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A B S T R A C T

Deep neural networks are static by nature, meaning they use a single set of parameters to process each data
sample. However, for more complex and larger systems, for which samples can be obtained under a large
variety of circumstances, a need for more dynamic networks that adapt to these variations seems apparent.
To this end, the concept of context information and its integration in deep learning is considered. Contrary
to current practices, that treat all modalities as equally informative to the decision process, contextual and
feature information is considered to be vastly different in nature. A set of definitions and subsequent arguments
are given in order to provide the necessary clarification regarding the interpretation of context with the
purpose of using all information in a maximally efficient way. From this interpretation, a problem statement
of context aware deep learning is constructed and consequently linked to its multiple model and transfer
learning solutions. These solutions, however, are in-efficient since samples are spread across models. Based on
the existence of this multiple model solution, a new approach, which integrates contextual information directly
into a single context-dependent model, is proposed. This single model uses weight matrices that are dynamically
assembled based on the contextual information to process each data sample individually. This allows for the
single model to consume and learn from all samples. The corresponding training routine is constructed and
evaluated on multiple benchmark problems. We start with an artificially generated problem on which the
methods’ ability to model multiple linear classification problems concurrently is confirmed. Next, both a time
series forecasting and image classification dataset are used for evaluation. Evaluations of our proposed method
are done and compared to standard context aware implementations based on concatenation and gating. These
standard methods implement context information by adding additional parameters in order to try modeling all
interactions between the context information and the samples. However, our proposed approach integrates the
contextual information directly into the network weights, allowing parameter efficient modeling of dynamic
contextual behavior. In both cases the proposed solution outperforms its standard counterparts with significant
margins in both evaluation metrics and parameter efficiency. Specifically, a mean absolute error improvement
of eleven standard deviations and an eight percent increase in classification accuracy, for the forecasting and
image classification problems respectively, is observed, showing the potential of our approach.
. Introduction

Deep learning system are being implemented more and more
hroughout industry and for a wide variety of applications [1–3].
owever, one of the main drawbacks of deep learning is its static
ature, which leaves these systems mostly unable to adapt to new
nvironments. This proves to be a problem, especially in these real-
orld use cases where the problems are more dynamic and complex.
or example, in an industrial environment many factors such as tem-
erature, humidity, etc., may influence operations of equipment and
onsequent measurement values. One way to deal with this problem is
efining contexts in which different behaviors are observed and taking
his information into account. To this end a general characterization of
ontext is given in Definition 1.1.

∗ Corresponding author.
E-mail address: david.vandermijnsbrugge@ugent.be (D.V. Mijnsbrugge).

Definition 1.1. Context is any information that can be used to
characterize the situation of different entities, such as persons, places
or objects. [4]

Context is also referred to as metadata or ’data about data’. In this
sense, the actual data refers to the entities from Definition 1.1 and
the metadata, the data describing the environments of these entities,
to context. It is this distinction between what to consider as context
and what as data that, when translating into a more precise machine
learning problem, can often result in disarray. Traditionally, the con-
textual information is considered as a feature, omitting any semantic
differences and assuming everything is a similar type of information.
In order to frame the problem of context-awareness in the setting of
vailable online 7 July 2023
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deep learning, different aspects from both literature and conceptual are
considered to hone in on a more usable definition.

A first consideration is the presence of feature correlations in ma-
chine learning. More specifically, correlations between features or in
the input data are considered to be detrimental. In many cases, cor-
related features do not improve model performance. Moreover corre-
lations are often used to do feature selection [5,6]. More generally,
this can be considered to be a special case of Occam’s razor [7],
which states that the simplest model that explains all observations
made, is preferable. So a minimal set of features that lead to sufficient
performance is preferred. As such, endlessly adding context as features
is destined to decrease performance and thus an undesirable way of
dealing with the additional context information.

From a more practical perspective, one could discriminate input
and context via data type or dimension. Data, especially in deep learn-
ing, has a certain dimensionality and before conversion to numerical
vectors, this dimensionality can be used to distinguish between data
sources. For example, geolocated images contain two different dimen-
sional and structural types of data. The image has dimensions of pixels,
while the geolocation is expressed in latitude and longitude angles [8].
In this case, we can distinguish data, i.e. the image, and context, i.e. the
geolocation, based on that difference in dimensionality and structure.

Lastly, a concept borrowed from database theory is considered. In
database theory information completeness corresponds to the fact that
the database contains all the information to return a given query [9,10].
When considering a machine learning problem we can think of a query
as a task and the database as the data set. Based on the previous
example this translates into the following. Given the task of finding out
what is described in a provided image, all the information necessary to
answer this question is captured in the image itself. Any additional ex-
ternal information seemingly, as previously mentioned, will only make
more confused, complex models. This notion leads to the description of
a somewhat informal concept, ‘‘information (over-)completeness’’ for
learning, given by Definition 1.2, which represents whether or not the
input information is complete for a given task.

Definition 1.2. Data is said to be information (over-)complete with
espect to a specific task when the information required for the solution
o this task is a subset of the information contained in the data.

The mentioned degradation of model performance seems to be in
isagreement with how we perceive completing such tasks. Since know-
ng the location of an image gives a large amount of information about
hat to expect in the image and consequently allows more efficient
rocessing of the image. For example, one could expect to only see
olar bears and no penguins when analyzing pictures taken the North
ole. Coupling back to the original definition of context, the notion that
escriptive information gives bias to the task related decision making
rocess about the entities has been added. Generalizing this, leads to
different formulation for context which is more restrictive and more

mportantly relates to the to be performed task, given in Definition 1.3.

efinition 1.3. Context is any information that describes a priori
nowledge about the 𝐝𝐞𝐜𝐢𝐬𝐢𝐨𝐧 making process regarding the data.

It is with this definition and with the notion of information com-
leteness in mind, that this work will continue in order to design
novel approach of introducing external contextual information into

eep learning architectures.

.1. Problem statement

In this section, the problem statement for context-aware deep learn-
ng is formulated more in-depth. More specifically a set of definitions
nd arguments is presented to obtain a mathematical problem descrip-
ion corresponding with the formulation of context from Definition 1.3.
n order to start from a solid basis, the idea of a learning setting is
dopted from statistical learning [11], see Definition 1.4.
2

Definition 1.4. A learning setting  = (,,) is defined by the
following:

• A hypothesis class or function class ;
• Samples  =  ×  consisting of input data;  and targets  .
• A loss function  ∶  × → .

In the particular case of deep learning, neural network architectures
as defined by Definition 1.5, are used for the hypothesis class .

Definition 1.5. A neural network architecture  , , = ( ,  ,)
onsists of a set of nodes  , edges  and activation functions .

Based on Definitions 1.4 and 1.5, a description for a supervised deep
earning task is constructed, as given in Definition 1.6.

efinition 1.6. A 𝐬𝐮𝐩𝐞𝐫𝐯𝐢𝐬𝐞𝐝 𝐝𝐞𝐞𝐩 𝐥𝐞𝐚𝐫𝐧𝐢𝐧𝐠 𝐩𝐫𝐨𝐛𝐥𝐞𝐦, given a learning
etting  , consists of finding the element(s) in the hypothesis class
 , , that minimize the loss function  over . This corresponds to
ssigning a set of weights  that maps to each element of  and for
hich the following objective is met:

= min


( , ,, ) (1)

he resulting architecture with a specific set of weights is denoted as
 , ,.

Considering the above introduction of a learning setting, the de-
ision making process for this task is represented by the network
rchitecture and the optimal decision making strategy by the corre-
ponding set of learned weights. Looking back, Definition 1.3 relates
he context to the task to be performed, corresponding to the minimiza-
ion of the loss function. Definition 1.7 reflects this context dependency
y integrating Definition 1.3 into the formulation of deep learning
etting.

efinition 1.7. Given a set of data samples  for which a task 
s defined, the 𝐜𝐨𝐧𝐭𝐞𝐱𝐭  is any amount of information that describes
ny a priori knowledge about a sample that relates to the decision
aking process about this sample. The corresponding dataset can now

e described as follows.

(𝑧𝑖, 𝑐𝑖) ∈ (,)} (2)

Finally, the learning setting definition is extended to include this
ontext formulation, which is represented in Definition 1.8.

efinition 1.8. A context-aware learning setting  = (,,,) is
efined by the following:

• A hypothesis class or function class ;
• A set of samples  =  × consisting of input data  and targets
 ;

• A set of contexts ;
• A loss function  ∶  × ×  → .

As before, this learning setting can be used to summarize the context
dependent problem statement, described by Definition 1.9, reflecting
the properties of context from Definition 1.3.

Definition 1.9. A 𝐜𝐨𝐧𝐭𝐞𝐱𝐭 𝐝𝐞𝐩𝐞𝐧𝐝𝐞𝐧𝐭 𝐬𝐮𝐩𝐞𝐫𝐯𝐢𝐬𝐞𝐝 𝐝𝐞𝐞𝐩 𝐥𝐞𝐚𝐫𝐧- 𝐢𝐧𝐠
𝐩𝐫𝐨𝐛𝐥𝐞𝐦, given a context-aware learning setting  , consists of finding
the element(s) in the hypothesis class  , , that minimize the loss
function  over the set of samples  given their contexts in . This
corresponds to assigning a set of weights  to each element of  for
which this objective is met:

 = min
R#

 ( , ,, ,) (3)

An architecture with a specific sets of weight is denoted as 
 , ,
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Consider all the samples for each distinct context in  separately
with a joint loss function . When the architecture information is
mitted, the solution, being the set of optimal weights per context,
an be written as in Eq. (4). This simple solution is called the multiple
odel solution since for each context, there is a specific set of weights.
 = {𝐖𝑐𝑖 |𝑐𝑖 ∈ } (4)

multiple model solution is highly inefficient due to the lack of
nformation sharing between contexts. All separate sets of weights have
een acquired by only training for the data given for a certain context.
any methods exist to deal with this shortcoming, of which the most
ell-known and current state-of-the-art, is transfer learning [12,13].
he classic approach to transfer learning in deep learning is done by
hared weights. Concretely, some layers are shared between neural
etworks with similar architectures for each context. We adopt the
ollowing notation.

 , , = 
 , , ∪ ∖

 , ,
(5)

 , , is an element of the hypothesis class  consisting of the
etworks with identical weights on the subset of edges  ⊂  and
ontext specific weights on its complement. Concretely, this implemen-
ation only calculates a multiple model solution for a smaller subset of
dges that contains specific decision making capacity, while the shared
dges learn context independent behavior. The resulting weight matrix
olution can be written as follows.
 = 0 ∪ {𝑐𝑖

|𝑐𝑖 ∈ } (6)

nother implementation of transfer learning results not from sharing
subset of edges, but from a single architecture where all weights are

hared. The single architecture is trained on a large dataset leading to
pre-trained network. Following pre-training, a fine-tuning step can be
erformed to adapt the network to have the desired properties in a new
ontext. For each new context a fine-tuning step is now done where the
re-trained network is tuned to the specific context often with a smaller
earning rate, leading to the following notation for this solution.

 , , =  ,0 , + { ,𝑐𝑖 ,|𝑐𝑖 ∈ } (7)

he solution takes the following form in just weight matrix notation.
ince all weights are shared across all architectures for each context, a
ummation is used to connect all the weights.
 = 0 + {𝑐𝑖

|𝑐𝑖 ∈ } (8)

. Related work

As stated in the introduction, the presented problem statement
as overlap with a couple domains depending on the interpretation
iven to the context and availability of representations. For example,
or multi-task learning each specific task can be considered to be a
ew context and would require explicit task representations [14]. In
domain adaptation setting, context corresponds to the description

f the domain. The common denominator is the adaptation of model
erformance to new circumstances or context, which is currently most
eadily associated with transfer learning [11–13]. Furthermore, mixture
f experts models, which can also alleviate some of these adaptations
ssues, have recently been implemented in deep learning as switch
ransformers [15]. These transformers use sparse routing to connect
ultiple separate models to do sample dependent predictions, which in

he light of context aware prediction, corresponds to routing samples
etween each multiple model solution and are part of the recently
eveloped research domain of dynamic neural networks [16]. As part
f this domain and in the context of convolutional networks, a version
f a dynamically composed kernels has been presented [17]. However,
s with natural language processing and image recognition, context is
ostly inferred or explicitly determined from the data. E.g. The context
3

or a certain word or pixel is its neighborhood or known annotations
ithin the sentence or image are used as context. This is what in
his work is referred to as internal context and does not correspond
o the definition for external context information from Section 1. To
he best of our knowledge no method such as presented in this work,
eing the dynamic assembly of general weight matrices based on this
xternal information, has been proposed. This integration of external
nformation is commonly done using the concatenation of context
eatures and data features [17–19]. The link with these works will be
ore thoroughly discussed in the next section.

. Solution formulation

In this section, our novel solution formulation for the context de-
endent deep learning problem from Definition 1.9 is presented. This
olution conceptually assumes the existence of a multiple model so-
ution as given in Eq. (4). The meaning of existence in this setting is
s follows. There is a set of weight matrices 𝐖𝐜𝐢 that are solutions
f the context dependent problem. More concretely these weights are
onsidered to be unknown and the main quantity of interest. In other
ords, the existence of these weight matrices represents an idealized

ituation where a representative model can be learned per context.
hese discrete sets of contexts can always be constructed, where in
he worst case scenario a separate context per sample is needed. Quite
traightforwardly, it can be seen that in this case, the assumption that
model can be learned from this single sample does not hold. The

ollowing method will address this shortcoming by sharing information
cross a set of basis matrices and learning coefficients from explicit
ontext representation for these basis components. Without loss of
enerality, the formulation is done for a single weight matrix, since the
rocedure applies to each weight matrix in any architecture separately.
urthermore, a discrete set of contexts  of size 𝐾 is used which
eneralizes to any situation with the worst case being the one where 𝐾
s equal to the number of samples.

= {𝑐𝑖|𝑖 = 1…𝐾}

he assumed multiple model solution implies a distinct set of weights
𝑐𝑖 for each context 𝑐𝑖. Denoting a single weight matrix for a given

ontext, can be done by assembling this set of weights in a vector and
sing the dot-product for vectors with a one-hot encoded vector of the
ontext indicator 𝑐𝑖, as given by Eq. (9). This is visually represented in
ig. 1(a).

𝑐𝑖 = [𝐖𝑐0 ,… ,𝐖𝑐𝐾 ] ⋅ 𝑐𝑖 = 𝐖̄ ⋅ 𝑐𝑖 (9)

𝑖⃗ = [0,… , 1⌣
𝑖th
,… , 0]

The use of this context indicator hints to the lack of information sharing
for this multiple model solution since the gradients for each sample
will only be propagated towards the selected weights. This can be seen
from the chain rule during backpropagation. The gradients with respect
to the stacked tensor 𝐖̄ are given by Eq. (10). The resulting gradient
only contributes to the weights of context 𝑐𝑖. Furthermore, the tensor
𝐖̄ which stores all the weights is of order (𝑀 ×𝑁 ×𝐾).

𝜕𝐿
𝜕𝐖̄

= 𝜕𝐿
𝜕𝐖𝑐𝑖

⋅
𝜕𝐖𝑐𝑖

𝜕𝐖̄
(10)

[0,… , 𝜕𝐿
𝜕𝐖𝑐𝑖⌣
𝑖th

,… , 0]

The problem statement in Definition 1.9 makes use of a dataset de-
scribed by Definition 1.7, each context in  has a corresponding de-
scription represented by an embedding 𝑐. This work proposes making
the network weights a general function of this embedding instead
of doing weight selection with an indicator variable. Concretely, the
following transformation is proposed which drops the context index 𝑖
and uses the embedding 𝑐 to generate the network weights.
𝐖(𝑐𝑖) → 𝐖(𝑐)
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Fig. 1. Representations of weight selection using context indicators (a, b) and dynamic generation of weights (c). The trapezoids in both b and c represent the 𝐔 and 𝐕 matrices
from the singular value decomposition.
In order to generate these weights from the explicit context represen-
tation, which is assumed to be of dimension 𝐷, at minimum a linear
relationship for each weight as in Eq. (11) is needed. The resulting
representation for the dynamic weights is of order (𝑀 ×𝑁 ×𝐷). This
cubic scaling is similar to the stacked context representation where
instead of 𝐾 discrete contexts the dimensions of the context dependence
are now contained in the 𝐷 × 1 learned weights per weight in 𝐖(𝑐).

𝐖𝑖𝑗 (𝑐) ∼ 𝑎𝑖𝑗 ⋅ 𝑐 ∼ (𝐷) (11)
∀𝑖𝑗 ∈ [0,… , 𝑁 ×𝑀]

This cubic scaling is highly unwanted and as such, before applying the
proposed transformation to context embeddings, each weight matrix is
expressed as a linear combination of basis matrices as per Eq. (12). The
summation index 𝑗 indicates the rank 𝑅 of the basis decomposition.

𝐖 =
𝑅
∑

𝑗=1
𝑠𝑗 ⋅ 𝐄𝑗 (12)

This decomposed representation allows us to only express the basis
coefficients as functions of the context indicator 𝑐𝑖 given by Eq. (13).
This means that now our original assumption that each weight matrix
per context is reduced to each set of optimal coefficients per context.

𝐖(𝑐𝑖) =
∑

𝑗
𝑠𝑗 (𝑐𝑖) ⋅ 𝐄𝑗 (13)

𝑠𝑗 (𝑐𝑖) = [𝑠𝑗,𝑐0 ,… , 𝑠𝑗,𝑐𝐾 ] ⋅ 𝑐𝑖

This new representation expresses the context dependent weights using
(𝑅×[𝑁 ×𝑀 +𝐾]) parameters. By using the Kronecker product for the
basis matrices, given in Eq. (14), the amount of parameters is reduced
back to quadratic, (𝑅×[𝑁+𝑀+𝐾]), albeit with different dimensions.

𝐄𝑗 = 𝑢𝑗 ⊗ 𝑣𝑗 (14)

The result is a singular value decomposed representation [20] of the
weight matrix where the singular values are selected using a one-
hot encoded context indicator 𝑐𝑖, as given by Eq. (15) and visually
represented in Fig. 1(b).

𝐖𝑐𝑖 =
∑

𝑗
𝑠𝑗 (𝑐𝑖) ⋅ [𝑢𝑗 ⊗ 𝑣𝑗 ] = 𝐔 ⋅ 𝐒(𝑐𝑖) ⋅ 𝐕𝑇 (15)

However, the same restriction on the information sharing across con-
texts is still present since, by making use of the indicator vector 𝑐𝑖,
the gradients are propagated to the singular values in a per-context
fashion. In order to illustrate this, the conceptual update equations
for the singular value decomposition are given by the following set
of equations where 𝑘 is the training iteration. The dependencies of
each update increment 𝑑𝑋𝑘 are given, however, calculation of these
quantities are left out and can be found in [20].

𝐔𝑘+1 = 𝐔𝑘 + 𝑑𝐔𝑘(𝐔𝑘, 𝜕𝐔𝑘) (16)

𝐒𝑘+1 = 𝐒𝑘 + 𝑑𝐒𝑘({𝐗𝑘}, {𝜕𝐗𝑘}) (17)

𝐕𝑘+1 = 𝑉 𝑘 + 𝑑𝐕𝑘(𝐕𝑘, 𝜕𝐕𝑘) (18)
{𝐗𝑘} = {𝐔𝑘,𝐒𝑘,𝐕𝑘}
4

𝜕𝐗𝑘 = 𝜕
𝜕𝐗𝑘

These equations show that the training of the basis matrices represented
by 𝐔 and 𝐕 does not depend on the context since only the partial
gradients 𝜕𝐔 and 𝜕𝐕 are needed arguments for the calculation of the
increments. However, the singular values have been made function of
𝑐𝑖 and as such 𝑑𝐒𝑘 does contain the context indicator via the partial
gradient for the singular values 𝜕𝐒. So by the same reasoning as with
the full matrices the gradient for the singular values only applies to the
𝑐𝑡ℎ𝑖 context.

𝑑𝐒𝑘 = [0,… , 𝑑𝐒𝑘𝑐𝑖⌣
𝑖th

,… , 0]

However, since the dynamic behavior now is only present in the
singular values, contrary to the full matrix, when applying the same
linear relationship from the context embedding to each of the basis
coefficients, the resulting representation is of order (𝐷 × 𝑅).

𝐒(𝑐𝑖) → 𝐒(𝑐)

𝑠𝑖(𝑐) ∼ 𝑎𝑖 ⋅ 𝑐 ∼ (𝐷) (19)
∀𝑖 ∈ [0,… , 𝑅]

Consequently the full dynamic network can be composed using the
basis coefficients represented by Eq. (20) using (𝑅 × [𝑁 + 𝑀 + 𝐷])
parameters.

𝐖(𝑐) =
∑

𝑗
𝑠𝑗 (𝑐) ⋅ 𝐄𝑗 = 𝐔 ⋅ 𝐒(𝑐) ⋅ 𝐕𝑇 (20)

Each input sample now generates coefficients 𝐒(𝑐) based on its corre-
sponding context 𝑐. These coefficients are used to assemble a linear
combination of shared basis matrices, rather than selection from a
disjoint set of coefficients by the indicator 𝑐𝑖. This formulation improves
sample efficiency since each sample now contributes to learning 𝐒(𝑐)
due to the shared dimensions of the context embeddings 𝑐. This is
visually represented in Fig. 1(c) and can also be seen from the chain
rule.
𝜕
𝜕𝑎𝑖

= 𝜕
𝜕𝑠𝑖

𝜕𝑠𝑖
𝜕𝑎𝑖

∼ 𝑐 (21)

The gradient for the parameters of the linear relationship does not
contain a selection using the one-hot encoded indicator variable, but
rather the context vector with shared embedding dimensions. This
implies that each sample which generates a gradient for the coeffi-
cients 𝑑𝐒(𝑐) contributes towards the learning of the context dependent
representation 𝐒(𝑐). The question remains how to construct 𝐒(𝑐) and
the corresponding gradients. In principle one could use a different
neural network  to learn the coefficients from the context data. In
the following subsections, two different formulations for 𝐒(𝑐) and their
gradients are derived and discussed.

3.1. Embedding decomposition

The coefficients in 𝐒(𝑐) represent the contribution of a basis kernel
𝐄𝑖 towards the weight matrix. This corresponds to how much the
resulting basis vector 𝐄 ⋅ 𝑥⃗ will contribute towards the linear activation
𝑖
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⇒

ℎ⃗. For an arbitrary layer in the architecture and its linear activation this
can be expressed as follows:

ℎ⃗ = 𝐖 ⋅ 𝑥⃗ =
∑

𝑗
𝑠𝑗𝐄𝑗 ⋅ 𝑥⃗ =

∑

𝑗
𝑠𝑗 ℎ⃗𝑗 (22)

Definition 3.1 describes a theoretical result which allows an approxi-
mate decomposition of an embedding into a context-free and dependent
part [21].

Definition 3.1. The log-linear model of a conditional probability
𝑝(𝑥|𝑐) can be approximately decomposed into two parts, a context sen-
sitive and context free part. Both are connected by the 𝜓(⋅, ⋅) function
that indicates the amount of context-dependence.

ℎ⃗ = 𝜓(𝑐, 𝑥⃗)ℎ⃗′ + [1 − 𝜓(𝑐, 𝑥⃗)]ℎ⃗0 (23)
𝜓(𝑥⃗, 𝑐) ∈ [0, 1]

Using Eq. (23), these terms can be rearranged to an expression that is
more logical for our purposes, given in Eq. (25).

ℎ⃗ = ℎ⃗𝑐 + ℎ⃗0 (24)

ℎ⃗𝑐 = 𝜓(𝑐, 𝑥⃗)(ℎ⃗′ − ℎ⃗0) (25)

Substituting Eq. (25) for each basis component of the latent vector ℎ⃗
(Eq. (26)) and grouping the terms (Eq. (27)) gives an expression for the
context-dependent coefficients, given in Eq. (28).

ℎ⃗ =
∑

𝑗
𝑠𝑗 ℎ⃗𝑐,𝑗 (26)

ℎ⃗ =
∑

𝑗
𝑠𝑗𝜓𝑗 (𝑐, 𝑥⃗)ℎ⃗𝑗 (27)

𝑠𝑗 (𝑐) = 𝜓𝑗 (𝑐, 𝑥⃗)𝑠𝑗 (28)

Finally, the 𝑥⃗ dependence is dropped, leading to the expression for the
context-dependent kernel, given in Eq. (29).

𝐖(𝑐) =
∑

𝑗
𝜓𝑗 (𝑐) ⋅ 𝑠𝑗𝐄𝑗 (29)

The additional index for each basis kernel corresponds to a unique set
of functions.

{𝜓𝑖|𝑖 ∈ 1…𝑅}

In order to reduce this complexity, a single 𝜓 function with the index
being moved to the argument, is considered. The scalar argument
is constructed using the context vector 𝑐 and a trainable vector 𝜆𝑖,
resulting in the following expression:

𝐖(𝑐) =
∑

𝑗
𝜓(𝜆𝑖 ⋅ 𝑐) ⋅ 𝑠𝑗𝐄𝑗 (30)

In matrix form, using the Kronecker basis kernels, this leads to the
following expression for 𝐒(𝑐), with use of short-hand notation where
the 𝜓 function is computed element-wise and the dot product is passed
outside the diagonal matrix:

𝐒(𝑐) = 𝐏𝐒 (31)

𝐏 = 𝜓

⎛

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎢

⎣

𝜆0
𝜆1

⋱
𝜆𝑅

⎤

⎥

⎥

⎥

⎥

⎦

⋅ 𝑐

⎞

⎟

⎟

⎟

⎟

⎠

Given the interpretation of the singular values as the contributions of
their corresponding basis kernels 𝐄𝑗 , as seen in Eq. (29), each 𝜓𝑗 (𝑐) now
epresents an activation of the scaled kernel 𝑠𝑗𝐄𝑗 given the context.
ince 𝜓𝑗 (𝑐) is a value between zero and one, this represent maximally
rrelevant and important scaled kernels respectively.
5

.2. Linear approximation

Another formulation, besides the embedding decomposition, is ob-
ained by linear approximation of the general context dependent weight
unctions. By using a Taylor expansion to first order in the context
ariable 𝑐, the following formulation is obtained:

𝑛𝑚(𝑐) = 𝐖𝑛𝑚(𝑐0) +
𝜕𝐖𝑛𝑚

𝜕𝑐
|𝑐0 ⋅ (𝑐 − 𝑐0) (32)

ubstituting Eq. (12) for each of the matrix elements yields the follow-
ng representations, given in Eqs. (33) and (34).

(𝑐) =
∑

𝑖
[𝑠𝑖(𝑐0) +

𝜕𝑠𝑖(𝑐)
𝜕𝑐

|𝑐0 ⋅ (𝑐 − 𝑐0)] 𝐄𝑖 (33)

∑

𝑖
[𝑠𝑖(𝑐0) + 𝜆𝑖 ⋅ (𝑐 − 𝑐0)] 𝐄𝑖 (34)

⃗𝑖 =
𝜕𝑠𝑖
𝜕𝑐

The vector 𝜆𝑖 represent the first order change of the singular value
with respect to the context 𝑐 and is made a trainable parameter. The
dependence on the static part of the context 𝑐0 can be omitted by re-
shaping the equations as follows and defining the context independent
coefficients 𝑠𝑖:

𝑖(𝑐0) + 𝜆𝑖 ⋅ (𝑐 − 𝑐0) (35)

𝑠𝑖(𝑐0) − 𝜆𝑖 ⋅ 𝑐0 + 𝜆𝑖 ⋅ 𝑐 (36)

𝑠𝑖 + 𝜆𝑖 ⋅ 𝑐 (37)

hese can be put in matrix form in similar fashion as the multiplica-
ive singular value representation. The same short-hand notation as
n Eq. (31) is used where the dot product for the 𝜆𝑖 vectors is taken
utside the diagonal matrix for brevity.

(𝑐) = 𝐔[𝐒 +Λ]𝐕𝑇 (38)

=

⎡

⎢

⎢

⎢

⎢

⎣

𝜆0
𝜆1

⋱
𝜆𝑅

⎤

⎥

⎥

⎥

⎥

⎦

⋅ 𝑐

he corresponding interpretation of these equations is that each weight
atrix is composed of a context sensitive part and a context-free part,
here both parts are expressed as a singular value decomposition.
or the context sensitive part the singular values are inner products
etween the context embedding and the 𝜆𝑖 vectors. Considering the
orrespondence of these vectors to the gradient of the singular value
ith respect to the context representation, a single 𝜆𝑖 vector can be
ssociated with direction in context space for which the corresponding
𝑖 will change in importance.

.3. Discussion

In this subsection, a comparison between both the formulations
f the presented method and other context-aware methods is made.
oth formulations are referred to as the additive and multiplicative

mplementation and are represented by Eqs. (39) and (40) respectively.

(𝑐) = 𝐔[𝐒 +Λ]𝐕𝑇 (39)

(𝑐) = 𝐔[𝐏𝐒]𝐕𝑇 (40)

ince both formulations contain diagonal matrices, the formulations
an be equated for an arbitrary diagonal element as follows.

(𝜆𝑖 ⋅ 𝑐)𝑠𝑖 = 𝑠𝑖 + 𝜆𝑖 ⋅ 𝑐 (41)

𝜓(𝜆𝑖 ⋅ 𝑐) = 𝐼 +
𝜆𝑖
𝑠𝑖

⋅ 𝑐 (42)

The additive formulation is a linearized version of the multiplicative
approach, as expected, when the context functions 𝜓 is equal to the
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linear approximation as in Eq. (42). Furthermore, when no context is
present, both models reduce to a static singular value representation
neural network. In the additive case this corresponds to only using the
general model part of the singular values and in the multiplicative case
the average value determined by the zero value of the 𝜓 function. In the
following subsections, a series of comparisons to current state-of-the-art
methods for implementing external context information is made.

3.3.1. Transfer learning
Consider the transfer learning solution mentioned in Eq. (8). Here

all the samples not in the chosen context constitute the general model
and the samples in context are used for fine tuning. At the end of
training with learning rates 𝛼𝑖 for the general model and 𝛽𝑖 for fine
tuning, the weight matrix 𝐖𝑐𝑖 in context 𝑐𝑖 can be written as follows:

 =
𝑐𝑖∉
∑

𝑖
𝛼𝑖∇𝐖𝑖 +

𝑐𝑗∈
∑

𝑗
𝛽𝑗∇𝐖𝑗 (43)

This representation separates information between samples during
training of the general model and fine-tuning. An equivalent formu-
lation for the additive decomposition can be constructed. The additive
solution, using a generalized notation where 𝛥𝐒𝑖 and 𝛥Λ𝑖 represent the
changes in 𝐒 and Λ respectively, can be written as follows.

 = 𝐔𝐒𝐕𝑇 + 𝐔[Λ ⋅ ]𝐕𝑇 (44)

= 𝐔[
𝑐𝑖∈
∑

𝑖
𝛥𝐒𝑖 + 𝛥Λ𝑖 ⋅ 𝑐𝑖]𝐕𝑇 (45)

When comparing Eqs. (43) and (45), in which the training of the basis
matrix components has been omitted for brevity, one can see both
contain a static and context dependent part. However, the additive
formulation allows both parts to learn from all available samples, while
transfer learning separates samples per context. Furthermore, the trans-
fer learning solution does not scale well with larger amounts of contexts
and cannot be applied when no discrete contexts are defined. Our
proposed approach alleviates this problem by using the explicit context
representation, which can be any representation from a continuous
spectrum of contexts.

3.3.2. Concatenation
A regular concatenation implementation, which puts the contextual

and input features in one vector, as in Eq. (46), is often used in cases
where context representations are available. In this case, the standard
weight matrix, denoted as 𝐖∗, can be constructed from four block
matrices representing the interaction between 𝑥⃗, 𝑐 and their respective
linear activations, given in Eq. (47).

𝑥⃗∗ = [𝑥⃗, 𝑐] (46)

𝐖∗ =
(

𝐖𝑥𝑥 𝐖𝑐𝑥
𝐖𝑥𝑐 𝐖𝑐𝑐

)

(47)

The following representation for the linear activation, which consists
of the data and context linear activation, ℎ⃗𝑥 and ℎ⃗𝑐 respectively, is
obtained. This representation clearly reflects the purpose of each block
component of 𝐖∗.

ℎ⃗∗ = 𝐖∗ ⋅ 𝑥⃗∗ = [ℎ⃗𝑥, ℎ⃗𝑐 ] (48)

= [𝐖𝑥𝑥 ⋅ 𝑥⃗ +𝐖𝑥𝑐 ⋅ 𝑐,𝐖𝑐𝑐 ⋅ 𝑐 +𝐖𝑐𝑥 ⋅ 𝑥⃗] (49)

Similarly, for the additive formulation, the data linear activation,
ℎ⃗𝑥 can be constructed, leading to the following representations. The
derivation of Eq. (52) from Eq. (51) is given in Appendix.

ℎ⃗𝑥 = 𝐔[𝐒 +Λ ⋅ 𝑐]𝐕𝑇 ⋅ 𝑥⃗ (50)

= 𝐔𝐒𝐕𝑇 ⋅ 𝑥⃗ + 𝐔[Λ ⋅ 𝑐]𝐕𝑇 ⋅ 𝑥⃗ (51)

𝐔𝐒𝐕𝑇 ⋅ 𝑥⃗ + 𝐔[𝐕𝑇 ⋅ 𝑥⃗]Λ ⋅ 𝑐 (52)
6

hen comparing Eq. (49) with Eqs. (52) and (51) the following corre-
pondence is obtained.

𝑥𝑥 = 𝐔𝐒𝐕𝑇 (53)

𝑥𝑐 = 𝐔[𝐕𝑇 ⋅ 𝑥⃗]Λ (54)

he same transformation of the linear activation, ℎ𝑥, using singular
alue decomposed weight matrix representations, is present. The learn-
ng of ℎ⃗𝑐 , can now be decoupled in a different neural network. This way
f incorporating context reduces the dimensionality of the process since
he additive representation is considerably smaller. The dimensions of
he latent representations are taken to be the same as the respective
nput dimensions, written as 𝑛𝑥 and 𝑛𝑐 , for simplicity of the argument.
hese bounds can be directly extended to non-square matrices. The
esulting concatenated representation has dimension (𝑛𝑥 + 𝑛𝑐 )2, while
he additive representation only requires (𝑛𝑐 + 2𝑛𝑥 + 1) ⋅ 𝑅 parameters.
rom this, a parameter efficiency upper bound for the decomposition
ank can be found:

< 𝑛𝑐 +
𝑛2𝑥 − 1

2𝑛𝑥 + 𝑛𝑐 + 1

3.3.3. Gating
Whereas the additive implementation resembles concatenation, the

multiplicative formulation resembles a context gating mechanism [22–
24]. This mechanism weighs a latent vector element-wise based on a
sigmoidal activation function, which can be written as follows:

ℎ⃗ = 𝜎⃗(𝑐)⊙ 𝑧 (55)

(𝑥) = 1
1 + 𝑒−𝑥

Substituting Eq. (55) into Eq. (22) for the decomposition of the linear
activation due to the kernel decomposition gives the following:

ℎ⃗∗ = 𝜎⃗(𝑐)⊙
∑

𝑖
𝑠𝑖ℎ⃗𝑖 (56)

𝜎⃗(𝑐)⊙
∑

𝑖
𝑠𝑖[𝐄𝑖 ⋅ 𝑥⃗] (57)

∑

𝑖
𝑠𝑖𝛽𝑖𝜎⃗𝑖(𝑐)⊙ 𝑢𝑖 (58)

𝑖 = 𝑣𝑖 ⋅ 𝑥⃗

𝜎⃗𝑖(𝑐) =
𝜎⃗(𝑐)
𝑅

Considering the multiplicative formulation from Eq. (29), a similar
representation is obtained.

ℎ⃗∗ =
∑

𝑖
𝜓𝑖(𝑐)𝑠𝑖𝛽𝑖𝑢𝑖 (59)

The context gating is shifted from an equally divided, element-wise
application of the gated context on the basis kernels to a scalar ap-
plication on the singular values. In other words, the gating is moved
from the individual latent features to groups of features represented by
the 𝐔 components of the basis kernels 𝐄𝑖. As such the expressivity of
the multiplicative approach is moved to the training of the 𝜆𝑖 vectors.
Furthermore, this comparison suggests setting the 𝜓 function to be the
sigmoid function.

𝜓(𝜆𝑖 ⋅ 𝑐) =
1

1 + 𝑒−𝜆𝑖⋅𝑐

Similarly to the comparison of the additive decomposed implementa-
tion and context concatenation, a parameter efficiency evaluation can
be done. Regular gating requires 𝑛𝑐 ⋅ 𝑛𝑥 parameters, corresponding to
𝐖𝑐𝑥, to create the latent context embedding which is of the same size
as the input data embedding. A single feed-forward layer for the input
data requires 𝑛2𝑥 parameters, corresponding to 𝐖𝑥𝑥. This gives a total
of (𝑛𝑐 +𝑛𝑥) ⋅𝑛𝑥 parameters, compared to the multiplicative decomposed
version which requires (𝑛𝑐+2𝑛𝑥+1) ⋅𝑅 parameters. The following upper
bound is obtained.

𝑅 <
𝑛𝑐 + 𝑛𝑥 𝑛𝑥 (60)
𝑛𝑐 + 2𝑛𝑥 + 1
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This upper bound is smaller than the additive one thanks to lack of the
𝐖𝑥𝑐 and 𝐖𝑐𝑐 components.

3.4. Gradients

Now that the construction of 𝐒(𝑐) is done, we present the gradient
alculation and corresponding update procedure for the context de-
endent weights. The shared basis matrices are context independent
nd are trained according to the procedure for static singular value
ecomposed weight matrices [20]. On the other hand, the update
quation for the singular values presented in Section 3 is now fully
ritten out. The general context-dependent singular values are denoted
s 𝐒∗ containing singular values {𝑠∗𝑖 |𝑖=1…𝑅} and can be evaluated using

the chain rule.
𝜕
𝜕𝑠∗𝑖

= 𝜕
𝜕𝑠𝑖

⋅
𝜕𝑠𝑖
𝜕𝑠∗𝑖

(61)

This results in the following expressions for the additive and multiplica-
tive representations, given by Eqs. (62) and (63), respectively.

𝜕
𝜕𝑠∗𝑖

= 𝜕
𝜕𝑠𝑖

⋅
𝜕𝑠∗𝑖 − 𝜆𝑖 ⋅ 𝑐

𝜕𝑠∗𝑖
= 𝜕
𝜕𝑠𝑖

(62)

𝜕
𝜕𝑠∗𝑖

= 𝜕
𝜕𝑠𝑖

⋅
𝜕𝑠𝑖𝜓𝑖(𝑐)−1

𝜕𝑠𝑖
= 𝜕
𝜕𝑠𝑖

𝜓𝑖(𝑐)−1 (63)

ince this is the only change necessary these expression can be readily
nserted in the calculation of the gradient step for the singular values
sing Eq. (64) [20]. Here ∇𝐖𝑘

∗
 contains the derivatives 𝜕

𝜕𝐔 , 𝜕
𝜕𝐒∗ and

𝜕
𝜕𝐕 .

𝐒𝑘+1∗ = [𝐈 + 𝛹𝑇𝐔𝑘 ] ⋅ 𝐒
𝑘
∗ ⋅ [𝐈 + 𝛹𝐕𝑘 ] − 𝛼𝛥𝐒𝑘∗ (64)

𝛹𝐗 = (𝐗)𝑇 𝜒𝜈(𝐗)𝐗
𝐒𝑘∗ = (𝐔𝑘+1)𝑇∇𝐖𝑘

∗
𝐕𝑘+1

or the additive case, the resulting expression can be reduced to a
unction of the decomposed update equation and an additional term
orrecting for the context dependent kernel change.
𝑘+1 = 𝐒𝑘 + 𝛤𝐒𝑘∗ − 𝛼[𝛥𝐒

𝑘
∗ −

𝜕
𝜕Λ

⋅ 𝑐] (65)

𝐒𝑘∗
= 𝛹𝑇𝐔𝑘 [𝐒

𝑘
∗ + 𝐒𝑘∗𝛹𝐕𝑘 ] + 𝐒𝑘∗𝛹𝐕𝑘

or the multiplicative case this reduction cannot be done and the final
xpression reads as follows:
𝑘+1 = (𝐏𝑘+1)−1[𝐒𝑘 + 𝛤𝐒𝑘∗ − 𝛼𝛥𝐒

𝑘
∗] (66)

𝐒𝑘∗
= 𝛹𝑇𝐔𝑘 [𝐒

𝑘
∗ + 𝐒𝑘∗𝛹𝐕𝑘 ] + 𝐒𝑘∗𝛹𝐕𝑘

ince these updates are values of the diagonal, the inverse and its
ultiplication, present in Eq. (66), are element-wise. As such they

ntroduce no significant computational increase. Finally, regular batch
tochastic gradient descent can be thought of as reducing the partial
radients w.r.t. the optimized variable over the batch dimension before
pplication.

𝜃 = 1
𝐵

𝐵
∑

𝑖=1

𝜕𝑖
𝜕𝜃

(67)

Here 𝐵 is the size of the batch dimension. Since calculation of the
gradients for the singular values now is dependent on every sample as
seen in both Eqs. (65) & (66), this reduction is applied to the updated
singular values after calculation.

𝐒̄𝑘+1 = 1
𝐵

𝐵
∑

𝑖=1
[𝐒𝑘+1]𝑖 (68)

For the additive case this is equivalent to averaging the singular values
updates, while the context dependence is fully contained in the Λ

terms. In the multiplicative case, an extra term inversely proportional
to 𝐏, that corrects for the consequent multiplicative term, is present in
the gradients. The expression for 𝐒̄𝑘+1 can now be used to replace the
7

update step in the static singular value decomposed procedure [20]. b
Table 1
Accuracies and corresponding standard deviations of a zero hidden layer architecture
over ten runs at different values of 𝛼.
𝛼 𝑥⃗ [𝑥⃗, 𝑐] 𝑐 ⊙ 𝑥⃗ 𝐒 + 𝚲 𝐏𝐒

0.0 96.5±0.1 96.4±0.1 92.5±0.1 96.3±0.1 96.6±0.2
0.5 75.4±0.1 75.8±0.1 89.1±0.1 94.4±0.4 95.5±0.5
1.0 67.2±0.1 67.1±0.1 81.2±0.2 94.5±0.8 94.8±0.6

Table 2
Accuracies and corresponding standard deviations of a single hidden layer architecture
over ten runs at different values of 𝛼.
𝛼 𝑥⃗ [𝑥⃗, 𝑐] 𝑐 ⊙ 𝑥⃗ 𝐒 + 𝚲 𝐏𝐒

0.0 96.0±0.1 95.4±0.1 94.4±0.1 94.1±0.2 94.8±0.2
0.5 79.0±0.1 95.0±0.3 93.7±0.1 95.2±0.2 95.5±0.1
1.0 65.4±0.1 94.0±0.3 93.3±0.2 93.9±0.1 93.4±0.2

4. Evaluation

In the following section, experiments are performed to evaluate the
proposed method on a variety of datasets, starting with artificial data
for validation of the methods’ properties and leading up to real-world
data. All experiments were performed on one Tesla V100-SXM3-32 GB
GPU and eight Intel(R) Xeon(R) Platinum 8168 CPU @ 2.70 GHz
CPU cores. All implementations are done using Tensorflow 2.4.0. The
corresponding code is available on GitHub.1

4.1. Artificial data

To get an understanding of the properties of both implementations,
confirm convergence and evaluate performance, artificial data is gener-
ated. The data consists of a discrete set of contexts which are clustered
around 𝐾 centers using an implementation of the sklearn library.2
Per cluster, a linear classification problem with different coefficients
is created, given by Eq. (69). The coefficients are determined by a
constant 𝑎0 and a context dependent coefficient which is different per
context cluster 𝑎𝑖. The amount of context dependence is regulated by a
parameter 𝛼 which is varied from zero to one.

𝑦𝑖|𝑐𝑖 = [(1 − 𝛼)𝑎0 + 𝛼𝐀 ⋅ 𝑐𝑖] ⋅ 𝑥⃗𝑖 + 𝜖 < 0 (69)
= [𝑎1,… , 𝑎𝐾 ]

his generated problem has an optimal multiple model solution, con-
isting of a sigmoidal output neural network without any hidden layers
er context. When considering the joint problem, the dynamic weight
lgorithm is expected to converge without any hidden layers. However,
regular feed-forward network should not be able to model the context
ependence of the weights.

The performances of a zero and single layer feed-forward architec-
ure are evaluated for a data set of eight-thousand generated samples
ith 𝐾 equal to four. The data is split eighty/twenty for training and

esting. For each network the regular implementation (𝑥⃗) with and
ithout addition of the context vector is evaluated. Both the gating
𝑐 ⊙ 𝑥⃗) and concatenation ([𝑥⃗, 𝑐]) mechanism are used to include the
ontext in this case. These methods are compared to both the additive
𝐒+Λ) and multiplicative (𝐏𝐒) dynamic network implementation. The
ecomposition ranks used are the upper bound rank for the hidden
ayer and rank 𝐾, corresponding to the number of clusters, for the
utput layer. Results are given in Tables 1 and 2. The tables portray
ean values over ten runs on the same data. Furthermore Table 3

ontains the amount of parameters for each model.

1 https://github.com/predict-idlab/dynamic-kernels.
2 https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_

lobs.html.

https://github.com/predict-idlab/dynamic-kernels
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
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Table 3
Parameter comparison for different architectures. 𝐻0 and 𝐻1 indicate the zero and
single hidden layer architectures respectively.
𝛼 𝑥⃗ [𝑥⃗, 𝑐] 𝑐 ⊙ 𝑥⃗ 𝐒 + 𝚲 𝐏𝐒

𝐻0 66 130 66 270 274
𝐻1 1122 2148 1122 1382 1386

A couple of observations can be made from these results. First, as
expected, the decomposed layers are capable of modeling the dynamic
problem without any hidden layers. This allows more efficient, simpler
models, which is confirmed by the parameter counts in Table 3. Even
tough the amount of parameters for the decomposed approach is larger
for the output layer, it still is much smaller than adding a hidden layer.
Second, the context independent and Kronecker decomposed kernel
assumptions do not necessarily restrict performance on individually
dependent weights. Lastly, since the context embeddings are numerical
vectors, while the weight dependence is strictly based on the context
class, we would expect optimal performance by the multiplicative
kernels because of the sigmoid activation of the individual kernels.
These have the capacity of classifying the context vectors and chang-
ing weights accordingly. A small increase in performance is observed
between the linear approximation and the embedding decomposition,
but it seems that most of the behavior can be captured in a linear
approximation of the context coefficients. This effect is also and more
strongly observed for the zero hidden layer gating and concatenation
implementations. Lastly, a observation with respect to the standard
deviations is made. All the deviations are insignificant with respect
to the differences in performance except for a small increase for the
zero layer dynamic networks. This is attributed to the fact that a small
amount of basis matrices is used and as a result there are some small
deviations on the final accuracy over different training runs.

4.2. Indian state-wise covid data

The following evaluation dataset was obtained from Kaggle3 and
consists of confirmed covid cases in India from May 2020 until Septem-
ber 2021. We complemented this dataset with population statistics of
the states obtained from the Indian central bank.4

As problem statement, a one day forecast of the covid incidence is
considered. A couple of pre-processing steps are done. First, the raw
incidence count is log transformed as per Eq. (70), as covid data often
exhibits exponential behavior. Besides the log transform, the added one
keeps the transformed numbers strictly positive.

𝑦 = log(𝑥 + 1) (70)

Second, the transformed values are shifted to represent daily difference
instead of incidence. And lastly, a smoothing window of five days is
applied to reduce noise on the time series. The resulting processed data
per state is given in Fig. 2.

A time-based data split is performed where the first 60% of the time
series of each state is used as training and the remainder as test data.
Corresponding to the multiple model solution, a baseline is created
from both ARIMA (𝐴𝑅𝑀) and a feed-forward neural models (𝐹𝐹𝑁)
per state. The neural models are trained on windows of 14 days of data
with standard mean squared error loss. Models with 1, 3 and 5 hidden
layers, represented by the subscript in their names, each with 64 nodes
are trained. Testing is done by sequentially predicting with a 14 day
sliding window and concatenating the results. The ARIMA models are

3 https://www.kaggle.com/oddasparagus11/covid19-statewise-time-series-
datatill-sep29.

4 https://m.rbi.org.in/scripts/AnnualPublications.aspx?head=Handbook+
of+Statistics+on+Indian+States.
8

Fig. 2. Pre-processed covid incidence per Indian state. State names are not annotated
since data is for illustrative purposes.

Table 4
Test mean absolute error and standard deviations of the baseline models for the Indian
Covid Dataset.
𝐹𝐹𝑁1 𝐹𝐹𝑁3 𝐹𝐹𝑁5 𝐴𝑅𝑀𝐹 𝐴𝑅𝑀𝑃

25.1±0.1 26.9±0.1 28.1±0.1 80.7±0.0 18.8±0.0

Table 5
Mean absolute errors and standard deviations on these errors for different evaluated
general architectures on the Indian Covid Dataset. In class best performance is indicated
in bold and the overall best performance in gray.

Model 𝑥⃗ [𝑥⃗, 𝑐] 𝑐 ⊙ 𝑥⃗ 𝐒 + 𝚲 𝐏𝐒

𝐹𝐹𝑁1 26.2 ± 7.1 59.6 ± 12.9 19.9 ± 1.6 19.5 ± 1.5 19.2 ± 0.9
𝐹𝐹𝑁3 24.5 ± 2.0 62.4 ± 11.8 20.2 ± 2.5 19.1 ± 0.5 19.7 ± 1.5
𝐹𝐹𝑁5 24.3 ± 2.4 53.4 ± 4.8 21.9 ± 3.2 20.1 ± 1.9 22.9 ± 1.7

𝐿𝑆𝑇𝑀1 20.5 ± 0.2 52.0 ± 6.5 19.3 ± 0.4 18.7 ± 0.3 17.7 ± 0.9
𝐿𝑆𝑇𝑀3 19.3 ± 0.2 53.4 ± 4.8 18.6 ± 0.2 18.6 ± 0.7 17.6 ± 0.6
𝐿𝑆𝑇𝑀5 18.3 ± 0.1 44.2 ± 8.5 18.7 ± 0.4 19.0 ± 0.1 17.2 ± 0.4

fit and evaluated in two different ways. For the first model, 𝐴𝑅𝑀𝐹 , all
data before the testing point is used as train data and a one day forecast
is done. This step is repeated for all test data points and are aggregated
to obtain a full test prediction, similar to the predictions by the neural
networks. The second ARIMA model, 𝐴𝑅𝑀𝑃 , uses all train and test data
during fitting and an in sample prediction on just the test data is done.
The resulting baseline performances, using the mean absolute error as
evaluation metric, are given in Table 4.

The 𝐴𝑅𝑀𝑃 model has the best performance by far, since it uses in
sample prediction. The 𝐴𝑅𝑀𝐹 model, however, performs significantly
worse than the baseline neural models. Both have a zero standard
deviation since ARIMA is deterministic. The neural baselines, 𝐹𝐹𝑁1 →
𝐹𝐹𝑁5, exhibit a decreasing performance with model complexity. Since
they are trained per state, each model only gets a fraction of the
available data, which is likely not enough to train the larger models.
Finally, we note that the standard deviations for these models are very
low which is expected when they are trained and evaluated on a subset
of data with very similar properties. On this case that is the Covid data
from the same Indian state.

Furthermore, general models are tested and compared to these base-
lines. Both a set of feed-forward and LSTM architectures are evaluated.
For the LSTM network a single bi-directional LSTM layer with 64 units
is used, followed by 1, 3 and 5 feed-forward layers. The networks are
denoted by their names, 𝐹𝐹𝑁 or 𝐿𝑆𝑇𝑀 , and a subscript number that
represents the amount of hidden layers, each with 64 neurons. Results,
which are average mean absolute errors over 10 training runs with
different initialization and are accompanied by their corresponding
standard deviations, for all implementations are given in Table 5.

As a first observation, for both the feed-forward and LSTM regu-
lar architectures, the same trend is recognized. Namely, performance
increases with increasing model complexity and is significantly better

https://www.kaggle.com/oddasparagus11/covid19-statewise-time-series-datatill-sep29
https://www.kaggle.com/oddasparagus11/covid19-statewise-time-series-datatill-sep29
https://m.rbi.org.in/scripts/AnnualPublications.aspx?head=Handbook+of+Statistics+on+Indian+States
https://m.rbi.org.in/scripts/AnnualPublications.aspx?head=Handbook+of+Statistics+on+Indian+States
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than the baseline models as seen in Table 4, attributed to the larger
amount of data available. This also holds for the feature and context
concatenation implementation, however, these models perform much
worse than any other implementation. This is postulated to be due to
the fact that a static vector is added to the windowed dynamic time
series data. This illustrates one of the drawbacks mentioned in the
introduction with respect to data dimensionality. The gating models
do not suffer from this drawback and as such perform better than
the regular implementations. However, this implementation decreases
in performance for the feed-forward network with increasing model
depth. This suggests that implementing context in this manner leads
to more confused models at higher depths, while for the LSTM imple-
mentations the gain with respect to the regular network is marginal
and not even present at model depth five. Finally for all model depths
and for both the regular as well as the LSTM networks, the dynamic
models consistently outperform the standard implementations. The
multiplicative kernel LSTM architectures show significant, based on the
standard deviations, performance increases with respect to all other
implementations. The best performing architecture, being the 𝐿𝑆𝑇𝑀5

odel, has a mean absolute error decrease of 1.1 which corresponds to
1 standard deviations of the best performing regular implementation.

As a final remark it seems that both the data structure and Occam’s
azor argument hold for this problem. Despite the task of predict-
ng Covid cases not explicitly giving an idea about the information
ompleteness of the time series data.

.3. YFCCM100-GEO100

As prefaced in the introduction, the classification of images using
eolocation information is a context aware problem, and therefore
his is the third evaluation problem considered. The dataset used is
alled YFCCM100 - GEO100, which is a subset of the popular dataset
FCCM100M [25], presented by Tang et al. 2015 [18]. Due to the

navailability of the mentioned contextual data mentioned in their
ork, a slightly different dataset is created by scraping all the image

inks that are still available on Flickr for their hashtags. The images
ave corresponding sets of tags, which were filtered to contain none
f the class labels directly to avoid data leakage. Furthermore, all the
mages without tags were omitted. Following this, for each image, the
ist of tags was embedded using standard pre-trained GloVe embed-
ings [26] and a smooth inverse frequency approach [27] as given
n Eq. (71). This final embedding is taken to be the context of the image.
he images themselves are pre-processed using normal standardization
ver the channels, as is custom with convectional networks for image
lassification.

𝑠 =
1
|𝑠|

∑

𝑣𝑤∈

𝑎
𝑎 + 𝑝(𝑤)

𝑣𝑤 (71)

The model architectures consist of a ResNet50V2 [28] with pre-
trained ImageNet weights as feature extractor, a set of M, taken from
1 to 5, hidden layers (𝐻𝑀 ) with ‘elu’ activation and a final softmax
activated layer for classification. Five image based models are trained
for evaluation. The first model only uses images as input. The second
and third model use both images and contextual tags. These apply
concatenation or gating in the hidden layers respectively. The fourth
and fifth model implement the proposed additive and multiplicative
methods with solely the images as input and tags as context. Further-
more, to get an understanding of the inherent classification information
present in the context, a feed-forward model with only the tags as
input was also trained. All models were trained with the following
optimization parameters.

Epochs Decays 𝐿𝑟 𝜈 Optimizer
−6 −6
9

50 4 × 0.5 10 10 ADAM
Table 6
Accuracies for different sizes of the Glove embeddings. The best performing architecture
per embedding size is indicated in bold and the overall best performance in gray.

𝑥⃗ 𝑐 [𝑥⃗, 𝑐] 𝑐 ⊙ 𝑥⃗ 𝐒 + 𝚲 𝐏𝐒

.5 46.6 15.4 47.4 51.6 53.3 53.6
1 46.8 21.9 47.2 50.8 53.7 53.3
2 46.9 30.9 47.5 50.1 53.7 54.1
3 46.5 35.9 47.9 49.9 55.0 53.8

Table 7
Accuracies and training times per epoch for the decomposed architectures at different
ranks with a GloVe embedding size of 300. The highest values at the best performing
rank are indicated in bold.
𝑅−1
𝑢𝑝𝑝𝑒𝑟 0.25 0.5 0.75 1 1.25

𝐒 + 𝚲 52.1 54.9 𝟓𝟓.𝟗 55.0 54.1
𝐏𝐒 52.2 53.1 𝟓𝟒.𝟗 53.7 53.6

s/epoch 58 92 153 241 358

Three stages of evaluations were done to study the performance
of the previously mentioned models. Firstly, the GloVe embedding
dimensions were varied to see the impact of the contextual information.
Secondly, after fixing the GloVe dimension, different ranks of the
weight matrices’ decomposition were evaluated and lastly, at fixed
GloVe embedding dimension and rank, different model depths were
tested.

4.3.1. Glove dimensionality
First the dependence of performance on the expressivity of the

GloVe embeddings at different dimensions was tested. For the rank of
each model the upper bounds from Sections 3.3.2 and 3.3.3 were used
to compare models with the same amount of trainable parameters. Test
accuracies for each individual model and GloVe embeddings of sizes
50, 100, 200 and 300, which are expressed in units 10𝑒2 for brevity,
are given in Table 6.

Two expected results for the basic context and image models are
observed. First, with increasing embedding size, the classification po-
tential of the context only model increases significantly. Second, the
image only model performance stays consistent within some range
due to training variance. The combined models, both the concatenated
and gated implementations, outperform the image only model, with
the gated model being the better of the two. However, the increased
accuracy declines with increasing GloVe dimensions, which indicates,
as suggested in the introduction, that the added information from
the contextual tags confuses the model more than it is capable of
introducing useful information. This is in contrast to both decomposed
implementations which outperform all other models with significant
margins and also increase in performance with increasing GloVe dimen-
sion, especially for the additive implementation. The best performance
is achieved for the 300 dimensional GloVe embedding with a testing
accuracy of 55% which is a 10% relative increase with respect to the
best performing regular implementation at this dimension.

4.3.2. Rank dependence
The previous subsection determined performance for different

GloVe embedding sizes at the upper bound rank. In the following,
a comparison for different ranks in function of the respective upper
bounds is made. The GloVe embedding dimension is kept fixed at 300.
The results and training times per epoch are given in Table 7.

Table 7, at first sight, contains a rather unusual trend. For the small-
est rank, at a quarter of the upper bound rank, both the decomposed
models perform sub-optimally at this GloVe dimension. This is to be
expected since the small rank gives less flexibility to learn the dynamic
nature of the classification problem. However, when increasing the
rank, one would expect the performance to keep increasing. This is not
the case, rather the performance peaks at rank three quarters of the
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Table 8
Accuracies for different model depths. Best same depth performance architectures are
highlighted in bold and best overall architecture in gray.

𝑥⃗ 𝑐 [𝑥⃗, 𝑐] 𝑐 ⊙ 𝑥⃗ 𝐒 + 𝚲 𝐏𝐒

𝐻1 46.8 35.9 47.9 49.9 𝟓𝟓.𝟗 54.9
𝐻3 53.1 39.2 55.5 51.4 𝟓𝟖.𝟑 57.2
𝐻5 54.0 38.8 𝟓𝟒.𝟗 49.2 54.1 53.7

Table 9
Trainable parameter comparison of image models for different model depths. Expressed
in factor of a million.

𝑥⃗ [𝑥⃗, 𝑐] 𝑐 ⊙ 𝑥⃗ 𝐒 + 𝚲 𝐏𝐒

𝐻1 4.3 5.6 4.9 4.3 3.7
𝐻3 8.5 11.1 9.8 8.3 7.4
𝐻5 12.7 16.6 14.5 12.5 11.0

upper bound and starts decreasing for larger ranks. This decrease can be
attributed to the same confusion phenomenon present with the concate-
nation and gating models related to apparent over-parametrization. The
training times do keep increasing with larger ranks, attributed to the
matrix inverse and multiplications needed for back-propagation, which
also serve as the main drawback of the proposed solution.

4.3.3. Model depth dependence
With both fixed context dimensionality and rank, 300 and 0.75 ×

𝑢𝑝𝑝𝑒𝑟 respectively, a comparison of different model depths is done.
ables 8 and 9 present the test accuracies and amount of parameters
or depths one, three and five respectively.

The image only model increases in performance with each increase
n depth, reaching an overall accuracy of 54% for five layers. When
ooking at the context only model, maximal performance is reached
t three layers depth. This behavior seemingly carries over to the
ombined image and context models, which also all maximize perfor-
ance at depth three. The best model for this depth is the additive
ecomposed approach which reaches 58.3% accuracy, a performance
ncrease of 8% with respect to the image only model and a 5.5%
ncrease with respect to the best standard implementation model, being
he depth three concatenated model, which peaks at 55.5% accuracy.
urthermore the multiplicative approach also outperforms all the clas-
ical approaches at this depth, but with a smaller increase in accuracy.
t a depth of five layers the concatenated classical implementation is

he best performing architecture, however all accuracies except for the
mage only model are lower than at three layers depth. This implies that
ive layers is too deep for the context dependent models. Furthermore,
oth the additive and multiplicative approaches reduce the amounts of
arameters even with respect to the image only model as can be seen
rom Table 9. This reduction is greater when the optimal performance
s at smaller ranks with respect to the rank upper bounds.

. Conclusion

This work proposes a novel methodology for the dynamic construc-
ion of parameter shared neural networks through the use of explicit
ontext representations. These context representations are assumed
o be informative representations about the decision making process,
iven a specific task. This definition is obtained starting from a general
efinition of contextual information and guided by the concept of
nformation completeness and Occam’s razor.

The method starts by decomposing the weight matrices in the neural
etwork architecture into a linear combination of basis components
orresponding to the singular value decomposition of these matrices.
y contracting the context-specific kernels based on the informative
ontext representation for each sample, a dynamic neural architecture
s created. This contraction is done by taking the basis coefficients, or
10
conversely the singular values, to be direct function of the context rep-
resentations. Both an additive and multiplicative version of the kernel
composition is derived corresponding to the linear approximation of the
context dependent weights and an EDF decomposition of the context
dependent latent vector respectively. By benchmarking on an artificial
dataset, we show the capacity of this method to model individual
context dependent weights in a parameter efficient way. A side note
to this performance is that the context dependence is modeled by a
hyper-parameter 𝛼 and performance improvements are only noticeable
for problem statements that have an effective high 𝛼 or large amount of
context dependence. Consequently, the model is also evaluated on both
a real-world time series and image dataset. Performance comparisons
are done with standard latent feature concatenation, context gating
and both the general and multiple model solutions to the context-
aware problem statement. The proposed method, both the additive
and multiplicative version, outperforms all standard implementations
both in parameter efficiency as in performance, with a trade-off in
training time. Since both benchmark cases, Indian Covid Data and
YCCM-GEO100, represent aspects of information completeness and
differing data structures, we hypothesise that the assumptions made
on the context dependent problem formulation are sufficiently broad
to include many problems both in benchmarks as in complex use-cases.
The dynamic nature of this approach promises to improve performance
on highly context specific and dependent learning problems.

6. Future work

The main concepts introduced in this work are the context repre-
sentations 𝑐 and the decomposition coefficients 𝐒(𝑐) generated by these
context representations. The context dependent coefficients lead to the
construction of dynamic neural networks using the singular value de-
composition. In order for these to perform the context representations
should represent the complex context situation accurately and the given
problem should contain significant context dependence. In this light a
couple of future research directions are planned.

• Implementation of the proposed approach in complex use-cases
where context-dependence is of large importance.

• Different methods to construct context representations should be
investigated.

• Additional investigation to more complex architectures and/or
loss functions to increase information usage of both context and
input data.
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Appendix. Proof of Eq. (52)

Starting with the decomposition of the latent vector in the context
and static part.

ℎ⃗ = 𝐔[𝐒 +Λ ⋅ 𝑐]𝐕𝑇 ⋅ 𝑥⃗ (A.1)

= 𝐔𝐒𝐕𝑇 ⋅ 𝑥⃗
I

+ 𝐔[Λ ⋅ 𝑐]𝐕𝑇 ⋅ 𝑥⃗
II

(A.2)

Focusing on the second equation (II) and writing out the full matrix
multiplication summation.
∑

𝑖𝑗
[Λ ⋅ 𝑐]𝑖𝑢𝑖𝑣𝑖𝑗𝑥𝑗 (A.3)

∑

𝑖𝑗𝑘
𝜆𝑖𝑘𝑐𝑘𝑢

𝑖𝑣𝑖𝑗𝑥𝑗 (A.4)

Since 𝑐𝑘, 𝑥𝑗 , 𝜆𝑖𝑘 and 𝑣𝑖𝑗 are scalars the summations can be switched in
rder. In matrix notation and with addition of (I) the full latent vector
s written as follows.

⃗ = 𝐔𝐒𝐕𝑇 ⋅ 𝑥⃗ + 𝐔[𝐕𝑇 ⋅ 𝑥⃗]Λ ⋅ 𝑐 (A.5)
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