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ARTICLE INFO ABSTRACT

Keywords: Reducing moving mass and effective inertia is essential for achieving safe human-robot collab-
Actuator design oration. This can be achieved either by employing remote actuation, which moves the mass of
Compliant actuators actuators away from the moving elements of the robot, or by elastic actuation, which decouples

Actuator modeling the inertia of the actuator from the inertia of the robot’s link. Flexible shafts, being torsionally

compliant slender long shafts, offer a combination of remote and series elastic actuation over an
obstacle. Modeling such transmission is complicated due to its three-dimensional deformation
in torsion, bending, and helical buckling. This paper proposes an algorithm for estimating the
polar moment of inertia and stiffness of the flexible shafts using their physical dimensions
of length and diameter. Using an inertia-spring—damper model, the stiffness parameters are
estimated experimentally for nine flexible shafts with variable diameters and lengths in straight
and bent configurations. The proposed algorithm is validated with experimental stiffness values
for variable diameters and lengths in straight configuration. For bent configuration, an empirical
formulation is provided to incorporate the bending deformation effect till a bending angle of
45°.

Elasticity and remote actuation based on tendons/cables/belts systems are crucial for enhancing human-robot interaction. They
are widely utilized in safe robotic applications such as wearable and collaborative robots, providing compliance, reduced mass, and
flexibility. Series elastic actuators, in particular, have been extensively applied in robotics, offering a safer and more energy-efficient
interaction with the environment, thanks to their built-in spring element [1]. Research has extensively explored the design, modeling,
and control of series elastic actuation, underlining its significance across various robotic applications [2,3]. Verstraten et al. [4,5]
have specifically examined the optimal design of elastic actuation in general robot applications and powered ankle-foot prostheses.

In the domain of remote actuation, tendon-driven actuation has been widely adopted to reduce moving mass and inertia in
robots. Cable-driven mechanisms have been developed for robot arms, showcasing benefits such as low moving mass and enhanced
dexterity [6,7]. Wearable robots have also integrated cable-driven transmission systems for their compactness and back-drivability
advantages [8]. Due to offered compliance and structural compactness of cable-driven actuation systems, it found its application in
modern-day manipulators in the form of continuum and tensegrity robots [9,10].

Additionally, remote actuation based on tendons/bowden cable systems and series elasticity concepts have been employed
together to harness their respective advantages for human-robot collaboration [11,12]. Grosu et al. [13] used a tendon-driven
actuation technique for a powered orthosis. A low-cost seven-degree-of-freedom robot [14], was developed employing series
elasticity and cable actuation for achieving low mass and human safety. Though this combination of elastic and remote actuation
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Fig. 1. Robot’s configuration with flexible shaft actuation.

offers mechanical advantages for modern robotics, there lies an added complexity concerning such robots’ design, modeling, and
control. Different possible configurations of series elastic actuation offer different modeling and behavior [3,4]. Vallery et al. [15]
discusses the accurate control of series elastic actuators. Similarly, remote actuation with tendons results in non-collocation,
complicating the control of the robot [16]. Accurate dynamic models have been developed to further enhance their implementation,
addressing the issues of slack and sliding friction [17,18]. With each actuation concept being sophisticated in their control,
combining them offers additional control challenges along with their mechanical complexity.

Rodriguez-Cianca et al. [19] introduced a novel remote torsional actuator using a flexible shaft for wearable robots, which
possesses the inherent qualities of series elastic and remote actuation. In its mechanical simplicity and light-weight nature, this
compliant element holds a strong potential for applications where the reduction of moving mass is essential and elastic joints are
required. Robot arms for Human-Robot Interaction require elastic joints and low inertia links [20]. As such, the flexible shaft-based
transmission offers a single-step combined solution for introducing elasticity in robot joints and reducing robot inertia.

Owing to its combined advantages of elasticity and remote actuation, it has found different applications in robotics, such as a
surgical robotic manipulator [21], a novel soft actuator [22] and a search robot actuated by flexible shafts [23]. Flexible shafts have
also been used as compliant remote actuation in medical applications like endoscopy, colonoscopy, and surgical robot tool [24].
Flexible shafts also found their application in human assistance devices, where a flexible shaft is utilized to transmit torque remotely
from the waist to ankle [25,26] and trunk [27].

Tan et al. [22] developed a novel soft-actuator based on flexible shafts, capable of push-pull and twist using the shafts’ compliant
characteristics. The work models a flexible shaft using beam theory for torsion, considering the cross-section as a circle. Liu et al. [28]
developed a soft gripper actuated using a single flexible shaft for a finger, making it bend and rotate to achieve dexterous object
manipulation. The work utilizes the flexible shaft’s empirical formulation for its control. An empirical model was also proposed
in [19], where a single flexible shaft’s input-output characteristics have been modeled using the Fourier-Series approximation
technique. The proposed model, though accurate, needs more insight into the physical characteristics of a flexible shaft, which
is essential for designing an actuator for a specific robot application.

A miniaturized version of the drill string is developed using a flexible shaft and drill bit performing drilling operations on small-
size rocks in lab settings [29]. The research study develops finite element modeling of flexible shafts as a solid cylinder, supported
by experimental identification of stiffness parameters to achieve an accurate model adjustment with respect to the experiments. The
model lacks the modeling of intrinsic characteristics based on the flexible shaft’s construction. Moreover, the application of an oil
rig works in the rotation of a flexible shaft in a straight or pre-defined bent configuration, which limits its correlation to robotic
application, where bidirectional torsion and continuous bending are involved.

A flexible shaft as a tightly wounded wire coil, forming layers on top of each other in opposite directions, requires a model
based on its construction and geometry parameters. Thus, a thorough physics-based modeling of this transmission is required, which
can make understanding this hybrid remote and elastic element easier and expand its utility in robotic applications. Modeling the
behavior of this remote and torsionally compliant actuator is challenging. Due to its long, slender shaft construction, the flexible
shaft can deform three-dimensionally, namely, torsion, bending, and helical buckling. With the increase in length and decrease in
the diameter of a flexible shaft, its physical characteristics change from nearly a rigid shaft to nearly a torsional spring. An extensive
study of flexible shafts with variable diameters and lengths is required to encompass this resemblance in behavior.

This paper focuses on the physics-based modeling of flexible shafts as remote torsional and compliant actuation for transmitting
torque over obstacles such as robot joints, as shown in Fig. 1 to achieve desired joint stiffness and lightweight transmission. Nine
flexible shafts are selected, with five flexible shafts having variable diameters and fixed lengths and four flexible shafts with fixed
diameters and variable lengths. An algorithm to estimate the parameters of the polar moment of inertia and stiffness is proposed
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Fig. 2. Flexible shaft.

based on the physical dimensions of the flexible shafts. Using a second-order system based on the torsional mass—spring-damper
model, the experimental input—output characteristics of flexible shafts with the change in length, diameter, and bending angle are
analyzed. Experimental results show the stiffness parameters using curve-fitting, highlighting the minimal contribution of inertia and
damping parameters. The experimental stiffness parameters are finally compared with geometrically estimated stiffness parameters
for validation. Due to the complexity and computational cost of lumped parameter modeling and finite element modeling, this work
does not consider other modeling techniques for brevity.

The paper is organized as follows: Section 1 discusses the modeling of flexible shafts, starting with their construction and physical
analogy to torsional springs and rigid shafts. It describes the theoretical estimation method of the physical parameters of flexible
shafts using geometry. A model for the flexible shaft is introduced based on the inertial-spring—-damper model. Section 2 describes the
experimental setup and procedure. It further discusses the experimental results of flexible shafts as the input-output characteristics
in a straight and bent configuration. Section 3 discusses the evaluation of the inertial-spring—damper model in straight and bent
configurations, followed by the evaluation of the geometrical model with the experimental results. Sections 4 and 5 discuss the
results and conclude the paper by outlining the future objectives of this research.

1. Modeling of flexible shaft

Fig. 2 shows real and construction schematics of a flexible shaft. A set of wires forms a tightly wounded coil on top of another
coil. The winding direction of adjacent coils is kept opposite to each other. The core is made usually with a single strand, as shown
in Fig. 2. Alternatively, it is also made as a set of wires with a high helix angle. The helix angle at which the winding of wires is
performed is critical for their tensile and torsional strength. The helix angle, with respect to a cross-sectional plane of the shaft, is
kept high to attain high tensile strength. Conversely, a smaller helix angle is used to attain torsional strength. Furthermore, to avoid
the rotation or to untwist these coils, the direction of winding is inverted so that the adjacent layers of coils counteract each other’s
unwinding on the application of external torque. Flexible shafts from manufacturers come with end fittings for connection with a
motor and load. Fig. 2(a) shows a flexible shaft cut opened at one end by removing the end fitting. Here, the number of wires in a
coil, the diameter of the coil wire, and the diameter of the core define the rated torque and stiffness (both torsional and bending)
of the flexible shaft. Only one flexible shaft is cut open, and others are not for validation purposes.

Due to its construction as tightly wounded layers of wire coils, a flexible shaft has a physical analogy with torsional springs and
rigid shafts. The following subsection discusses this analogy.

1.1. Flexible shaft as a torsional spring

A torsional spring, a tightly wounded coil, resembles a single layer of a flexible shaft in its characteristics. A flexible shaft can
thus be seen as a set of parallel torsional springs nested inside each other in an anti-clockwise and clockwise direction. For any
torsional spring, the stiffness or spring constant K per turn is given by:

_ 7 _  Ed*
~ 6 102DN
Here, E is Young’s modulus, d is the diameter of the wire, D is the diameter of the coil or spring, and N is the effective number of
turns in the spring coil. The relationship of the diameter of wire d and D with the stiffness is interesting for flexible shafts as their
respective change alters their stiffness bounded by the spring index C = 2 for feasible spring’s dimensions.

Once a torque is applied to a torsional spring opposite the winding direction, it increases the diameter of the coil and reduces
its length [30]. For a torque applied in the winding direction, the diameter decreases, and the length increases. This conservation
of volume is restrained in the case of a flexible shaft, causing it to apply stresses on the adjacent layers, making it a multi-layer
restrained torsional spring. Once torque is applied in the opposite direction of winding for the outermost coil of a flexible shaft, the

(€Y
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outermost layer pushes to unwind. The contribution of the outermost layer towards the torsional characteristics can be formulated
as a helical torsional spring with equivalent wire and helix diameters using (1).

Conversely, the outermost layer tightly packs the inner layers under the torque application in the winding direction. This results
in asymmetrical torsional stiffness of a flexible shaft due to the torsional spring-like nature of the outermost layer. This can be
related to layer jamming mechanisms where stiffness changes with the change in stresses between layers by controlling vacuum
pressure levels [31].

1.2. Flexible shaft as a rigid shaft

Though rigid shaft composition is continuous and dissimilar to that of the flexible shaft, the calculation of the parameters of a
rigid shaft can be analogous in principle to it due to the tightly packed nature of coils on top of each other resembling a jamming
mechanism scenario [31]. The rotational inertia J, polar moment of inertia, J,, and stiffness K of a rigid shaft with mass m, outer
diameter D, and length L are given as:

m .o T 4
J=2D*=pLJ, J,=-—=D 2
3 pLI, Iy =5 (2

G
K=1,7 ®)

Here, p is the density, and G is the shear modulus of the rigid shaft’s material.

Due to the tightly packed nature of adjacent coils in a flexible shaft with nearly a rigid core, its behavior resembles a rigid shaft.
With the increase in the flexible shaft’s diameter and decrease in length, it nearly behaves like a rigid shaft with little bending
compliance. The analogy of a flexible shaft as a rigid shaft is vital to estimate the moment of inertia and stiffness parameters with
geometric modification to (2) and (3).

1.3. Theoretical estimation of physical parameters

In the case of the flexible shaft, the geometry of the cross-section is different from a rigid shaft, as shown in Fig. 3. Recalling
the construction of the flexible shaft as shown in Fig. 2, the core wires of a flexible shaft make a high helix angle with the plane
of its cross-section, and coil wires make a small helix angle. Being at a high helix angle for the wires of a flexible shaft core, the
cross-section of core wires is circular due to their center line being nearly orthogonal to the plane of the cross-section of a flexible
shaft. On the other hand, due to the small helix angle of the coil wires with the cross-section plane of the flexible shaft, the wires
contribute to the cross-section area as an ellipse shape approximately instead of a circle shape, as shown in Fig. 3. This results in
a series of ellipse shapes in a circular path at a distance from the centerline of a flexible shaft equal to the radius of the coil. This
repeats for all the coil layers of a flexible shaft and can be seen in Fig. 3. This creates a geometry different from a rigid shaft with
hollow spaces between ellipses and requires alternative treatment to estimate inertia and stiffness parameters accurately. Therefore,
the cross-section of a flexible shaft is divided into two sections, core (black outlined) and coil layers (red outlined as a single coil
layer), as highlighted in Fig. 3(a). The core can be identified as a rigid shaft with a circular cross-section at the center line of a
flexible shaft. The coil layers section, however, requires a segregated layer treatment. Thus, the moment of inertia J of the flexible
shaft with N_,;,, combining two sections of core and coils is given by:

Neoils
J = pL(Jcore + Z Jco[l[i]) (4)
i=1
where, N, for a flexible shaft with diameter, D, its core diameter, D, and wire diameter, d,;,, of a coil, is given by:
D - D,
Neoits = Wcm &)

wire

For the coil layers, the wire’s polar moment of inertia is approximated as an ellipse located at a distance R,,; from its center to
the center line of the flexible shaft as shown in Fig. 3. Using the parallel axis theorem and formula of polar moment of inertia for
an ellipse, the polar moment of inertia J,,,, for a single wire of a coil layer is given by:

coil

Jopire = %(a3b +b%a) + mabR> (6)

Here, a is the major radius, and b is the minor radius of an ellipse, see Fig. 3.
Thus, for the case of N, wires in an ith coil layer, the J,.,;, polar moment of inertia for a coil layer is given by:

Jcoil[i] = Nwires[i] (%(afbl + b?[l,-) + ”aibiRcoil[i]2> (7)

where, the major, a, and minor radius, b, can be calculated as:
_ ”Rcoil[i] b, = dwire[i]

T Nwires[i] ’ t 2
The polar moment of inertia in Eq. (7) has to be repeatedly calculated for other coil layers, which is used in the summation

mentioned in Eq. (4) to find the total polar moment of inertia of a flexible shaft.
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Fig. 3. Cross section view of flexible shaft. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

Using Eq. (3), the stiffness of the flexible shaft for both directions is given by:

Neoils

G
Kp = eore + Z Jcoil[l])z ®)
i=1
Neoits=1 G
K =(J J. iD= 9
n ( core + ; cm[[l])L ( )

Density p and Shear Modulus, G of Spring Steel Wire ASTM A228, are considered for the calculations. The values used are
7.8e+3 kg/m> and 7.0e+10 Pa, respectively. Outermost coil is ignored for the opposite direction of winding’s stiffness due to its
negligible contribution acting as a torsional spring of equivalent helix diameter, D and wire diameter, d, as given by Eq. (1).

Thus, the theoretical values of inertia and stiffness can be calculated as given by the Egs. (4) and (8) provided the values of

a flexible shaft’s length L, coil radius, R,,; of all winding layers, number of wires in a coil layer, N, and diameter of wire

Coi wires

wire = 2b; used in each coil layer is known.

Algorithm 1 Estimation of Parameters of a Flexible shaft.
: DL‘O"E « Dl)/—SD
. Ncoils
6« Ncoils
: if 6 > 0 then

D,,., =D,
else

Dcare = Dcare —2%6%* dwire
: end if
: Ncoils - round(NcaiIs)
1<_ wire

cosa

i=1
: while i < N_,;, do
Dcoil[i] < dwire +2xd
Lyli] « nD,y;li] tana
Nwires[i] - hTI
i++
: end while

P core

*yire

— round(N,

coils)

core core +2%6 dwire

O X NSD AN

e
A Al =

wire * i-D+ Dcore

e
N9 R

Flexible shaft manufacturers provide no information regarding these parameters. Manufacturers produce the shafts with heat
treatment at their ends to fuse the coils to avoid untwisting/uncoiling. Afterward, the process of swaging attaches end fittings of
the customer’s choice for coupling it with a motor and a load. Therefore, finding these physical parameters for each flexible shaft
becomes nearly cumbersome or infeasible as it will involve cutting the shafts. For modeling, a spare flexible shaft is cut and opened
as shown in Fig. 3, on its end fittings to measure the values required for calculating physical parameters. The measurements of
flexible shaft’s diameter and wire diameters are made using vernier caliper and screw gauge with the resolutions of 0.01 mm and
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Fig. 4. One helix turn of a coil wire. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

0.001 mm respectively. Using the observations, the estimation of required parameters for stiffness and inertia calculation of a flexible
shaft can be performed with the following guidelines:

* J,ore in Egs. (4) and (8) is estimated using the rigid shaft equation (2). The diameter, D,,,, for J,,,,, is estimated based on the
observation made by the cross-section shown in Fig. 3, which is approximate D,,., = D/5. Here, D is the diameter of a flexible
shaft. Variation in the diameter of the core of a flexible shaft changes its torsional and bending stiffness like a rigid shaft.
Only the flexible portion, excluding the length of the end fittings, is measured for the length, L, of a flexible shaft.

The diameter of a coil wire, d,,;,, in the outermost coil layer, can be measured easily from the surface. Using Eq. (5), the
number of coil layers N,,;, can be estimated. In the case of a fraction result for N,,,, the fraction part is added or subtracted
to DCDI'E'

The Helix angle of the outermost coil layer can also be measured from the surface of a flexible shaft. For internal coils, the
value of the helix angle is assumed to be the same as per observation, shown in Fig. 2(a). This information can lead to the
number of wires, N,,;.., used in a coil layer by using trigonometry on one helix turn of a wire with its known diameter, d,,,,
at a given helix angle, «, around a cylinder as demonstrated in Fig. 4. It makes a right-angle triangle with the helix angle, «
as the angle opposite to the perpendicular, and the triangle’s base as the cylinder’s circumference. Fig. 4(a) shows a helix of a
wire in red wrapped around a cylinder in one turn, (b) shows a right triangle unwrapped for the wire, and (c) shows a right
triangle made by the wire at the corner of (b) triangle, showing it is a contribution to the pitch of one turn. Here, L, is the
pitch of the helix by wire, and / is the contribution of a wire in a pitch. One can find the number of wires in a coil layer by
%. A usual value of 7 /6 is observed among the nine flexible shafts.

b D
10° 2
bounds for other possible construction of flexible shafts, providing a feasibility bound like a spring index C in torsional springs.

« Interval of D,,,, and d,,,, is selected as [ land [d,;., — le—4,d,,;,, + le—4] respectively to create maximum and minimum

Using algorithm 1 and the above formulation, one can find the inertia and stiffness of a flexible shaft by measuring the length
L and Diameter D of a flexible shaft, the diameter of outermost coil wire, d,,;,, and helix angle, « only.

1.4. Model as inertial spring—-damper model

To model the behavior of the flexible shaft, an important consideration is to be made about its asymmetrical nature. Due to
asymmetrical clockwise and anti-clockwise windings, its stiffness in both directions is nonidentical. When a torque is applied in
one direction, the torsion causes the coils to either unwind or wind with respect to the direction of the torque, causing relaxing or
stiffening of the outermost layer. In both cases, the stresses among the coil layers are different, and their effect is worth noticing.

A set of two torsional mass—spring—damper models [32] is considered to comprehend the asymmetrical behavior. The positive
direction of the twist angle 0 is defined as the direction of the outermost coil’s winding of the flexible shaft. A separate set of stiffness
and damping coefficients are considered for each direction. The stiffness parameters K, and K, damping parameters B,, and B,
are considered for positive and negative twist angle 6, respectively. Hence, the piece-wise function for torque 7 is given as:

J0+B,0+K,0 6<0
JO+B,O+K,0 020

The inertia J is considered the same for both directions of input torque 7, since the cross-sectional geometry of the flexible shaft
is the same for both directions of torque.

= f0)= { (10)
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Fig. 5. Experimental setup.

Fig. 6. Bending configuration — 0° to 90°.

2. Experiments

This section discusses the experimental setup, procedure and the results attained in straight and bending configuration for nine
flexible shafts with different diameter and length.

2.1. Experimental setup and procedure

Fig. 5 shows the experimental setup used for the input-output characteristics of flexible shafts. A Maxon brushless DC motor
(Catalog no. 167178) with a planetary gearbox (Gear ratio 91:1, catalog no. 203125) is used as a torque source. Flexible shafts
Linkflex (without casings) from SSWhite Uk Ltd. are used with a diameter range of 4-12 mm and a length range of 235-535 mm.
For benchmarking, nine flexible shafts with variable diameters and lengths are selected. The flexible shafts are selected to encompass
the low to high stiffness range, with a possible bending angle of ¢ = 90°. A DBRK-20 analog torque sensor (ETH-Messtechnik) with
a measurement range of 20 N m is used for the torque measurement. The torque sensor is fixed at the load end, and its other end
is connected with a flexible shaft’s end fitting. An optical encoder EM2 from US Digital is used between the motor’s output and
the input of the flexible shaft to measure the twist angle 6 of flexible shafts. For data acquisition, Beckhoff I0 modules are used
alongside the Maxon Driver EPOS3, integrated with TwinCAT EtherCAT.

All these components are connected through bellow shaft couplings to compensate for the rotation axis misalignment with no
backlash. The ends of the flexible shaft are fixed for a linear motion to restrict any linear contraction due to helical buckling. 3-D
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Fig. 7. Input output characteristics at 0° and 45° bend angle.

printed generic brackets are used for both ends of the flexible shafts to install various flexible shafts easily. These brackets can be
mounted in different positions on an optical breadboard to achieve different bending angles, as shown in Fig. 1.

An input chirp signal for desired torque r for each flexible shaft is fed to the torque controller ranging from 0.5 to 20 Hz in
frequency. The amplitude of desired torque signals is selected based on the nominal torque of each flexible shaft. The exact desired
torque profile is followed for the bending angles of each flexible shaft varied from ¢ = 0° to 90° with 15° step in between as
shown in Fig. 6. In the bending experiments, the flexible shaft is not supported along the length, so the intrinsic behavior can be
observed without any reaction forces of supports. Implementation is done using MATLAB Simulink and TwinCAT shell for Microsoft
Visual Studio using EtherCAT tutorial [33].
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2.2. Experimental results

This section evaluates the relationship of the input twist angle # with the output torque z. The input—output characteristics of
five flexible shafts with variable diameter and constant length are presented at straight and bending configurations of ¢ = 0° and
45° in Fig. 7. For bending angles 45° onwards, the results are shown for a single flexible shaft by Fig. 10.

2.2.1. Straight configuration

For the 0° bend angle shown in Fig. 7, the relation of applied torque = and twist angle 6 for the positive direction of torque
show almost linear spring behavior with negligible hysteresis. For the negative side twist angle 6, the flexible shafts behave more
closely like a linear spring. It can be observed that each direction of the twist angle possesses its non-identical behavior in terms of
stiffness and hysteresis. This can be related to the winding and unwinding of the coil in the outermost coil layer. The negative twist
angle 6 is opposite to the direction of the outermost coil’s winding, where the outermost layer unwinds. This unwinding causes the
flexible shaft to lose stiffness as the outermost coil no longer applies stress to adjacent layers. For the positive twist angle 6, the
outermost layer of coils winds and applies stress to the adjacent layers resulting in a stiffer, tight-wounded shaft. As seen in the
input-output characteristics, the slope of the input—output characteristics graph for the positive twist angle side of the flexible shaft
is higher than in comparison to the negative twist angle side.

With the increase in diameter of the flexible shafts, the input—output characteristics for both positive and negative twist angles
stay similarly linear. However, the hysteresis increases in flexible shafts with a large diameter, as depicted in Fig. 7(c)(d)(e). As the
diameter increases, the coil layers and their respective wire diameter also increases. As soon as a motor applies a torque, there are
more stresses and friction in adjacent layers of flexible shafts. This increased energy loss generates a noticeable hysteresis region
for thick flexible shafts.

The input-output characteristics for variable length and fixed diameter are attained at straight configuration to analyze the
behavior of flexible shafts with different lengths. Fig. 8 shows the characteristic of four different flexible shafts with a change in
length by a step of 100 mm. A decline in stiffness with the increase in length can be observed similar to the relationship proposed
by Egs. (3) and (8).

2.2.2. Bending configuration

In the bent configuration, the torsional stiffness of the flexible shaft declines as it is under stress at its inner and outer curvature.
As the bending deformation is applied, the angle between the input and output axes increases, making transmitting torque over
the bend difficult. Under this state, when a torque is applied, the deformation or twist angle 6 due to torsion increases with the
bending angle, ¢ . A higher bending angle, ¢ of 45° causes more twist angle 6 for the same output torque z, as shown in Fig. 7.
It can be seen that the positive and negative sides of the input—output characteristics get more non-linear in comparison with the
straight configuration in Fig. 7. Flexible shafts under bending stresses and compromised torsional stiffness can easily undergo helical
buckling, as shown in Fig. 9. This phenomenon of helical buckling introduces non-linearity as there are regions of a nearly constant
torque at the output with a twist angle 6 being changed. When the buckling is being achieved, the shaft delivers almost constant
output torque 7. This creates nearly horizontal steps in the torque-twist angle curve.

With the increase in diameter, the input—-output characteristics of flexible shafts tend to go from non-linear behavior to linear
behavior as shown in Fig. 7. For thin shafts, their helical buckling limit is lower than the thick shafts due to their low torsional and
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Fig. 10. Input-Output characteristics of 8 mm flexible shaft — ¢, =[0°,90°].

bending stiffness. This explains the non-linearity introduced in a bent configuration. Fig. 10 depicts the input—output characteristics
of a single shaft for higher bending angles where this phenomenon can be seen more clearly. Helical buckling occurs between 1.5
and 2 N m torque values (in the forward direction) or 1 and 1.5 N m (in the backward direction), regardless of bend angle. For
higher bend angles the twist angle increases during buckling. These characteristics of helical buckling happen differently for each
flexible shaft. For the case of a 12 mm flexible shaft, the torsional and bending stiffness is high enough to avoid buckling, as evident
from Fig. 7.

Fig. 7(a) to (e) shows the slight increase in hysteresis with the increase in diameter for 45° bend angle, similar to what was
observed in a straight configuration. However, it is more evident for the bent configuration than the straight configuration due to
the additional stresses and friction due to helical buckling and bending. Fig. 10 further highlights this trend of increasing hysteresis
with the bend angle of the flexible shaft.

To study the effect of dynamics on the input-output characteristics of a flexible, a chirp signal ranging from 0.5 Hz to 20 Hz
is used for all the flexible shafts. A bode plot analysis is done for the thickest flexible shaft to demonstrate the impact of inertia of
flexible shafts, as shown in Fig. 11. The plot shows a positive constant magnitude for frequencies up to 20 Hz. This demonstrates that
the natural frequencies of flexible shafts used are high due to low inertia values. The bandwidth limit of the controller is achieved
before reaching the resonant frequency of the flexible shafts. Since the inertia term has no impact on the torque for the specified
range of frequencies, it can be inferred that a flexible shaft behaves purely like a spring for robotic systems where the requirements
are high torque and slow speed in actuation units.

3. Model evaluation

This section discusses the model evaluation of Eq. (10). Moreover, the geometric model provided by Egs. (8) and (9) using
algorithm 1, is also discussed with experimental results.
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Fig. 11. Flexible shaft (Diameter 12 mm) - Bode plot - Bend angle 0°.
Table 1
Inertia torsional spring—damper model parameters — ¢, = 0°.
D J B, K, B, K,
(mm) (kg m?) (N m s/rad) (N m/rad) (N m s/rad) (N m/rad)
4 3.6-12 1l.1e-2 0.6 4.2e-3 0.3
5 9.8e-12 2.3e-2 1.4 9.8e-3 1.1
6 4.9e-11 7.2e-2 5.3 8.7e-2 2.5
8 7.1e-11 0.3 10.2 0.2 7.9
12 5.4e-10 0.7 87.0 1.1 74.0

3.1. Model evaluation for flexible shaft

The proposed torsional mass—spring—damper model in Eq. (10) is estimated from the straight to bending configuration of
90° using the input-output characteristics of flexible shafts at variable diameters and lengths. The model’s coefficient values are
estimated using the curve fitting toolbox of MATLAB for a white-box model using the Non-Linear Least Square method. The estimated
physical parameters of inertia, stiffness, and damping for flexible shafts with variable diameter and fixed length are shown in
Tables 1 to 5. Fig. 7 shows the measurements of the applied torque r and the resulting twist angle 6 along with the fitted model
using Eq. (10). The section below discusses the evaluation in a straight and bending configuration for the cases of 0° to 45°, where
the model performed quite accurately. For bending angle, ¢ 5 = 45° onward, the model’s goodness of fit deteriorates and is discussed
by Fig. 10 in the section below.

3.1.1. Straight configuration

Fig. 7 shows the input-output characteristics for the selected set of flexible shafts along with the modeled version (10) for a
straight configuration. The linear relationship between torque and twist angle 6 implies that the stiffness term dominates in the
model. In this case, the applied input could not excite the dynamics of a flexible shaft. The setup reaches its bandwidth limit due
to its higher inertia than a flexible shaft. Thus, calculated inertia coefficients are used from Eq. (4). Table 1 shows the calculated
parameters of inertia J and estimated parameters of stiffness (K, K,) and damping coefficient (B,, B,) from the white box model
(10). The model shows a good fit for all the flexible shafts with low percentage RMSE values with respect to the shaft’s nominal
torque for both positive and negative values of twist angle 0 as shown in Table 2.

Observing the trend of model parameters in Table 1 for the increase in diameter is interesting. The inertia and stiffness values
are directly associated with the geometry as given by Egs. (4) and (8). The increase of coil-coil and coil-core stresses and friction
on the flexible shaft’s twisting can explain the damping coefficients trend.

The difference in values of physical parameters for the positive and negative sides of twist angle 6 can be attributed to the
winding and unwinding of the outermost coil layer. The values of inertia J are the same for both sides of twist angle § due to no
change in geometry. For the stiffness values, K, and K, differ due to the opposite direction of twist angle ¢ with respect to the
direction of winding of the outermost layer as provided by the difference in Egs. (8) and (9). For positive twist angle 0, the winding
of the outermost layer winds onto the adjacent layer, making a tight, jam-packed, flexible shaft. However, for negative twist angle
0, the winding of the outermost layer unwinds, making it behave like a torsional spring, causing relief to the inner layers. As a
result, the same flexible shaft portrays a slightly lower stiffness for K, than K,,.
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Table 2
RMSE values with respect to flexible shaft diameter — ¢, = 0° and 45°.
D PRMSEQ, PRM SEQ, PRMSE4S, pRM SE45,
(mm) (%) (%) %) %)
4 2 2 6 2
5 2 2 2 1
6 0.5 2 5.1 3.1
8 5.1 1.7 6 3.7
12 4 4 2.6 2.2
Table 3
Inertia torsional spring—damper model parameters — 15° bend angle.
D J B, K, B, K,
(mm) (kg m?) (N m s/rad) (N m/rad) (N m s/rad) (N m/rad)
4 3.6-12 1.2e-2 0.5 8.5e-3 0.3
5 9.8e-12 2.8e-2 1.2 9.1e-3 0.9
6 4.9e-11 1.4e-1 4.4 5.0e-2 2.2
8 7.1e-11 3.3e-1 9.0 0.23 7.1
12 5.4e-10 0.7 86.2 1.4 74.2
Table 4
Inertia torsional spring-damper model parameters — 30° bend angle.
D J B, K, B, K,
(mm) (kg m?) (N m s/rad) (N m/rad) (N m s/rad) (N m/rad)
4 3.6-12 2.1e-2 0.3 1.2e-2 0.2
5 9.8e-12 8.2e-2 0.98 5.3e-2 0.72
6 4.9e-11 2.2e-1 3.2 6.3e-2 1.9
8 7.1e-11 4.2e-1 7.0 2.7e-1 6.2
12 5.4e-10 1.736 84.2 1.47 75.95
Table 5
Inertia torsional spring-damper model parameters — ¢ = 45°.
D J B, K, B, K,
(mm) (kg m?) (N m s/rad) (N m/rad) (N m s/rad) (N m/rad)
4 3.6-12 1.9e-2 0.31 1.1e-2 0.25
5 9.8e-12 6.6e—2 1.02 3.9e-2 0.7506
6 4.9e-11 2.3e-1 2.5 6.7e-2 1.7
8 7.1e-11 4.0e-1 4.8 2.7e-1 4.82
12 5.4e-10 1.9 74.63 1.9 72.4

The values of B, and B, differ due to the less viscous nature of the flexible shaft on the winding of the outermost coil layer than
its unwinding. The unwounded outermost layer offers more damping than the tightly wounded one. There is an increase in damping
coefficients for both the positive and negative twist angle with the increase in diameter, as shown in Table 1. This highlights and
validates the hysteresis increase with the increase in diameter discussed in the previous section.

Table 2 shows the percentage RM SE, and RM SE, values of the peak torque applied in measurements for the positive and
negative side of twist angle 6 with respect to the diameter of flexible shafts. The low percentage values show that the model fits all
the variable diameter flexible shafts.

3.1.2. Bending configuration

Fig. 7 shows the input-output characteristics for the set of flexible shafts along with the simulated model (10) for the bending
case of 45°. Table 5 shows the calculated parameters of inertia J from (4) and estimated parameters of stiffness (K, K,) and
damping coefficient (B, B,) for the bending angle, ¢ = 45°. The percentage RMSE values of peak applied torque for bending
configuration of 45° at both positive and negative values of twist angle 6 are shown in Table 2.

Fig. 10 and Tables 3 to 5 show the behavior of change of input—-output characteristics over the increase in bend and diameter
of the flexible shafts. The values of stiffness K, and K, for respective positive and negative twist angle 6, decline with the increase
of bending angle, ¢, from 15° to 45°. With the increase in bend, the torsional stiffness of flexible shafts reduces with the increased
bending stresses. The decline in torsional stiffness results in lowering the helical buckling limit. This means more stress due to helical
buckling in combination with bending stress.

Fig. 7 depicts the increase in hysteresis with the increase in diameter. This trend results in a deteriorating fit of the simulated
model in Fig. 7. Due to the increase in the diameter of coils and their wires, there is more friction due to the stresses of adjacent
coil layers of the flexible shaft. Additionally, the hysteresis becomes dominant with the increased bending angle, ¢ of the flexible
shaft. The increase in bending angle, ¢, makes it difficult to deliver torque over a bend for a flexible shaft. This causes a decrease in
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Fig. 12. Estimated stiffness K, and K, with theoretical error bound.

torsional stiffness and an increase in helical buckling. Consequently, the shaft undergoes more energy loss due to increased torsion,
bending, and helical buckling deformations, as shown in Fig. 10.

At bending angles, ¢ more than 45°, the model deviates due to the highly non-linear behavior of flexible shaft as shown in
Fig. 10. The prominent effect of helical buckling and bending makes the output torque relationship with the flexible shaft’s twist
angle highly non-linear. The proposed model focused on the flexible shaft’s torsional deformation does not explain this behavior.

Table 2 shows the goodness of fit deteriorates for a bend configuration of 45° compared to the straight configuration 0° for the
positive and negative values of twist angle, 6. The percentage RMSE values are calculated by dividing the RMSE values by the peak
applied torque for each flexible shaft.

3.2. Evaluation of model-based physical parameters

Fig. 12 shows estimated stiffness values of a set of flexible shafts with fixed lengths and variable diameters obtained by parameter
estimation for model (10) in Table 1. These estimated stiffness values are compared with the theoretical values obtained through the
proposed geometric model by Eq. (8) using algorithm 1 in Section 1.3. The estimated values of stiffness K, and K, come from the
values in Table 1 i.e., straight configuration for the positive and negative values of twist angle §. To mark the possible construction
of flexible shafts, the maximum and minimum bound plot for theoretical stiffness values is provided with a domain interval of
possible core diameter, D,,,,, and the diameter of the coil’s wire, d,,;,, as introduced in Section 1.3. Fig. 12 also shows the stiffness
profile of rigid shaft using Eq. (3).

It can be observed that the theoretical estimation has more deviation from the estimated stiffness values with the increased
diameter of the flexible shafts. This can be explained by the increased effect of the polar moment of inertia of the flexible shaft’s
core and its increased uncertainty. However, it is bounded by the minimum and maximum bound of the possible construction of
flexible shafts. This is done in analogy to spring index C for the case of torsional spring to mark the region of possible stiffness
values. The proposed estimation methodology by geometry offers more accurate results than Eq. (8) for a rigid shaft, as shown in
Fig. 12. This validates the usability of geometry-based estimation of flexible shafts’ stiffness. Thus, if a robotic system as in Fig. 1
requires a particular series stiffness with a specific link length, a flexible shaft of the corresponding diameter and length can be
chosen using the geometric model (8).

Fig. 13 shows the trend of stiffness values of K, and K|, with respect to change in length for the positive and negative twist angle
0. One can observe a nearly linear decline in stiffness with the change in length for both trends. The positive side of the twist angle
shows a better fit with a line than the negative side. It is important to note that Egs. (3) and (8) provide a linear relationship with
the change in length, validating the effect of change in length on the stiffness of flexible shafts. The error box plots, as shown in
Fig. 13, highlight the validation of model (8) and the usability of algorithm 1, though not so accurately due to the uncertainty of
the diameter of core and wire diameters (see Fig. 14).

Another essential characteristic of flexible shafts is their change in torsional stiffness with respect to bending angle changes. For
the case of fixed length and variable diameter flexible shafts, the bending experiments have shown nearly a linear decline in their
stiffness with the increase in the bending angle, ¢, till 45°. However, after bending angles(¢p > 45°), the decline in stiffness is
non-linear. Fig. 10 shows the drop of the slope of torque-twist angle plots. This change in the stiffness values due to the bend of
the flexible shaft cannot be explained by the model (8) and (10) due to its torsional characteristics only.

To incorporate the effect of bending on the stiffness of flexible shaft, an empirical formulation can be developed by using the
stiffness values of nine flexible shafts at bending angles till 45° to form a 3D surface based on the values of length, L, D, and ¢, as

wire
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shown in Fig. 14. It can be utilized for estimating stiffness values at a particular bending angle for a flexible shaft with a particular
diameter and length. The following equation gives the formulation obtained through interpolation and non-linear regression:

k(D,L,0) = py + p, D + pyD* + p3D* + p, L + ps0 + ps D*.0

(11)

Table 6 provides the coefficient values for positive and negative sides of twist angle 6. This is performed to provide insight into
the change of stiffness values with the change of bending angles. For a flexible shaft to be routed across a joint with a specific
range of motion, the remotely actuated joint’s stiffness variation can be studied using this formulation. Additionally, the extensive
experimental study is put together in one formula to extract the stiffness values of the flexible shaft for the desired set of input
values to develop a remote actuation module.
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These coefficient values are estimated using non-linear regression on the stiffness values obtained through the model Eq. (10)
using experimental results. An initial structure of the equation is assumed as per the relationships of diameter, length, and bending
angle with the stiffness of a flexible shaft. The coefficients of the equation are estimated to achieve the best fit possible using
MATLAB fit function. The rate of change of stiffness with respect to diameter and length is used to interpolate the data as a 3-D
surface. This provides a space of points for the stiffness, diameter, and length values for a designer to pick and design an actuator
based on a flexible shaft till the bending angle 45°.

4. Discussion

Using the proposed geometric method introduced in Section 1.3, the polar moment of inertia and stiffness of the flexible shafts
can be better estimated than a rigid shaft’s equation (2). Due to the uncertainty introduced by the assumption of the core’s dimension
in a flexible shaft in Section 1.3, there is a probable error in the coefficient values evident in Fig. 12. However, it can be bounded
by minimum and maximum stiffness profiles using the possible construction values for the flexible shaft’s core diameter, D,,,,,
and wire’s diameter, d,,;,.. Thus, the desired series stiffness and remote actuation are achievable using a flexible shaft by selecting
corresponding diameter and length values using Eq. (8), though with a region of uncertainty due to different possible construction of
flexible shafts. Similarly, in Fig. 13, one can observe a linear relationship of stiffness for K » and K, as provided by Egs. (1) (3) [30].
In Fig. 13, the error is more dominant for K, values than K, due to the more number of layers considered for estimating the polar
moment of inertia and stiffness, hence, susceptible to more uncertainty. The main reason behind the errors is also the probable
error in the possible construction values of the flexible shaft’s core diameter, D,,,,, and wire’s diameter, d,;,... This resembles the
uncertainty in values of the spring catalog, where there is an expected error of quoted and actual stiffness values.

Ideally, every shaft should be cut open to measure all the wires and core diameters to be exact in estimation. However, this
results in the irreversible destruction of flexible shafts, which is non-economical. By not cutting open the flexible shaft, the model
helps to estimate the torsional stiffness of a flexible shaft by only using manufacturers’ given parameters or by simply doing external
measurements of a flexible shaft to expedite the design process. The error is a price to pay to estimate the stiffness of a flexible
shaft by measuring its parameters externally.

Flexible shafts are slender and long cables that offer very small inertia values. These values are insignificant for robotic
applications with higher inertia as a load or a source compared to the inertia of a flexible shaft. However, a dominant effect of
flexible shaft inertia can only be seen for applications involving high frequencies, low inertial power sources, and payloads. Thus,
the experimental validation of the inertia of flexible shaft is not achieved directly but through the stiffness values as a function of
the polar moment of inertia. Thus, the proposed inertial torsion spring—damper model encapsulates the range of applications by
estimating a flexible shaft’s polar moment inertia and stiffness parameters through geometry.

Knowing that stiffness is an essential characteristic of a flexible shaft for high torque and slow speed applications, the
asymmetrical nature of flexible nature is studied separately. The model encapsulates both directions of rotation of a flexible shaft
with a separate set of inertia, stiffness, and damping parameters for an inertial spring—-damper model. A series of experiments are
performed to characterize flexible shafts with a set of variable diameter and fixed length and a set of fixed diameter and variable
length. The experimental results are modeled with a white box model of the inertial spring-damper model for both positive and
negative sides of twist angle 6.

Damping and stiffness coefficient tends to increase with the diameter of the flexible shafts. However, the stiffness governs the
input-output characteristics and explains the behavior of nearly constant stiffness for all nine flexible shafts with variable diameters
and lengths. With the increase in bend, the hysteresis increases due to increasing deformation of the shafts in bending, torsion, and
helical buckling. These coincident deformations introduce non-linearity for thin and long flexible shafts. The inertial spring—-damper
model based on torsional deformation cannot explain the behavior introduced due to the bending and helical buckling. This limits
the model validity till 45° beyond which high non-linear torque versus twist angle characteristics are observed as shown in Fig. 10.

The increase in diameter increases the stiffness of a flexible shaft non-linearly, as shown in Fig. 12. In the case of length, the
stiffness varies linearly in an inverse proportion. On bending the flexible shaft, the stiffness declines non-linearly with the increase
in bending angle, ¢ 5. For smaller diameters, the change in stiffness value under the bending angle is observed to be changing
very little for the increment of 15°. It can be observed for the diameter 4 and 5 mm flexible shaft, the change in stiffness value
from 30 to 45° bending angle is non-existent or increased a bit above. The estimated stiffness using the mass spring—damper model
also tends to be more inaccurate near 45° bending angle, creating more uncertainty in values. The stiffness behavior about length
and diameter are explainable using Egs. (8) and (9). However, the proposed model cannot explain bending behavior due to being
focused on a 1-D deformation. An empirical non-linear regression formulation is provided using the experimental values of nine
flexible shafts at different configurations. This formulation can facilitate the actuator design even with the change in stiffness due to
bending. Nonetheless, for the complete characterization of flexible shafts, there is a need to understand three-dimensional elasticity
and incorporate the torsion, bending, and helical buckling deformation together in a single model.

In this study, the focus has been mainly on modeling the characteristics of flexible shafts with the assumption that other robot
parts are rigid. The parts comprising flexible shafts are assumed to be rigid and designed to allow the bending of flexible shafts
along a single curvature with no interference. As it is evident in Fig. 9, the bend of the flexible shaft for high bending angles of 90°
will become non-feasible and most likely interfere with the link components. Hence, a bend angle of 45° is proposed as feasible for
the design, which aligns well with the model limitation. A bending moment is applied to the robot joint through which the flexible
shaft passes to transmit torque to the distal joint. This is important for the robot’s control perspective, where the bending stiffness
of the flexible shaft can be used. Due to the 3-D nature of the deformation of the flexible shaft, a set of reaction forces and moments
are experienced in the structure of the robot. The reaction forces and moments are important for the robot’s structural design and
require in-depth study using advanced models. For brevity, these studies are left in this work.
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5. Conclusion and future work

A geometry-based polar moment of inertia and stiffness estimation method is proposed for flexible shafts and evaluated with
experimental values in a straight configuration. Now, a user can estimate the stiffness of a flexible shaft without cutting it open
by making measurements from its surface using the proposed model. An inertial spring-damper model based on the torsional
stiffness of flexible shafts is proposed with scalability in its physical parameters of diameter and length by stiffness coefficients.
The proposed model demonstrates its goodness of fit by low percentage RMSE values from the straight configuration of 0° to the
bending configuration of 45°. For the bending angles, ¢5 > 45°, the model cannot explain the increased non-linearity due to the
dominating effect of helical buckling and bending stresses. The paper provides insights into different characteristics of flexible shafts
relating to geometry. An empirical model is proposed for incorporating bending angle and is feasible for robotic applications with
a bend of up to 45°.

Although with its simplicity, a torsional mass—spring-damper model offers a simple explanation of the flexible shaft’s behavior,
it cannot explain the non-linear behavior for higher bending angles. In future work, the effect of helical buckling and bending
deformation will be incorporated with torsional deformation to explain the behavior of flexible shafts at higher bending angles.
Particularly, the inter-dependency of torsion and bending stiffness will be modeled using techniques involving the three-dimensional
elasticity of slender rods. The limited nature of the torsional mass—spring-damper model will be further generalized for broader
applicability in robotics applications using physics-based modeling. Modeling techniques like lumped parameters, finite elements,
and the Cosserat theory of elastic rods will be compared to provide a real-time model of flexible shafts involving high deformations.
From the robot’s design perspective, the use and effect of conduits around flexible shafts to restrain helical buckling at bends will
be studied. The influence of a flexible shaft on the robot’s structure due to helical deformation will be investigated using Cosserat’s
Model. Furthermore, the bending moment applied to the preceding joint will be investigated to optimize the robot’s design and
control.
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