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Matrix-Free Gauss-Newton Method for Large-Scale
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Abstract—Electrical impedance tomography (EIT) is a non-
invasive imaging technique that reconstructs the internal conduc-
tivity distribution of a target object, with applications spanning
medical imaging, geophysics, and industrial process monitoring.
While the iterative Gauss-Newton (GN) method is widely adopted
for its superior reconstruction accuracy, conventional implementa-
tions suffer from prohibitive computational and memory demands
in large-scale EIT problems. To overcome these limitations, this
study introduces the concept of a single electrode model (SEM),
which streamlines the calculation of the Jacobian matrix. Building
upon SEM, we propose a computationally efficient implementa-
tion of the matrix-free Gauss—-Newton (MF-GN) method for EIT,
which eliminates the need for explicit storage and manipulation
of large Jacobian matrices. The proposed MF-GN method attains
reconstruction accuracy comparable to that of the conventional
GN method while reducing memory usage by orders of magnitude
and substantially accelerating computation for large-scale systems.
Numerical experiments and real-data validations demonstrate its
efficacy, underscoring the potential of MF-GN for solving large-
scale EIT problems.

Index Terms—Electrical impedance tomography, Gauss-Newton
method, large-scale problem, matrix-free method.

I. INTRODUCTION

LECTRICAL Impedance Tomography (EIT) is an imaging
E technique that reconstructs the conductivity distribution
within a target region by analyzing boundary voltage and current
measurements. Electrodes placed around the target region inject
small electrical currents, and the resulting boundary voltages
are recorded. Using these current-to-voltage measurements, an
inverse problem is solved to estimate the internal conductivity
distribution, typically by minimizing the difference between
measured voltages and those simulated based on a forward
model. Due to its non-ionizing, low-cost, and portable nature,
EIT has found applications across a wide range of fields, in-
cluding medical imaging (e.g., lung function monitoring, brain
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imaging, and cancer detection) [1], in-vitro imaging [2], geo-
physical exploration [3], and industrial process monitoring [4].
Despite these advantages, the ill-posed and nonlinear nature of
the EIT inverse problem poses significant challenges to achiev-
ing high-resolution and accurate imaging results.

Traditional EIT imaging methods encompass a variety of
approaches, including the back-projection method [5] and the
D-bar method [6]. The backprojection method offers simplicity
and computational efficiency, but is limited in resolution and
robustness to noise. The D-bar method, which is based on
complex geometrical optics, provides direct reconstructions and
is computationally efficient for certain scenarios. However, both
methods often struggle with handling high levels of noise or
providing high spatial resolution. These limitations have driven
the development of iterative reconstruction techniques, such as
gradient-based methods and the Gauss-Newton (GN) method,
which iteratively refine the conductivity distribution to minimize
an objective function that quantifies the discrepancy between
observed and simulated voltage data.

Gradient-based methods, such as Conjugate Gradient (CG)
[7], ADAM [8], and Limited-memory BFGS (L-BFGS) [9],
compute the first-order derivative (gradient) of the objective
function with respect to the conductivity model using an ad-
joint method [10], without explicitly calculating the Jacobian
matrix. Gradient-based methods are memory efficient, mak-
ing them well-suited for large-scale problems. In contrast, the
GN method [11] explicitly employs the Jacobian matrix to
approximate the second-order derivative (Hessian matrix) of
the objective function, resulting in faster convergence and more
accurate reconstructions compared to gradient-based methods.
However, the computational and memory demands of the GN
method become prohibitive in large-scale EIT applications. This
limitation primarily arises from the need to explicitly compute
and store the Jacobian matrix, as well as to solve the large linear
system, both of which scale poorly with problem size. This issue
is particularly severe in applications such as three-dimensional
(3D) EIT of the brain, breast, and other biological tissues using
hundreds of electrodes [12], [13], where the Jacobian matrix
alone can require hundreds of gigabytes (GB) of memory.

In recent years, Deep Learning (DL) has significantly ad-
vanced EIT [14], [15], with methods broadly categorized into
data-driven and model-driven approaches. Within the data-
driven category, direct mapping is the most common method,
utilizing Neural Networks (NNs) to learn a supervised re-
lationship between boundary measurements and conductivity
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distributions [16], [17], [18], [19]. However, these approaches
often operate as a “closed box,” lacking physical interpretability
and failing to guarantee that the results satisfy the underlying
governing equations. Furthermore, they are highly sensitive to
noise and domain changes. Another data-driven approach is
the feature-based method, which incorporates multi-modality
information to reduce ill-posedness. These methods use NNs
to extract structural or anatomical features (e.g., organ bound-
aries) from other modalities, such as X-ray image [20], and
integrate them as priors into the EIT framework. Despite their
potential, both data-driven categories suffer from the diffi-
culty of acquiring sufficient, high-quality training data for most
EIT applications. Alternatively, model-driven methods, such as
NN-regularized approaches, introduce implicit regularization
by re-parameterizing the conductivity model with NNs with-
out requiring training data [21], [22], [23], [24]. While these
methods improve reconstruction accuracy, they typically require
extensive trial-and-error in tuning hyperparameters due to a
lack of theoretical guidance. This process is computationally
prohibitive for large-scale EIT problems.

To mitigate the trade-off between reconstruction accuracy
and computational cost encountered in existing EIT methods
for large-scale applications, we propose integrating matrix-free
(MF) computation techniques into the GN method. Originally
developed for iteratively solving large linear systems where
the system matrix is too large to be stored explicitly, the MF
approaches eliminates the need to explicitly form or store the
system matrix by computing matrix-vector products on-the-fly
during each iteration [25], [26]. Such approaches have been suc-
cessfully applied in medical imaging, including X-ray computed
tomography [27] and magnetic resonance imaging [28], where
the matrix-vector products can be computed efficiently. How-
ever, directly applying the MF approaches to the GN method
in the context of EIT introduces significant challenges due
to the high computational cost of repeatedly constructing the
Jacobian matrix (explained in the Section II-D). To overcome
this issue, this paper also proposes an efficient strategy for Jaco-
bian matrix computation. The resulting matrix-free GN method
(MF-GN) effectively mitigates both memory and computational
bottlenecks of the conventional GN method without sacrificing
the reconstruction accuracy, enabling high-fidelity imaging in
large-scale EIT applications,

II. METHODS
A. Forward Problem

The forward problem of EIT can be modeled using either the
Point Electrode Model (PEM) [29] or the Complete Electrode
Model (CEM) [30]. The key distinction between these models
lies in their treatment of electrode effects. The CEM incorporates
the electrodes’ geometry and contact impedance, providing a
more accurate representation of the physical measurement pro-
cess. In contrast, the PEM simplifies the model by neglecting
these effects, prioritizing computational efficiency. This simpli-
fication makes the PEM suitable for scenarios where the size
of electrodes is negligible relative to that of the computational
domain or in time-difference EIT applications, where electrode
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effects are mitigated by subtracting measurements taken at dif-
ferent time points.

Mathematically, the PEM can be viewed as a special case
of the CEM, where both electrode size and contact impedance
are assumed to be zero. The CEM problem can be numerically
solved using the Finite Element Method (FEM) [31]. Consider
a bounded domain discretized into N vertices and M finite
elements, with L electrodes attached to its boundary. Assuming
Neumann boundary conditions, the FEM formulation of the
CEM is expressed as [32], [33]:

il o
J

Am -

where A € CIN+L)*(N+L) i the system matrix, the vector
u € CN*! represents the nodal potentials at the mesh vertices,
while @ € CX*! contains the electric potentials on the elec-
trodes. The vector j = {j;}, € C* specifies the net current
injected through each electrode.

In (1), the system matrix A is determined by the spatial
distribution of the electrical conductivity, the finite element mesh
topology, the electrode configuration, and the electrode—medium
contact impedance. Notably, A is independent of the applied
current injection pattern. Initially, A is rank-deficient due to
the gauge freedom inherent in electric potential. However, this
deficiency can be resolved by fixing a reference potential (e.g.,
grounding a node or electrode), after which A becomes full
rank, ensuring the existence and uniqueness of the potential
distribution [u; 4.

From a physical standpoint, the current injection vector j must
satisfy the law of conservation of electric charge:

L
> Gi=0. )
=1

Once the system in (1) is solved for a given current injection,
the voltage measurements (potential difference between two
electrodes) v € R? can be computed as:

v = Du, (3)

where D € R7*L is the measurement operator matrix, and ¢
denotes the number of voltage measurements during the current
injection. Each row of D contains exactly one entry of 1 and one
entry of —1, corresponding to a specific pair of electrodes used
for voltage measurement; all other entries are zero.

B. Single Electrode Model

As indicated in (1), the potential distribution [u; 0] is linearly
dependent on the current injection j. Leveraging this linearity,
we introduce the concept of the Single Electrode Model (SEM),
in which a unit current is injected through a single electrode,
with no current exiting elsewhere. In this model, the element
of j corresponding to the injection electrode is set to 1, while
all other elements are set to 0. For a system with L electrodes,
there are thus L SEM problems to be solved. Although these
SEM problems are not physically realizable (since they violate
current conservation), they remain mathematically solvable as



DENG et al.: MATRIX-FREE GAUSS-NEWTON METHOD FOR LARGE-SCALE ELECTRICAL IMPEDANCE TOMOGRAPHY 879

the square system matrix A becomes full-rank once a ground
point is specified.

By solving these L SEM problems using a common ground
point and storing the resulting potential distributions, the poten-
tial distribution for any current injection satisfying the current
conservation law (2) can be efficiently reconstructed through
linear combinations of the SEM solutions.

As an example, in a system with L electrodes, there are C%
possible two-electrode current injections, where current flows
into one electrode and exits through another. Conventionally,
obtaining the potential distribution corresponding to these C?
patterns requires solving (1) individually for each current in-
jection satisfying the current conservation law (2). To improve
computational efficiency, the LU decomposition method is com-
monly employed, wherein the system matrix A is factorized
once into lower and upper triangular matrices L and U, and the
following system is solved for each current injection:

(.)] , U N — x. @)
J u

Alternatively, by leveraging the SEM approach, the potential
fields corresponding to all C? two-electrode current injections
can be efficiently constructed through linear combinations of
only L precomputed SEM solutions. This approach requires
solving (4) only L times. Specifically, the potential distribution
corresponding to current flowing into electrode a and exiting
through electrode b can be expressed as:

[‘f“”] = [“] - [‘fl’] : )
Ugbh Ug uy

where [ugp,1,5)" denotes the potential distribution resulting
from a current injected at the a-th electrode and extracted at
the b-th electrode, and [u,, 0,]" and [uy, @] " are the potential
distributions obtained from the SEM solutions corresponding to
unit current injections at electrodes a and b, respectively.
Similarly, the corresponding electric fields are given by:

€qb = €4 — €y, (6)

where e,, = Vuy, €, = Vu,, and e, = Vu, represent the
spatial gradients of the corresponding potential fields.

It is important to note that for a system with L electrodes,
the number of possible current injections satisfying the current
conservation law is theoretically infinite. However, the number
of linearly independent current injections is at most L. The
selection of these independent patterns is not unique; any set
of L linearly independent current injections can be used to
represent all others through linear combinations. Nevertheless,
in this work, we adopt the I SEMs as they offer a straightforward
and intuitive choice for constructing arbitrary current injections.

C. Conventional Implementation of GN Method

The inverse problem in both absolute EIT and time-difference
EIT can be formulated within a unified optimization framework
as:

5 = argmin [ Av(y) — Av?, 9

where Avgys = vi2 — vil denotes the observed voltage dif-

ference between two time points t; and ta, and Av(y) =
v(7y) — v(7,r) represents the difference between the voltages
simulated based on the conductivity model « and the reference
conductivity model ~y,.;. The reference conductivity model 7y,
is normally chosen as a homogeneous conductivity distribution.
By setting Vil = v(7,), (7) degrades into an absolute EIT
problem.

The optimization problem in (7) is nonlinear and typically
solved using iterative methods. A general update rule at the k-th
iteration is given by:

Yi+1 = Ve — A, (®)

where A~ denotes the update to the conductivity distribution,
the initial conductivity model =y, can be set identical to 7y,

The update of the conductivity model A~ can be computed
using the Gauss-Newton (GN) method or other gradient-based
optimization algorithms such as CG, L-BFGS, and ADAM.
Among these methods, the GN algorithm is particularly favored
in small-to-medium scale EIT problems due to its second-order
convergence, often leading to more accurate reconstructions and
faster convergence than the gradient-based methods. In the GN
framework, A~ is obtained by solving:

JIAy =T (Av(7yy) — AvVops) , )
where J = a‘éw) |y=-, is known as the Jacobian matrix, typi-

cally computed using the adjoint method [32].
Each row of J corresponds to a voltage measurement. The

s-th row of J can be numerically computed as:
Js: = —€forward © €adjoint © Sa (10)

5

where © denotes element-wise multiplication, S € RM repre-
sents the volume (or area in 2D) of each discretized element,
and €forwarg and eygjoine are the electric fields derived from the
gradients of the forward and adjoint potential fields:

(11)

€forward = V Uforward s €adjoint = Vuadjoinl-

As the forward problem of EIT is complex-self-adjoint, its
adjoint problem shares the same numerical expression as (1) with
a different “current injection”. Specifically, for the s-th voltage
measurement, if the current is injected through electrodes a and
b, and the voltage is measured between electrodes ¢ and d, then:
® Ufyward 1S the potential field generated by injecting a unit
current from electrode a to electrode b.
® U,gjoinc 18 the potential field generated by injecting a unit
current from electrode c to electrode d.

In conventional GN implementations, both the Jacobian ma-
trix J and the approximate Hessian matrix J*J must be explicitly
computed and stored. Since each row of J requires solving a
pair of forward and adjoint problems in (4), followed by the
element-wise operations in (11) and (10), the process becomes
computationally and memory intensive—particularly in large-
scale EIT systems with numerous measurements and highly
discretized domains.
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D. Matrix-Free GN Method

Instead of solving the normal (9) associated with the GN
method to obtain A~y, which imposes a significant memory and
computational burden in large-scale EIT applications, alterna-
tive approaches [34], [35] propose solving the linearized system
directly via matrix-free methods:

JA~y = Av () — Avps. (12)

In this work, we specifically propose the use of the Least Squares
Minimal Residual (LSMR) method to solve (12). LSMR is an
iterative Krylov subspace method [36], [37] specifically de-
signed for large, sparse, orill-conditioned systems. Since solving
(12) via LSMR is analytically equivalent to solving the normal
equations via the Minimal Residual (MINRES) method [38], we
refer to the proposed approach as the Matrix-Free Gauss-Newton
(MF-GN) method. Extensive analyses of the numerical stability
and convergence properties of the LSMR method can be found
in [39], [40].

Like other matrix-free solvers, LSMR necessitates the evalua-
tion of the matrix—vector products Jv and J*u in each iteration,
where v and u represent intermediate vectors. Given that con-
vergence may require hundreds or even thousands of iterations,
the primary computational challenge in the MF-GN framework
lies in the efficient evaluation of J or its adjoint. Leveraging the
flexibility of our proposed SEM basis, we present the following
efficient formulations for computing J either row-wise (for Jv)
or column-wise (for J*u):

Js,: = _Ps,:E © (QS,IE)v (13)
or
J:,m = _PE:,m © (QE:,m)-

Here, E € REXM g an electric field matrix, with its I-th row
defined as:

(14)

E,.=e 0SY? (15)

where e, is the electric field of the SEM problem activated by the
I-th electrode, and S'/? is the element-wise square root of the
element volume (or area) S. Equations (13) and (14) are tailored
for parallel computation of matrix-vector products Jv and J*u,
respectively.

Matrices P and Q have dimensions S x L, encoding the
current injection pattern and voltage measurement patterns,
respectively. For the s-th voltage measurement, assuming the
current is injected from electrode a and exits from electrode b,
and the voltage difference is measured between electrodes c and
d, the s-th row of P and Q contains only two non-zero elements:

Ps,a = 17 Ps,b = *L Qs,c = 1, Qs,d = -1 (16)

Once the matrix E is precomputed, evaluating J via (13) or (14)
becomes substantially more efficient than the traditional ap-
proach involving explicit forward and adjoint solves as described
in (4), (11), and (10). This is primarily due to the sparsity of
P and Q. However, it is important to note that in scenarios
where multiple electrodes are used for current injection, P be-
comes denser, leading to increased computational and memory
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demands for evaluating the matrix—vector products required by
LSMR.

E. Memory Cost and Computational Complexity

The following analysis of memory cost and computational
complexity is conducted under the following assumptions: a)
The imaging domain is discretized into M finite elements and NV
vertices. In most finite element meshes, N < M ; b) The system
comprises L electrodes, leading to S = O(L?) independent
voltage measurements [41]; c) The set of S independent voltage
measurements consists of S, current injection patterns and .9,
distinct voltage measurement patterns; d) The current is injected
through p electrodes for each current injection pattern.

For the L electrodes, the maximum number of independent
current injection pattern is L, resulting S. < L. If each current
injection pattern shares the same measurement pattern (such as
the adjacent measurement [42]), then S, < L. Thus, we have:

S.+ 8, <2L < S =0(L?). (17)

However, for some specialized measurement protocols, such as
the one generated by maximizing the “sensitivity volume” to get
better imaging reconstructions [43], [44], each independent cur-
rent injection pattern may have different voltage measurement
patterns, which results:

S.+ 8, < S =0(L?. (18)

To maintain well-posedness in the inverse problem, the num-
ber of discretized elements M is generally kept smaller than
the number of measurements S. However, with proper regu-
larization techniques, configurations where M > S can also
yield stable solutions. This leads to the fundamental parameter
relationship:

L<EN<M<S=0(L? (19)

where the M/ < S notation indicates that either relationship may
hold.

1) Memory Requirements: In the conventional GN frame-
work, the dominant memory consumption arises from storing
the Jacobian matrix J € RS*M and its associated Hessian ap-
proximation J*J € RM>*M These require memory on the order
of O(SM) and O(M?), respectively. The total memory cost for
the conventional GN method ¢gy is thus:

pon = O(SM + M?). (20)

In contrast, the proposed MF-GN method significantly re-
duces memory usage by avoiding the explicit storage of the
Jacobian matrix. Instead, the main memory components include
the precomputed electric fields E € R“*M for the L SEM prob-
lems, requiring O(LM ) memory; the current injection pattern
matrix P € RS*P, requiring O(pS) memory; and the voltage
measurement configuration matrix Q € R*2, requiring O(2.5)
memory. Accordingly, the total memory cost of the matrix-free
method ¢npgn iS:

¢MF-GN = O(LM + (p + 2)5)

In typical EIT applications, current is injected through pairs of
electrodes (p = 2).

ey
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2) Computation Complexity: In the conventional GN meth-
od, the Jacobian matrix J must be first constructed, which re-
quires to perform LU decomposition of the sparse system matrix
A for once, and solving (4) for (S, + S, ) times to obtain Ugyrward
and Uggjoine [33], [35], and finally assembling J row-by-row
following (10) and (11). For 3D FEM problems of EIT that
build on tetrahedron mesh, the LU decomposition of A requires
O((N + L)?) Floating Point Operations (FLOPs), and solving
(4) per-time requires O((N + L)*/3) FLOPs [45], [46]. Assem-
bling J row-by-row requires O(SM) FLOPs. Consequently,
the overall computational complexity 13 of constructing the
Jacobian matrix is:

Y3 = O(N?) + O((Se + S,)(N + L)*3) + O(SM). (22)

After building the Jacobian matrix, the major computation
cost of conventional GN method arises from constructing the ap-
proximate Hessian matrix J*J, which requires O(SM?) FLOPs.
Finally, solving the linear system in (9) using a direct solver adds
O(M?3) FLOPs. Therefore, the overall computational complex-
ity of the conventional GN method, denoted by 1N, is given
by:

Yon = 3+ O(SM?) + O(M?). (23)
When employing an iterative solver for (9), ¢)gn becomes:
Yon = Y3 + O(SM?) + O(fM?), 24

where f denotes the iteration count required by the iterative
solver for convergence. For the EIT applications that satisfy
(17), vy is negligible in (23) and (24).

In the proposed MF-GN method, we also need to perform
the LU decomposition of A and then precompute the electric
field matrix E in (15) by solving (4) for each of the L SEM
problem, requiring O((L(N + L)*/3) FLOPs. Then, the matrix-
vector products Jw and J*w required by the LSMR algorithm
are computed on-the-fly using (13) or (14), with a per-iteration
cost of O(2(p + 3)SM) FLOPs. Assuming LSMR requires f
iterations to converge, the overall complexity of the MF-GN
method v iS:

Ymron = O(N?) + O(L(N + L)*?) + 0(2(p + 3) fSM).
(25)
The iteration count f in (24) and (25) is influenced by the
condition numbers of J*J and J, respectively. Although both
matrices are generally ill-conditioned, the use of regulariza-
tion and preconditioning techniques, discussed in the following
subsection, can substantially improve their conditioning. As a
result, in large-scale EIT applications, the iteration count f often
satisfies:

/< min(S, M). (26)

Under the condition described in (26), the computational
complexity of the MF-GN method given in (25) can be lower
than that of the conventional GN method described in (23)
and (24). This highlights the superior computational efficiency
of the proposed MF-GN approach in large-scale EIT scenarios.

F. Regularization and Precondition

Due to the ill-posed nature of the EIT inverse problem (7),
both the Jacobian matrix J and its normal form J*J are typically
ill-conditioned. To address this issue, the problem is commonly
regularized as follows:

¥ = argmin[|Av(y) = Aven " + 28 (7). 27)
where W(~) is a regularization functional that encodes prior
information, and A > 0 is the regularization parameter that
balances data fidelity and regularization.

Incorporating this term modifies the GN update (9) into the

following regularized form:

(J*'T +AR) Ay = T (Av(7,) — AVeys) (28)

where R = 8\1’7('7’“) denotes the Hessian (or an approximation

thereof) of the regulanzatlon functional at the current iteration.

For some commonly used regularization strategies in EIT,
such as Tikhonov regularization and Total Variation (TV) reg-
ularization [47], [48], the corresponding R is typically sparse
and can be (approximately) decomposed as R = R*R. Thus
(28) can be rewritten in the following form for implementing
the matrix-free LSMR method:

Av(yy) —
0

Avps

Ay = (29)

J
VAR
The regularization term in (29) can alternatively be formulated
to directly constrain A~y rather than + via ¥(+). However,
such regularization approaches require careful consideration, as
their influence on ~ may lack interpretability. Moreover, this
modification disrupts the theoretical equivalence between (28)
and (29).
To improve the convergence behavior of iterative solvers like
LSMR, we solve a right-preconditioned version of (29):

J AV (v) — AV
Py = , 30
[ ViR y 0 (30)
where the solution is recovered via:
Ay =Py, GD

and P is the right preconditioner.

For simplicity and computational tractability, we propose
using a diagonal preconditioner defined by the reversed column-
wise {2 norms of the augmented Jacobian matrix:

-1

J
P = dia , 32
¢ ‘ L/X R] _ G2
Lm m=1
where || - || denotes the ¢5 norm.

Aslong as R, R, and P are implemented as sparse matrices,
the memory and computational cost analysis presented earlier
remains valid, even with regularization and preconditioning
applied. The pseudocode for solving the preconditioned sys-
tem (30) using a matrix-free LSMR algorithm is provided in
Algorithm 1.
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Algorithm 1: Computation of A~ at the k-th MF-GN Iter-
ation for Time-Difference EIT.
E SEM electric field matrix defined by (15)
P , Q current injection and voltage measurement
pattern matrices defined by (16)
‘R regularization operator
A regularization weight

Require:Av,,, measured voltage difference between
time point t; and ¢
Av(y;,) simulated voltage difference between

7, and reference conductivity model 7, ¢
tol LSMR stopping tolerance
Smax maximum LSMR iterations

Ensure: A~
: Compute the preconditioning matrix P:
:form =1to M do
j — 7(PE:,m) © (QE:,m)
P 1/\/ TG + A Resnll2
: end for
: Define matrix-free matrix-vector product operators:
: function ForwardProductv
u < 0 >w is a vector in length of S + M
for s = 1to S do
10: Us  —(Pmm)(Ps,E® Q. .E) - v

> J is implicitly built row-wise using (13)
11: end for
12: usitsim — VAR(Po)

14:  returnu
15: end Function
16: function AdjointProductu
17: v < 0 >w is a vector in length of M
18: form = 1to M do
19: Um < _Conj(PE:,m © QE:,’m) s UuLs

> J is implicitly built column-wise using (14)
20: end for
21: v+ Pv+ \/XR*US+1:S+M)

23: returnv
24: end Function
25: Solve:

26: b +

b

AV(7) — AVobs
0

27:y
LSMR (ForwardProduct, AdjointProduct, b, tol, fiax)
28: return A~y < Py

In our work, the two matrix-vector product operators in Al-
gorithm 1 FORWARDPRODUCT and ADJOINTPRODUCT are im-
plemented in parallelization using OpenMP to ensure efficient
loop execution. These two operators can also be implemented
using GPU parallel computing for further performance improve-
ment. MATLAB and Python implementations are discouraged
for these computationally intensive components due to their
inherent performance limitations in loop operations. Some sci-
entific computing libraries, such as SciPy in Python and PETSc
in C++, support matrix-free implementations of linear system
solvers, including the LSMR method, where the solver operates
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on user-defined matrix-vector product operators instead of an
explicitly formed system matrix.

III. NUMERICAL EXPERIMENTS

A. Comparison of Reconstruction Accuracy

This section presents numerical experiments to evaluate the
reconstruction accuracy of the proposed MF-GN method in
comparison with conventional GN, L-BFGS, and ADAM meth-
ods. Considering neural NN-regularized methods for EIT are
not yet standardized and their performance depends strongly
on architectural choices, we provide a brief discussion and a
representative comparison in Appendix A for completeness.

The numerical experiment simulates organoid imaging using
EIT with micro-electrodes [13]. A synthetic organoid model is
placed within a cubic chamber filled with phosphate-buffered
saline (PBS), a bio-compatible medium that can be used in EIT
for imaging bio-objects. The organoid model consists of an outer
shell and two inner cores. The complex-valued conductivities are
set to 2.0 + 1.0¢ S/m for the PBS solution, 1.0 + 0.6¢ S/m for
the shell, and 0.5 + 0.27 S/m for the two cores.

A total of 400 micro-electrodes, arranged in a 10x 10 grid
on each of the four side walls of the cubic chamber, are used
for data acquisition. Voltage measurements are acquired fol-
lowing the Sheffield protocol [42] yielding 79,400 independent
measurements for conductivity reconstruction. The experimen-
tal configuration and the geometry of the organoid model are
illustrated in the first column of Fig. 1.

Unlike conventional EIT applications that focus solely on
distinguishing target objects from background media (e.g., de-
tecting 3D tissue models in culture medium [49] or lung imaging
in the human chest [50]), this task is more demanding. The
objective is not only to localize the organoid within the PBS
but also to resolve its internal structures, necessitating high
reconstruction accuracy.

For the forward simulation, the ground-truth model is dis-
cretized into approximately 170,000 tetrahedral elements, and
the point electrode model (PEM) is solved using the finite
element method (FEM) to generate synthetic voltage data. In
the inversion stage, an initial homogeneous model (with PBS
conductivity) discretized into around 72,000 tetrahedrons is
used. The four reconstruction methods (MF-GN, GN, L-BFGS,
ADAM), with regularization function ¥(~y) = ||V~||? and reg-
ularization weight A = 1072, are then applied to recover the
conductivity distribution. The GN method is implemented by
solving (28) via LU decomposition, as in all other experiments
in this work.

The reconstruction accuracy is quantitatively assessed by
projecting the recovered conductivity distributions onto the
ground-truth mesh and computing the Structural Similarity In-
dex (SSIM) and Peak Signal-to-Noise Ratio (PSNR).

Fig. 2 compares the convergence behavior and reconstruction
accuracy of the four methods (MF-GN, GN, L-BFGS, ADAM)
by plotting the cost function, PSNR, and SSIM in each iteration.
The MF-GN and GN methods were executed for 5 iterations,
while L-BFGS and ADAM were run for 1000 iterations.

As shown in Fig. 2, the cost function, SSIM, and PSNR
curves for MF-GN and GN are nearly identical, suggesting
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Fig. 2. Performance metrics as a function of iteration: (a) Cost function, (b)
PSNR, and (c) SSIM. The performance metrics of the first iteration are calculated
based on the initial model. PSNR and SSIM values represent averages computed
separately for the reconstructed real and imaginary components of the complex-
valued conductivity.

similar performance in both reconstruction efficiency and ac-
curacy. In contrast, L-BFGS and ADAM exhibit significantly
slower convergence speeds than GN and MF-GN. Based on
the cost function convergence trend in Fig. 2(a), L-BFGS and
ADAM may require up to 10,000 iterations to reach the same
convergence level as GN and MF-GN, which is computationally
impractical for this numerical experiment. Due to incomplete
convergence after 1,000 iterations, the final SSIM and PSNR

values for L-BFGS and ADAM remain notably lower than those
of MF-GN and GN, reflecting reduced reconstruction accuracy.

Fig. 1 displays the final conductivity distributions recovered
by each method. The results confirm that MF-GN and GN pro-
duce highly similar reconstructions, both accurately resolving
the organoid’s shell and inner structures. Conversely, L-BFGS
achieves only partial recovery of the internal cores, while ADAM
fails to reconstruct them effectively. These observations align
with the quantitative metrics presented in Fig. 2, further validat-
ing the superior performance of MF-GN and GN in this imaging
task.

B. Comparison of Computational Cost

We conducted a series of six numerical experiments with
progressively increasing scale to evaluate the inversion per-
formance using the same synthetic organoid model introduced
Section III-A. The experiments were systematically designed
with increasing complexity, where the electrode configurations
expanded from 4 x 5 x 5 in Experiment 1 to 4 x 10 x 10 in
Experiment 6. This progression resulted in a corresponding
increase in independent voltage measurements from 4,850 to
79,400 across the experimental series. To maintain appropriate
resolution, the conductivity models used in the inversion were
discretized using tetrahedral meshes ranging from 4,400 to
72,169 elements. Both the proposed MF-GN method and the
conventional GN approach were executed for five iterations
on a Linux cluster comprising 1,024 GB of RAM and 128
CPU cores, with each core having a frequency of 2.35 GHz.
The comprehensive evaluation metrics, including computational
costs (memory usage and processing time) and reconstruction
quality indicators (PSNR and SSIM), are presented in Table I.
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TABLE I
COMPUTATIONAL PERFORMANCE AND RECONSTRUCTION QUALITY COMPARISON BETWEEN GN AND MF-GN METHODS

Idx Elec. L Meas. S Vert. N Elem. M GN MF-GN

Mem. Time PSNR SSIM Mem. Time PSNR SSIM LSMR

(GB) (s) (dB) (GB) (s) (dB) Iter. f
1 4x52 4850 833 4400 2.1 22.2 17.48 0474 0.8 50.6 17.84  0.463 183
2 4% 62 10152 2169 9652 6.2 138.2 2240 0.660 0.9 2082 2246 0.658 198
3 4x72% 18914 3676 17301 20.1 393.1 23.14  0.699 1.2 7204  23.16 0.697 202
4 4% 82 32384 5938 28648 558 10440 2346 0.715 1.6 17435 2348 0.714 195
5 4x92 52002 9158 45901 1349 5012.8 23.74 0.730 2.5 5728.1 23775 0.731 197
6 4x102 79400 14143 72169 3309 199539 2391 0.743 42 124122 2398 0.746 204

Note: All experiments were conducted on a computing cluster equipped with 1,024 GB of RAM and four AMD EPYC 7452
processors, providing a total of 128 CPU cores. f: Average LSMR iterations among the five MF-GN iterations. SSIM and PSNR
are the averages of the real and imaginary parts of the complex-valued conductivity.

The bold values emphasizes that, for the large scale EIT problem, MF-GN achieves dramatically lower memory consumption with
competitive or superior runtime, which is the central claim of the paper.

Based on the SSIM and PSNR presented in Table I, the MF-
GN method achieves reconstruction accuracy comparable to that
of the conventional GN approach, as inferred from consistent
LSMR iteration counts across all experiments. Regarding com-
putational efficiency, GN outperforms MF-GN in Experiments
1 to 5, where the problem size is relatively small. However,
MF-GN demonstrates superior scalability and becomes signif-
icantly faster in Experiments 6, which involve larger problem
instances. Furthermore, MF-GN exhibits a substantial advantage
in memory efficiency across all experiments, with memory usage
being notably lower than that of GN, particularly in large-scale
scenarios. This confirms MF-GN’s suitability for large-scale EIT
applications.

C. Comparison of Robustness

Based on Experiment 4, which employs 4 x 8 x 8 electrodes
as described in Section III-B, we evaluate the robustness of
the GN and MF-GN methods with respect to voltage mea-
surement noise, electrode location errors, and mesh resolution.
Both methods solve the same optimization problem (27) with
regularization function ¥ () = ||V~y||? and weight A = 102,

To assess robustness to voltage measurement noise, Gaussian
noise is added to the simulated voltage data generated from
the ground-truth model. The signal-to-noise ratio (SNR) ranges
from 25 dB to 80 dB. The resulting PSNR and SSIM are shown
in Fig. 3(a) and (b), where MF-GN achieves slightly higher
PSNR and SSIM than the conventional GN method. Robustness
to electrode location errors is evaluated by introducing random
perturbations to the electrode coordinates used in the inversion.
The relative position error varies from 0% to 2% of the side
length of the cubic imaging domain. The corresponding PSNR
and SSIM are presented in Fig. 3(c) and (d), indicating that
MF-GN yields marginally higher PSNR but slightly lower SSIM.
To evaluate robustness to mesh resolution, the mesh sizes was
varied from 5% to 7% of the imaging-domain side length. The
PSNR and SSIM as a function of mesh resolution are shown
in Fig. 3(e) and (f), exhibiting a similar trend, with MF-GN
producing slightly higher PSNR but lower SSIM.

Overall, the differences in PSNR and SSIM between GN
and MF-GN are negligible. Fig. 4 shows reconstructions of
the real part of the complex-valued conductivity under various
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Fig. 3. PSNR and SSIM of reconstructions under: (a)-(b) varying voltage
measurement SNR, (c)-(d) varying electrode location errors, and (e)-(f) varying
mesh resolutions.

error sources, where the results of GN and MF-GN are visually
indistinguishable. This is expected, as discussed in Section II-D,
since the MF-GN method is mathematically equivalent to the GN
method.

IV. REAL EXPERIMENT

To evaluate the practical applicability of the proposed MF-GN
method, we conducted two real-world experiments.

The first experiment mirrors the numerical organoid tomog-
raphy experiment described in Section III-A. The measurement
setup consists of a lecm x lcm X lem cubic chamber, with 32
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The ground truth corresponds to the top-view of the real part of the complex-valued conductivity presented in Fig. 1.
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methods employ the same regularization function ¥ () = || V~||? with » = 1072.

micro-electrodes mounted on each of four side walls, totaling
128 electrodes. The imaging target is a pomegranate seed ex-
hibiting a dual-layer structure, comprising an outer aril and an
inner seed (see Fig. 5).

The chamber was initially filled with PBS, and 8,000 indepen-
dent voltage measurements were collected using the Sheffield
protocol under an injected alternating current at 50 kHz. Sub-
sequently, the pomegranate was placed into the chamber, and
the measurement procedure was repeated. The imaging domain
is discretized into around 35,000 tetrahedron elements. Time-
difference EIT was then performed using the MF-GN, GN,
L-BFGS, and ADAM methods. The initial conductivity model
7o and reference conductivity model ,.s are assumed to be

homogeneous and identical to each other, with the conductivity
estimated as:

2(p + iq)
Yreft = Yo = p2 i q2 ) (33)
where
o AROBID SOy
<|§R(V baseline) |> ’ <|C3(V baseline) |>
Here, (-) denotes the mean, |- | the absolute value, and %(-)
and (-) the real and imaginary parts, respectively. vl is the

measured voltage without targets, and V paseline 1S the simulated
voltage for a homogeneous medium with conductivity 1.0 +
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1.0¢ S/m. The initial model obtained from (33) and (34) yields
simulated voltages whose real and imaginary components have
the same mean amplitude as the corresponding experimental
voltages measured in the absence of objects.

The PEM is solved to get simulated voltage during the inver-
sion as the size of the micro-electrodes is negligible compared to
that of the computational domain. The reconstructions are shown
inFig. 5. Asillustrated, both the MF-GN and GN methods yield
highly similar reconstructions that clearly resolve the dual-layer
structure of the pomegranate. In contrast, reconstructions ob-
tained via L-BFGS and ADAM exhibit significantly reduced
conductivity contrast between the aril and the inner seed, making
the dual-layer structure more difficult to discern.

In terms of computational performance, both MF-GN and GN
were executed for 5 iterations, with total runtime of about 400 s
and 1,700 s, respectively. L-BFGS and ADAM were run for
1,000 iterations, resulting in runtime exceeding that of MF-GN
by more than 10 times. The corresponding resident memory
usage for MF-GN, GN, L-BFGS, and ADAM was 1.8 GB,
45.7 GB, 1.2 GB, and 1.1 GB, respectively.

In the second experiment, the measurement interface consists
of a cylindrical tank with a diameter of 10 cm. A total of 128
electrodes are uniformly distributed along the side wall of the
cylinder, arranged in four horizontal rings from bottom to top.
Two grapes, one small and one large, were placed at the bottom
of the tank to serve as imaging targets.

The measurement protocol, the current injection frequency,
and the reconstruction procedures were identical to those used
in the first experiment. The initial and reference conductivity
are set according to (33). The CEM is adapted in the inversion
considering the electrodes are relatively large. Photographs of
the experimental setup, along with the corresponding recon-
structions, are shown in Fig. 6.

Consistent with the results from the pomegranate experiment,
the reconstructions produced by the MF-GN and GN methods
closely resemble each other. Both methods successfully captured
the shape, size, and orientation of the two grapes, outperforming
the L-BFGS and ADAM methods, which yielded reconstruc-
tions with less contrast.

The memory usage and computation times for all four meth-
ods were comparable to those observed in the first experiment.
This is expected, as the number of voltage measurements and the
complexity of the inversion model (in terms of mesh resolution
and element count) were similar in both experiments.

V. CONCLUSION AND DISCUSSION

In this study, we tackle the computational and memory bottle-
necks of large-scale EIT reconstruction by introducing a novel
framework based on the SEM and MF-GN method. The SEM
significantly reduces the computational complexity involved
in Jacobian matrix calculations, which are typically a major
performance bottleneck in the GN method. Building on this,
the MF-GN method avoids the need for explicit formation and
storage of large Jacobian matrices, leading to substantial reduc-
tions in both memory usage and computational cost. Despite
these efficiencies, MF-GN maintains the high reconstruction
accuracy characteristic of conventional Gauss-Newton methods.
Extensive numerical simulations and real-world experiments
validate the effectiveness of the proposed method, demonstrating
its robustness, scalability, and practicality for solving large-scale
EIT problems.

Although this work advances the reduction of computational
cost in Newton-type optimization for large-scale EIT with high-
density electrode arrays, the cost—effectiveness of resolution
improvement via electrode densification is inherently limited
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by the diffusive nature of the forward problem. Consequently,
further gains in reconstruction quality can not rely on hardware
densification alone. Future work will therefore focus on integrat-
ing the MF-GN framework with advanced regularization strate-
gies, particularly deep learning—based priors that incorporate
structural information from complementary imaging modalities
(e.g., CT, MRI, or ultrasound), to mitigate the ill-posedness of
the inverse problem and enhance reconstruction fidelity, edge
preservation, and spatial resolution beyond hardware-imposed
limits.

APPENDIX A
COMPARISON BETWEEN MF-GN AND NN-REGULARIZED
METHODS

Inrecent years, NNs have been introduced into EIT as implicit
regularizers. In NN-regularized EIT, the conductivity distribu-
tion is parameterized by a neural network as

v =N(h,0), (35)

where A (h,0) denotes a neural network with input h and
parameters 6.

Substituting (35) into (27), the EIT inverse problem can be
reformulated as an optimization problem with respect to 6:

0 = argmin | Av(N'(h, 0)) — Avow||* + 2T (N (R, 0)),

(36)
where the first term enforces data fidelity and the second term
encodes prior information through the regularizer W(-).

The above optimization problem (36) can be solved using
gradient-based optimization methods. Then the reconstructed
conductivity distribution is obtained as 4 = N (h, 9).

Following the chain rule, the gradient of the loss function with
respect to the network parameters 6 is expressed as:

9L _OLin _OLON(h,0)
00  o0vyo08 Oy 00

where £(0) = |AV(N (h, 0)) — Aves||> + AU (N (R, 0)).

To compute this gradient in practice, we first calculate g—
using the adjoint method, as in traditional gradient-based EIT.
This intermediate gradient is then supplied as the initial gradient
to reverse-mode of automatic differentiation (AD) frameworks
(e.g., PyTorch) [51], [52], which propagate it through the NN to
obtain the final gradient g—g. Thus, the main additional compu-
tational complexity compared to traditional gradient-based EIT
arises from this reverse-mode AD on the NN.

Inresponse to the increasing number of NN-regularized meth-
ods [53], [54], this paper provides a concise overview of three
representative methods reported in the literature.

The first is the Deep Image Prior (DIP) method [21], [22],
[55], in which N is a convolutional neural network (CNN) and
the input h is random noise. Although DIP has been shown
to improve reconstruction accuracy, it suffers from spectral
bias, which limits its ability to recover high-frequency features.
Furthermore, the CNN output is constrained to a rectangular or
cubic image domain, and this necessitates interpolation between
the CNN image and the finite element conductivity model. The
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2000 iterations evaluated.

mismatch introduced by this interpolation may become prob-
lematic when the geometry of the finite element mesh deviates
significantly from a rectangular or cubic domain.

The second approach [23], referred to as FFP-MLP in this
paper, employs a multilayer perceptron (MLP) with input h
defined as the Fourier feature projections (FFP) of the finite
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element coordinates:

sin (27Bx)

FFPx) = cos (2rBx)

. (38)

where x = (z, y, z) denotes the coordinates of the finite-element
centers (tetrahedrons), B € R™*3 is sampled from a normal dis-
tribution A/ (0, b?). n and b represent the number and bandwidth
of Fourier features, respectively, which must be tuned for specific
applications. The use of Fourier features mitigates the spectral
bias inherent in standard MLPs and enables the recovery of
higher-frequency information.

The third approach, known as GraphEIT [24], adopts a graph
neural network (GNN) architecture with the same input of FFP-
MLP. This method retains the spectral advantages of Fourier
features while allowing the NN to act directly on the graph
structure of the finite element mesh.

Among above three NN-regularized methods, FFP-MLP is
preferred by us because its simple architecture facilitates hyper-
parameter tuning, and prior studies have shown its accuracy to
be comparable to other NN-based approaches.

To compare MF-GN with FFP-MLP, we implemented FFP-
MLP for the small-scale Experiment 2 introduced in Section II-
I-B. In this implementation, the number of Fourier features
was set to n = 256 with a bandwidth of b = 150. The MLP
consists of 5 fully connected linear layer, each containing 256
neurons, followed by an output layer with two channels. Each
channel outputs a vector whose length matches the number of
FEM elements, representing the real and imaginary parts of the
FEM-discretized conductivity model. The activate function is
chosen as LeakyReLLU with the negative slope set as 0.01.

Before solving (36), a pretraining process is implemented to
solve the following optimization problem:

0o = argmin [/ (h, 0) = o], (39)
where 0 is the initial NN parameter for solving (36), v, is the
initial conductivity model.

Fig. 8 shows the reconstruction results of MF-GN and FFP-
MLP, while Fig. 7 presents the corresponding performance
metrics across iterations. Based on both the reconstructed images
and the PSNR/SSIM values, FFP-MLP is slightly less accurate
than MF-GN under the current configuration. We also tested
a more conservative step strategy with an increased number
of iterations for FFP-MLP. Although this setting produced a
smoother convergence curve and a lower final cost function, it
led to inferior PSNR and SSIM compared to the results reported
here. Nonetheless, given its flexible architecture, FFP-MLP may
achieve reconstruction quality beyond MF-GN with dedicated
hyperparameter tuning.

Although NN-based regularization methods show promise
in improving EIT reconstruction accuracy, their performance
is highly sensitive to hyperparameters (e.g., network depth,
width, activation functions, dropout rates). As hyperparameter
selection lacks theoretical guidance and is typically performed
through trial and error, the process becomes computationally
prohibitive for large-scale EIT problems. Consequently, a com-
parison between MF-GN and FFP-MLP is not included for
the Experiment 6 that was introduced in Section III-B, as the
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inverse problem is too large; a single implementation of FFP-
MLP requires tens of hours, making hyperparameter tuning
impractical.
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