D) electronic channels are a promising intercon-
nect alternative for graphene nanoribbons (GNRs) and carbon
nanotubes (CNTs) to be used in future integrated circuits (ICs).
A detailed discussion of the eigenmodes of these waveguides
is presented and specific attention is paid to the orthogonality
relations, which are remarkably similar to their electromagnetic
counterpart. Furthermore, it is demonstrated that the addition
of a vector potential does not affect the long-term properties
of the time stepping scheme. To showcase the accuracy and
applicability of the constructed technique two practical electronic
waveguide devices are simulated: a dot resonator and a 50/50
splitter containing no bends. The dot resonator exhibits frequency
selective behavior that proves to be tunable by both the scalar
and vector potential, while the desired output characteristic is
obtained for the splitter after carefully tuning the confining
potentials.

Index Terms—Graphene, higher-order time stepping, waveg-
uides, quantum mechanical modeling

I. INTRODUCTION

One of the main challenges in future IC-design is to
make the Cu interconnects comply with the ever decreasing
transistor size. At the nanoscale the resistance of the Cu inter-
connects increases faster than linear with shrinking dimensions
because of the increased impact of surface scattering and
grain-boundary scattering [1], [2], which, as a consequence,
negatively affects the time delay and the power dissipa-
tion. Moreover, the increased Joule heating induces a rise
in temperature. As the electromigration lifetime deteriorates
exponentially with temperature, the maximum current-carrying
capacity of these scaled interconnects is severely limited [3],
[4].

Alternatives for Cu in future interconnects are carbon nan-
otubes (CNTs) and graphene nanoribbons (GNRs). Besides
having a large mean free path, which is of the orders of
micrometers, these carbon allotropes exhibit a current-carrying
capacity that is more than two orders of magnitude larger than
that of Cu, thereby mitigating the reliability concerns related
to electromigration that plague the Cu nanointerconnects [4],
[5]. However, precise control of the diameter and chirality
is still challenging for CNTs, while GNRs suffer from edge
scattering [6].

Another approach of creating quasi-1D electronic channels
in graphene is by means of a confining electrostatic potential
(see Fig. 1). Compared to GNRs, edge scattering is avoided

by positioning the electrostatic potential V away from the
boundaries. Furthermore, these 1D channels are highly tunable
as their properties can be modified by simply changing this
electrostatic potential V of the gate contact [7], [8]. Confining
electrons in 1D potentials in graphene can be understood in
the same way as trapping light in optical fibers. Because of
their linear dispersion relation and long mean free path, charge
carriers in graphene behave in close analogy with light. They
are refracted at the interface between regions with different
electrostatic potential in the same way as light undergoes
refraction when crossing the boundary between media with
different refractive index [9], [10]. Several devices have been
proposed that simultaneously exploit this analogy and the
peculiar properties of graphene such as lenses [11], Fabry-
Pérot resonators [12], transistors [13], [14], and gratings [15],
[16], while the analogs of Mie scattering, whispering gallery
modes and the Goos-Hänchen effect have been described as
well in [17]–[20]. The quality of the graphene layer is of
fundamental importance for the experimental realization of
these devices. An important breakthrough in this regard is
the usage of hBN over SiO2 as substrate for the graphene
layer. When SiO2 is employed, the graphene layer suffers
considerably from surface roughness because the SiO2-layer
is amorphous [21]. hBN on the other hand is an atomically
flat crystalline structure of which the lattice mismatch with
graphene is only 1.8%, resulting in a smoother graphene
layer [22]. In addition, charge inhomogeneities located in
the substrate induce regions with a net positive or negative
charge. These electron/hole puddles manifest themselves as
local shifts of the Dirac points which are of the order of
5 meV for hBN compared to 50meV for SiO2 [22], [23].
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Fig. 1. (a) Illustration of an electronic waveguide consisting of a graphene
layer encapsulated between two hBN layers (a substrate layer and an insulating
layer). The gate electrode is used to define the confining potential V . (b)
Visualization of the confined propagation of an electron in a potential well,
with width W and depth V0, in graphene.
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Consequently, for the eigenmodes in the waveguides to be well
defined, the confining potential should be much larger than
these random fluctuations. Furthermore, the number of modes
scales approximately with the depth V0 and width W of the
potential and thus, the confining potential of a single mode
waveguide should be sufficiently narrow [7]. When CNTs are
employed as gate, these conditions can be met [24], paving the
way for highly tunable interconnects and electronic waveguide
devices in graphene.

In an earlier conference contribution [25], we have presented
a quantum mechanical, first-principles technique, based on
higher-order conservative partitioned Runge-Kutta (PRK) time
stepping for the (2+1)D Dirac equation, to analyze the afore-
mentioned interconnects structures. In this paper, this time
stepping algorithm is extended to include vector potentials as
well. These vector potentials are an additional degree of free-
dom, besides the shape of the electrostatic potential, that can
be used to tune the properties of the interconnects. We propose
a scheme that discretizes the additional terms in the (2+1)D
Dirac equation, which has become more intricate, in such a
way that the superior long-term properties of the numerical
scheme are still retained. In addition, in this paper, the eigen-
value problem is carefully investigated and the orthogonality
relations of the eigenmodes are discussed as they are required
for the calculations of the transmission function. The novel
numerical technique is applied to two practical examples: a dot
resonator and a splitter, where the focus is on the intricacies
related to the Dirac system. For the dot resonator the results
are compared to those obtained via another second order time
stepping scheme [26], thereby validating and illustrating the
accuracy of the advocated technique.

The paper is organized as follows. In Section II, the theoret-
ical aspect of the electronic waveguides’ eigenvalue problem
is investigated. An innerproduct is introduced, allowing us to
derive an orthogonality relation between the eigenmodes. The
numerical technique itself is explained in Section III. The time
stepping algorithm of [27] is adapted to include vector poten-
tials without sacrificing its main advantages and it is clarified
how the transmission as a function of the energy is determined
from time-domain simulations. Two relevant examples, a dot
resonator and splitter, are treated in Section IV. Finally, the
paper is concluded in Section V.

II. ELECTROSTATICALLY INDUCED WAVEGUIDES IN
GRAPHENE

To model these electrostatically induced waveguides, we
assume that the electrodes are separated from the graphene
layer by means of a sufficiently thick insulating hBN layer
such that tunneling can be neglected. Additionally, the scalar
potential V and vector potential a should be slowly varying on
the lattice scale to avoid intervalley scattering [9]. If these two
requirements are met, then, at low energies, the motion of an
electron in graphene is accurately described by the following
(2+1)D Dirac equation

iℏ
∂

∂t
Ψ = [vFσ · (p− q a(x, y)) + V (x, y)]Ψ, (1)

where Ψ = ( uv ) is the two-component wave function, which is
often called the Dirac spinor. The 2D vector σ contains two el-
ements, the Pauli spin matrices σx = ( 0 1

1 0 ) and σy =
(
0 −i
i 0

)
.

The momentum operator is represented by p = −iℏ∇. The
constant vF is the Fermi velocity and in the rest of this paper
the value of 106 m/s is utilized. Note that if we substitute a
plane wave of the form Ψ = A ei(k·r−E t/ℏ) into (1) with
both the scalar and vector potential equal to zero, the linear
dispersion relation E = ±ℏvF |k| is obtained, which lies at
the basis of the analogy with electromagnetic phenomena.
Similar as other quantum mechanical equations, such as the
Schrödinger equation for example, the wave function Ψ itself
is not measurable. Hence, observables, such as the probability
density and probability current density need to be introduced,
which are, in the case of the (2+1)D Dirac equation, given by

P = Ψ†Ψ (2)

and
j = Ψ†vF σΨ, (3)

respectively, where Ψ† denotes the hermitian conjugate of Ψ.
Charged particles in 2D graphene can be confined in a 1D

channel by means of an electrostatic potential. Therefore, as-
sume that V is y-independent and that a is zero. Consequently,
substitute Ψ =

(
ũ(x)
ṽ(x)

)
ei(ky y−E t/ℏ) into (1), yielding(

∂
∂x

E−V (x)
ℏ vF

E−V (x)
ℏ vF

− ∂
∂x

)(
ũ(x)

−i ṽ(x)

)
= ky

(
ũ(x)

−i ṽ(x)

)
. (4)

Equation (4) constitutes an eigenvalue problem where the
energy E is a parameter and V (x) the confining potential.
When an eigenvalue ky is found for which (4) holds, then the
corresponding

(
ũ(x)

−i ṽ(x)

)
is called the eigenmode. For a real

eigenvalue, the amplitude of the related eigenmode propagates
unabated along the y-axis; only its phase changes. Note that
owing to the specific form of (4), real ky implies that both
ũ and −i ṽ are real as well. For several discontinuous [28]–
[30] and smooth [7], [31], [32] electrostatic potentials V (x) it
has been demonstrated analytically that real eigenvalues and
eigenmodes exist that comply with (4). Remark that when ky

and
(

ũ(x)
−i ṽ(x)

)
satisfy (4), then −ky and

(
i ṽ(x)
ũ(x)

)
also obey

(4) and thus, are also an eigenvalue and eigenmode.
In a next step, we investigate the orthogonality relations

between the eigenmodes Ψ̃1 and Ψ̃2, with their respective
eigenvalues ky,1 and ky,2, as it will be relevant for the con-
struction of the numerical technique in Section III. Therefore,
consider the innerproduct

⟨Ψ̃1, Ψ̃2⟩ =
∫ +∞

−∞
Ψ̃

†
2 vF σyΨ̃1dx. (5)

Comparison with the probability current density j of (3)
indicates that the innerproduct of a mode with itself equals
the probability current flowing through a cross section of the
waveguide. Consequently, the eigenmodes can be normalized
by requiring that this probability current equals one. By
substituting (4) into (5) and invoking integration by parts, the
relation

⟨Ψ̃1, Ψ̃2⟩ =
k∗y,2
ky,1

⟨Ψ̃1, Ψ̃2⟩ (6)
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is obtained, with k∗y,2 being the complex conjugate of ky,2. As
a consequence, eigenmodes that are related to real eigenvalues
are orthogonal with respect to all other eigenmodes, i.e.,
⟨Ψ̃1, Ψ̃2⟩ = 0, as long as the innerproduct (5) is employed.1

Furthermore, the total probability current flowing through the
waveguide is the sum of the probability current associated with
each individual mode.

The above discussion of the innerproduct resembles that
of electromagnetic waveguides. In that case, for the modes
(E1,H1) and (E2,H2), the innerproduct∫

S

(E1 ×H∗
2) · un dS (7)

is employed to define power orthogonality in the presence
of lossless media [33].2 Given its relation with the Poynting
vector, the innerproduct of an eigenmode with itself represents
the total power flow propagating through the cross section
of the waveguide, which is analogous to the total probability
current for the graphene waveguides. Similarly, the total power
flow is equal to the sum of the individual powers carried by
the eigenmodes.

III. NUMERICAL METHOD

In this section, we extend the higher-order conservative time
stepping of [25], [27] to include vector potentials as well
and, based on the theoretical analogy with electromagnetism,
further elaborate how it can be employed to examine the
transmission through electrostatically induced waveguides in
graphene.

To discretize the wave function Ψ, we start from the stag-
gered spatial grid employed in [26]. The simulation domain of
size Lx×Ly is divided into Nx×Ny unit cells of size ∆x×∆y.
Within each unit cell (i, j), the component u of Ψ is located at
two positions: (i∆x, j∆y) and ((i+ 1/2)∆x, (j + 1/2)∆y).
The values of u at these respective positions are stored in the
vectors u1 and u2. Similarly, the component v of Ψ is defined
at locations ((i+ 1/2)∆x, j∆y) and (i∆x, (j + 1/2)∆y),
and contained in the vectors v1 and v2, respectively. We
propose a novel stencil on this grid, including both scalar
and vector potential. To reduce dispersion errors, the spatial
derivatives of (1) are approximated by fourth-order central
differences, yielding

iℏ
d
dt


u1

u2

v1

v2

 = (H1 +H2)


u1

u2

v1

v2

 , (8)

1Remark that in (5), instead of the hermitian conjugate Ψ̃
†
2, the transpose

Ψ̃
T
2 could be used as well. One can check that a real eigenmode still

stays orthogonal with respect to all other eigenmodes. However, the physical
meaning of the innerproduct of a mode with itself is lost and, hence, in the
remainder we continue to use (5).

2In the general situation, thus in the presence of lossy media, all eigenmodes
are orthogonal with respect to each other if as innerproduct the unconjugated
form of (7), with H∗

2 replaced by H2, is used [33].

with

H1 = ℏ vF


Vu1

ℏ vF
0 −iDx −Dy

0
Vu2

ℏ vF
DT

y iDT
x

iDT
x Dy

Vv1

ℏ vF
0

−DT
y −iDx 0

Vv2

ℏ vF

 , (9)

H2 =
qvF
2

(
0 L

L† 0

)
(10)

and

L =

 iay,u1Ax + iAxay,v1 −ax,u1Ay −Ayax,v2

−ax,u2
AT

y −AT
y ax,v1

iay,u2
AT

x + iAT
xay,v2

 .

(11)

The matrices Vu1
,Vu2

,Vv1 , and Vv2 are diagonal matrices
containing the values of the electrostatic potential at the
locations associated with u1,u2,v1, and v2, respectively. The
matrices ax and ay are constructed in the same way. The
matrix Dx = D̃x ⊗ I , with ⊗ the tensorproduct and[

D̃x

]
i,j

=
1

24∆x
(δi,j−2 − 27 δi,j−1 + 27 δi,j − δi,j+1) ,

(12)
with δi,j the Kronecker delta, represents the discrete analog of
the spatial derivative along x, and likewise for Dy = I⊗D̃y ,
while Ax = Ãx ⊗ I is an averaging operator with[

Ãx

]
i,j

=
1

16
(−δi,j−2 + 16 δi,j−1 + 16 δi,j − δi,j+1) ,

(13)
and likewise for Ay = I⊗Ãy . Remark that the employed dis-
cretization procedure retains the hermiticity of the Hamiltonian
H1 +H2, which is a fundamental property of the system. In
addition, we now split the components of the wave function
into real and imaginary part, rewriting (8) as

dq
dt

= Kp ,
dp
dt

= −KTq, (14)

with

q =


Im(u1)
Re(u2)
Re(v1)
Im(v2)

 , p =


Re(u1)
Im(u2)
Im(v1)
Re(v2)

 . (15)

Starting from (8)-(11) the expression for K is readily derived.
Owing to the specific form of (14), an explicit symplectic
PRK time integrator can be employed [34]. One timestep from
t = n∆t to t = (n+ 1)∆t corresponds to

Qn,0 = qn

Qn,1 = Qn,0 +∆tB1 KPn,1

Qn,2 = Qn,1 +∆tB2 KPn,2

...
Qn,s = Qn,s−1 +∆tBs KPn,s

qn+1 = Qn,s

,

Pn,1 = pn

Pn,2 = Pn,1 −∆t b1 K
TQn,1

Pn,3 = Pn,2 −∆t b2 K
TQn,2

...
Pn,s+1 = Pn,s −∆t bs K

TQn,s

pn+1 = Pn,s+1

,

(16)
where the intermediate values are denoted by capital letters.
The constants Bm and bm, with m ranging from 1 to s,
the total number of substeps, fully characterize the PRK
method. The one used in the rest of this paper agrees with
the fourth-order method employed in [27], [35]. Remark that
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the spatial discretization proposed in (8)-(13) introduces the
vector potential in the stencil in such a way that the structure
of (14) has not changed compared to [27] (only the structure
of matrix K has been modified) and thus, it remains a Poisson
system. Consequently, following the same steps as [27], it is
readily verified analytically that this time stepping technique
conserves the total probability density and total energy of the
system. These excellent conservation properties allow us to
perform long-term simulations, which are needed for the accu-
rate analysis of waveguide structures. In this paper, a resonant
device (see Section IV-A) is modeled, which especially relies
on the aforementioned properties of the novel scheme.

In the same way, the stability of the scheme also follows
from [27], where it was derived that PRK timestepping applied
to the set of equations (14) results in a stable algorithm as long
as

∆t <
CPRK√

ρ
(
KKT

) , (17)

with ρ
(
KKT

)
the spectral radius of the matrix KKT and

CPRK a constant that depends on the used values for Bm and
bm. For the employed fourth-order method it equals 3.0299.
An easier-to-handle stability condition, i.e., which does not
necessitate the computation of the spectral radius of KKT ,
can be obtained by using suitable estimates [27].

The main property of interest is the transmission of the
current from one point to another as a function of energy E
of the charge carriers. To determine this function the following
procedure is adopted. As source, a single eigenmode is injected
into the waveguide in the positive y-direction in a region
with constant cross section. This eigenmode is determined
numerically by means of D̃x

E−Vv1

ℏvF
E−Vu1

ℏvF D̃
T

x

ũ1

ṽ1

 = ky

Ãx 0

0 Ã
T

x

ũ1

ṽ1

 ,

(18)
which is the discretized equivalent of (4). To make this cal-
culation compatible with the time stepping method, the same
staggered grid and fourth-order approximations are employed.
The time dependency of the eigenmode eiEt/ℏ is modulated
by an additional gaussian

1√
2πσt

e
− (t−t0)2

2σ2
t , (19)

with mean t0 and standard deviation σt, making the duration
of the source finite in time. To determine the transmission, an
observer is positioned in a region with constant cross section.
There, the values of u1 and v1 are transformed to the energy
domain by means of a Fast Fourier transform and divided by
the spectral content of the source. For each energy value, the
wave function is a linear combination of different eigenmodes.
To extract an expansion coefficient of this linear combination,
the innerproduct (5) of the wave function with the relevant
eigenmode is taken, which, subsequently, is divided by the
norm of this eigenmode. Multiplying this expansion coefficient
with its complex conjugate yields the transmission from source
to observer (as a function of the energy). With this approach,
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Fig. 2. Simulation setup of a dot resonator coupled to two straight intercon-
nects in graphene.

a single simulation run in the time domain provides us with
the transmission function for the desired range of energies.

IV. RESULTS

A. Dot resonator

Electromagnetic ring resonators have seen widespread use
as spectral filters and sensors [36]. Hence, an electrical analog
in graphene constitutes a convenient building block for future
(more intricate) devices. However, ring-like potentials have
not been realized yet in graphene. Therefore, we shift our
attention to dot resonators instead, which yield very similar
results. The eigenmodes of a dot, also called whispering
gallery modes, have been probed by means of a scanning
tunneling microscope in [18]. In [19], a dot was positioned
in a graphene constriction that was connected to a drain and
source electrode and strong signatures of whispering gallery
modes were observed in the current through the constriction.
However, a less invasive and more tunable approach to exploit
these resonances is to couple the dot to an electrostatically
induced waveguide as the coupling between the dot and the
waveguide can be tweaked by simply changing the electro-
static potentials [19].

The simulation setup of the dot resonator structure that is
studied here is given in Fig. 2. To account for open boundaries,
the simulation domain is terminated by an absorbing layer
of thickness tAB [37]. As confining potential for the straight
waveguides, a hyperbolic secant potential is employed

V (x, y) = − V0

cosh(βx)
, (20)

with β = 2 arccosh(2)
W , W the full width at half maximum,

and V0 the potential depth. In practice, this potential profile
can be realized approximately by means of a wire suspended
above the graphene plane [7]. In addition to being relevant
for top-gated structures, this potential also has the advantage
of supporting analytical solutions for the eigenmodes [7],
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Fig. 3. Transmission as a function of energy E from the lower right waveguide
segment (source) to the lower left segment (observer).
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Fig. 4. Transmission as a function of energy E from the lower right waveguide
segment (source) to the lower left segment (observer) for different values of
the distance d between the center of the ring and the waveguide.

allowing us to validate the eigenmode solver. As value for W ,
8 nm was employed, which — according to [24] — is a realistic
value. Note that this characteristic length of the potential
is much larger than 0.142 nm, the length of the bonds in
graphene, allowing us to neglect intervalley scattering [9].
The parameter V0 equals 0.25 eV, leading to a waveguide
supporting only a single bound mode for the energy range
of interest. The potential of the dot is given by

V (x, y) =

{
−V1, if r < R,

− V1

cosh(β(r−R)) , otherwise,
(21)

where V1 equals 0.15 eV. For the simulations presented in
this section, the following values of the other parameters are
used: d = 55 nm, L = 200 nm, R = 45 nm, tAB = 80 nm,
σt = 80 fs, and t0 = 480 fs and the simulation domain is
discretized using 15 cells per wavelength λ (= 2π/ky , with ky
the eigenvalue of the eigenmode injected into the waveguide
at the source). The parameters of the dot were chosen in
such a way that only the first-order eigenmode is excited. The
eigenvalue problem associated with the dot is discussed in the
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Fig. 5. Comparison between the transmission calculated by means of the
presented PRK method and the leapfrog method of [26] for a varying number
of grid cells per wavelength (λ/∆x).

Appendix.
A first simulation result is presented in Fig. 3. The trans-

mission as a function of energy from the lower right waveg-
uide segment (source) to the lower left segment (observer),
represented by the blue, solid curve, exhibits some clear
resonance peaks. For specific values of the energy, the incident
mode is fully transmitted to the observer. In addition, the
energies of the eigenmodes of the dot have been marked
by the dashed lines. As pointed out in the Appendix, these
can be calculated directly by means of the same eigenmode
solver (see Section III), albeit with a transformed electrostatic
potential. It is noted that the resonance peaks are slightly offset
from the ideal theoretical prediction. This is to be expected
because the waveguides consist of a smooth potential of which
its tails extend well into the dot, thus affecting the confining
potential of the dot. To check this hypothesis, the distance d
between the center of the dot and the waveguide is varied in
Fig. 4. By increasing this distance, the resonance peak indeed
shifts towards higher values of the energy, i.e., towards the
expected position of the resonance peak, thereby confirming
our hypothesis. In addition, it is also noted that when d is
increased, and thus when the coupling is reduced, that the
width of the resonance peaks decreases, which is in agreement
with the Heisenberg uncertainty principle. Remark that in the
same way, the potential depth V0 can be varied to change the
position and width of the resonance peaks.

In Fig. 5 the novel PRK technique is compared to another
method, the second-order leapfrog technique from [26], for a
varying number of grid cells per wavelength. It is observed
that the results of the PRK technique converge faster owing
to the higher-order accuracy. Only for a considerably larger
amount of grid cells per wavelength (40 instead of 10) the
leapfrog method can determine the resonance frequency with
an accuracy comparable to that of the PRK method. However,
the numerical simulations, performed on a Dell laptop with
Intel Core i7 Processor (6×2.70 GHz) and 16 GB RAM,
took 1532 s for the leapfrog technique and 365 s for the
novel PRK scheme, thus the PRK scheme is more efficient.
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Fig. 6. Transmission as a function of energy E from the lower right waveguide
segment (source) to the lower left segment (observer) for different values of
B0, the amplitude of a constant magnetic field perpendicular to the graphene
layer.

In addition, the leapfrog systematically underestimates the
height of the transmission resonance. Therefore, the PRK
method is the preferred technique for the simulations of these
electrostatically induced waveguide structures in graphene.

To demonstrate that the resonance peaks can also be tuned
by means of a vector potential, an additional constant magnetic
field perpendicular to the graphene layer B = B0uz is
introduced. As corresponding polar components of the vector
potential, we take Ar = 0 and Aθ = B0 r

2 . This means that
the eigenvalue problem for the dot now changes from (A.5)
into

(E − V )

(
ũ
ṽ

)
=

vF

[
−iℏσx

∂

∂r
+ ℏσy

(m+ 1/2) ℏ− qB0 r
2/2

r

](
ũ
ṽ

)
,

(22)

where m should be an integer value for ( ũṽ ) to be an eigen-
mode as explained in the Appendix. Equation (22) indicates
that when a constant magnetic field is introduced, m will
be shifted. Consequently, to match the requirement that m is
integer, the resonance energy needs to shift as well. To check
this behavior an additional set of simulations is performed
with the angular component of the vector potential Aθ equal
to B0 r

2 . The results are displayed in Fig. 6 and agree with
the expectations. The resonance peaks are shifted and the size
of the shift is determined by the magnitude of the magnetic
field. These results indicate that the magnetic field introduces
an additional degree of freedom to tailor the properties of the
device.

B. Splitter

The next example that is considered in this paper is the split-
ter. In [38] a Y-shaped splitter was proposed and investigated
numerically. The presented splitter contains several bends,
while only straight potential wells have been realized yet in
graphene [24]. Therefore, we consider a different structure
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Fig. 7. Simulation setup of splitter consisting of three straight waveguide
segments.
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Fig. 8. Transmission through the splitter as a function of the length L2 of
region II for the standard and optimized situation. The solid and dotted lines
represent the left observer and right observer of this device, respectively.

instead, consisting only of straight waveguide segments. The
setup is depicted in Fig. 7. A mode propagating along the
positive y-direction is injected at the source in the bottom
waveguide segment (region I). In region II of length L2 it
couples into the two other waveguides. By carefully tuning
L2 the performance of the splitter is optimized such that the
current is transmitted towards the two observers, which are
positioned in region III, in equal proportions of 0.5.

For the simulations the hyperbolic secant potential is again
employed with parameters W = 8 nm and V0 = 0.25 eV. For
the other parameters the following values are used: d = 28 nm,
L1 = 25 nm, E = 0.03 eV, tAB = 80 nm, σt = 80 fs, and
t0 = 480 fs. To discretize the simulation domain 15 cells
per wavelength are chosen. For these values, the transmission
to the two observers as a function of L2 is represented by
the grey solid and dotted line in Fig. 8. For every value of
L2, the transmission is significantly below 0.5, indicating that
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Fig. 9. Real part of the three lowest-order eigenmodes of region II and the
lowest-order eigenmode of region I for the standard (a) and optimized (b)
situation.

the coupling to the two outgoing waveguides is suboptimal.
To explain these results, the normalized, three lowest-order
eigenmodes of region II and lowest-order eigenmode of region
I are plotted as a function of x in Fig. 9a. At the source the
first-order mode Ψ̃I

1 is injected into the waveguide. From
mode matching theory we know that this incoming mode
will excite a linear combination of eigenmodes in region
II. Since the incoming mode is symmetric, the expansion
coefficient related to the anti-symmetric second-order mode
Ψ̃II

2 is zero. Consequently, at the boundary between region I
and II, the linear combination of excited modes in region II
can be approximated, up to a phase factor, as c1Ψ̃

II
1 + c3Ψ̃

II
3 ,

with c1 = ⟨Ψ̃II
1 , Ψ̃

I
1⟩/⟨Ψ̃II

1 , Ψ̃
II
1 ⟩ and likewise for c3. The

eigenvalues related to the eigenmodes Ψ̃II
1 and Ψ̃II

3 are kII
y,1 =

0.318 nm−1 and kII
y,3 = 0.278 nm−1, respectively. Because the

incoming mode is solely confined to the central waveguide, the
off-center peaks of c1Ψ̃

II
1 and c3Ψ̃

II
3 (located at x ≈ 46 nm

and x ≈ 74 nm) cancel each other out, which is illustrated by
the orange line of Fig. 10a. At the interface between region
II and region III, the opposite situation, i.e., the main peaks
cancel while the off-center peaks add up, is desired. When
choosing L2 equal to π/ (ky,1 − ky,3) ≈ 78.5 nm, the expan-
sion coefficients will have switched sign with respect to each
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Fig. 10. Real part of the first component u of c1Ψ̃II
1 , c3Ψ̃II

3 , c1Ψ̃II
1 +c3Ψ̃II

3 ,
and c1Ψ̃II

1 − c3Ψ̃II
3 for the standard (a) and optimized (b) situation.

other and the central peaks will now cancel, however, only
partially. This situation is represented by the grey dotted line
of Fig. 10a, where it is seen that the difference c1Ψ̃

II
1 − c3Ψ̃

II
3

still exhibits a relatively large peak at x ≈ 60 nm, explaining
the suboptimal transmission of Fig. 8.

One of the main strengths, though, of electrostatically
induced waveguide devices is their tunability. By simply
changing the electrostatic potential, the properties of the
waveguide can be modified. Therefore, we change the value of
V0 for the left and right electrostatic potential from 0.25 eV to
0.2625 eV. The resulting eigenmodes Ψ̃II

1 , Ψ̃II
2 , and Ψ̃II

3 , with
related eigenvalues kII

y,1 = 0.325 nm−1, kII
y,2 = 0.312 nm−1,

and kII
y,3 = 0.291 nm−1, respectively, are plotted in Fig. 9b.

The optimal length of L2 is now given by 92.4 nm for
the theoretical case of sharp potential steps to terminate
the waveguides at the end. For this optimized situation, the
difference c1Ψ̃

II
1 − c3Ψ̃

II
3 does not exhibit a peak anymore at

x ≈ 60 nm (Fig. 10b). Consequently, as demonstrated in Fig. 8,
the transmission of this optimized setup now indeed reaches
the maximum of 0.5, and thus the device of Fig. 7 functions as
an ideal splitter. Note that the maximum of 0.5 is positioned at
a value of L2 slightly below the theoretical one. As the three
potentials are not terminated abruptly, but rather smoothly, the
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effective coupling length is slightly longer than L2.

V. CONCLUSION

In this paper, we have presented a novel technique based on
higher-order conservative partitioned Runge-Kutta time step-
ping, adapted to the analysis of electronic waveguide devices
in graphene. It was demonstrated that the excellent long-term
properties of the time stepping scheme are retained in the
presence of a vector potential. Additionally, a theoretical study
of the eigenmode problem in the waveguide was presented,
which is necessary to define and physically interpret the trans-
mission properties. Subsequently, this technique was applied
to the study of two examples: a dot resonator and a splitter.
The dot resonator exhibited frequency selective behavior that
proved to be tunable by both the scalar and vector potential.
Additionally, the results were considerably more accurate than
those obtained with second-order leapfrog method, illustrating
the higher-order accuracy of the constructed technique. A
50/50 splitter topology in graphene was discussed containing
no bends. By carefully modifying the properties of the waveg-
uides, which is possible thanks to their highly tunable nature,
the desired output characteristic was obtained.
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APPENDIX
EIGENMODES OF A DOT

To determine the eigenmodes of the dot, the Dirac equa-
tion (1) is first transformed from Cartesian coordinates (x, y)
to polar coordinates (r, θ). Hence, ∇ equals ∂

∂rur +
1
r

∂
∂θuθ,

while σ = σrur + σθuθ and a = arur + aθuθ. Given that(
ur

uθ

)
=

(
cos θ sin θ
− sin θ cos θ

)(
ux

uy

)
, (A.1)

it is readily shown that

σr =

(
0 e−iθ

eiθ 0

)
and σθ =

(
0 −ie−iθ

ieiθ 0

)
. (A.2)

Substituting these expressions into (1), yields the Dirac equa-
tion in polar coordinates:

iℏ
∂

∂t
u = vF e−iθ

[
−iℏ

∂

∂r
− ℏ

r

∂

∂θ
− qar + iqaθ

]
v + V u

iℏ
∂

∂t
v = vF eiθ

[
−iℏ

∂

∂r
+

ℏ
r

∂

∂θ
− qar − iqaθ

]
u+ V v.

(A.3)

As the electrostatic potential is rotationally symmetric, it only
depends on the variable r. Additionally, assume that the vector
potential is zero. Then, consider the following ansatz for the
wave function [18](

u(r, θ, t)
v(r, θ, t)

)
=

eiEt/ℏ
√
r

(
ei(m−1)θ ũ(r)
eimθ ṽ(r)

)
. (A.4)

Consequently, by employing (A.4), (A.3) is rewritten into

(E − V )

(
ũ(r)
ṽ(r)

)
=

vF

[
−iℏ σx

∂

∂r
+ ℏσy

m+ 1/2

r

](
ũ(r)
ṽ(r)

)
,

(A.5)

which constitutes an eigenvalue problem, with as eigen-
value m. Remark that u (r, θ, t) equals u (r, θ + 2π, t), which
means that m should be an integer number and thus, that
only for specific values of the energy E an eigenmode can be
found. Equation (A.5) can be discretized directly and solved
via numerical techniques. Here, however, we adopt a slightly
different approach. We additionally apply the following con-
formal transformation [39]

r = Rc e
x′/Rc , (A.6)

with Rc a constant, to (A.5), yielding

(E − V ) ex
′/Rc

(
ũ(x′)
ṽ(x′)

)
=

vF

[
−iℏσx

∂

∂x′ + ℏσy
m+ 1/2

Rc

](
ũ(x′)
ṽ(x′)

)
,

(A.7)

which can be rearranged into the exact same form as (4)
allowing us to reuse the same numerical method as for the
straight waveguides.
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