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Abstract—Microwave device design increasingly relies on
surrogate modeling to accelerate optimization and reduce costly
electromagnetic (EM) simulations. This paper presents a spectral
Bayesian optimization (SBO) framework leveraging a physics-
informed Gaussian process (GP) with a rational complex-valued
Szego kernel and input warping to enhance surrogate accuracy
and data efficiency. Unlike conventional methods that model
scalar objectives, our approach directly learns the complex-valued
frequency response, enforcing causality and Hermitian symmetry.
Effectiveness is demonstrated in two cases: a zig-zag microstrip
bandpass filter optimized for magnitude response, and a passive
differential equalizer optimized for both transmission magnitude
and group delay. By embedding prior physics and modeling
directly in the frequency domain, the method enables accurate,
sample-efficient optimization of frequency-dependent behavior.
This work shows how physics-informed Bayesian optimization
can significantly improve microwave device design efficiency.

Index Terms—Bayesian optimization, Gaussian process, Mi-
crowave devices, Machine learning (ML), Physics-informed, Szego
Kernel

I. INTRODUCTION

HE optimization of microwave components is a persistent

challenge in modern engineering, especially as circuit
architectures grow in complexity. Engineers often aim to
match a device’s frequency response to a specified target,
yet identifying the optimal design parameters—such as the
dimensions of conductive elements or the dielectric proper-
ties of substrates—remains a difficult and computationally
intensive task. Conventional optimization strategies explore the
design space iteratively, requiring a full electromagnetic (EM)
simulation at each step to evaluate the resulting S-parameters.
This repeated simulation task leads to substantial computational
costs. To mitigate this, physics-informed surrogate models offer
a promising alternative by approximating EM behavior with far
lower evaluation times, thereby accelerating the optimization
workflow [1]-[3].

Bayesian optimization (BO) has become a common approach
for optimizing costly black-box functions due to its sample
efficiency and principled use of uncertainty [4]-[6]. It leverages
a probabilistic surrogate model to guide the selection of new
sample points, balancing the need to explore unknown regions
of the design space with the desire to exploit areas that already
show promise. This balance, rooted in the stochastic nature of
BO, enables efficient navigation of complex design landscapes.
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A key factor in any optimization routine is the definition of
the objective function(s). When objectives are derived directly
from design specifications, they may overlook subtleties in the
frequency response, potentially leading to suboptimal outcomes.
For instance, objective values computed over a predefined
frequency band can be influenced by both the density at which
S-parameters are sampled and their sensitivity to the design
variables. Consequently, different sampling strategies may favor
different designs. A more robust alternative is to model the
S-parameters directly with the surrogate and calculating the
objective function dynamically throughout the optimization.
This approach offers greater flexibility: objectives can be
adjusted on-the-fly in response to observed behavior—such as
convergence toward undesirable regions or newly identified
trade-offs—without the need to retrain the surrogate model.

Gaussian process (GP) models are commonly used stochastic
surrogate models for BO [7]. These kernel-based machine
learning (ML) methods offer analytical uncertainty estimates
alongside their predictions, allowing for closed-form repre-
sentations of the predicted output distribution. This makes
them particularly effective for data-efficient modeling and
optimization tasks. However, traditional GP models are typ-
ically built under the assumption of stationarity, meaning
they assume the function exhibits uniform behavior across
its domain. This assumption does not hold in cases where
the function contains both slowly varying and highly dynamic
regions. This is often the case for S-parameters, which are
typically non-stationary functions of frequency and frequently
include features like sharp resonances and localized variations
that challenge standard GP formulations. To overcome this
limitation, several strategies have been proposed, including
Deep Gaussian Processes [8] and a range of non-stationary
kernels [9]-[11]. A particularly relevant advancement is the
kernel developed by Bect et al. [11], specifically tailored for
complex-valued S-parameter regression, and further extended
by Ullrick et al. [12] to account for dependencies on design
parameters.

In this paper, we employ this complex-valued, physics-
informed kernel—originally introduced in [11] and enhanced
in [12]—as part of a spectral GP model designed to handle
frequency responses. This tailored GP surrogate enables
efficient modeling of the S-parameters directly in the complex
domain. For the purpose of optimization, physical observables
such as the magnitude or phase response can be derived from
the model and used to formulate appropriate objective functions
aligned with design targets.

The remainder of the paper is organized as follows. Section II
provides a brief introduction to Gaussian Processes and



Bayesian Optimization. Section III outlines the methodology of
the proposed approach. In Sections IV and V, we demonstrate
the method on two passive microwave devices: a microstrip
bandpass filter and a passive differential equalizer. The results
are compared with those obtained using a standard BO
implementation. Finally, Section VI presents the conclusions.

II. THEORETICAL BACKGROUND

Consider a blackbox function F(z) : R? — K, (K = R
or C), which we aim to model based on observed data. Let
D = (X,y) denote a set of N observations, where X € RN x4
represents the inputs and y € KV the corresponding outputs.
In many real-world applications, measurements are subject to
noise, so the observations are modeled as

yi = F(xi) +e (1)

where € ~ N(0,02) is Gaussian noise with zero mean and
variance 2.

A. Real-Valued Gaussian Process Regression

A Gaussian Process (GP) defines a prior over functions,
meaning that any finite collection of function values follows a
multivariate Gaussian distribution. This distribution is fully
characterized by a mean function m(z) and a covariance
function k(x, z’) defined as

m(x) = E[F(z)],

k. o) = E[(F(z) — m(z)) (F() - m(@))] . O
We then denote the GP as
Fla) ~ GP (m(a), k(z, 7)) 3

The prior mean function is usually set to zero, which can
be justified by standardizing the observations. In contrast, the
covariance function, or kernel, should be carefully chosen
as it plays a central role in GP regression. Its properties
characterize the general behavior of the predicted function, such
as smoothness or periodicity. For example, if the kernel function
is continuously differentiable and periodic, the resulting output
of the GP will have the same characteristics.

The kernel effectively correlates similarities in input points
with the covariance between outputs. Generally, the similarity
of two inputs is measured as the distance between these points
relative to a lengthscale, a hyperparameter of the GP that has
to be trained by the model. A popular choice is the Matérn
kernel:

ky (2, a') = il(;; (\/M)VK,, (\/ﬁ) : @)
where p x(k) - x/(k))
Z , )

k=1
with A\ denoting the lengthscale parameters, I'(-) the Gamma
function, the modified Bessel function of the second kind, and
2(F) the k-th dimension of input z. The parameter v is a half-
integer and controls the smoothness: a larger v yields smoother
functions.

To perform regression, the GP is conditioned on the data
using Bayes’ theorem to form a posterior. The posterior mean
and variance at a test point x; are given by:

m(xy) = K(zy, X)Ay, ©
k(e 2) = K(xy, ) — K (20, X)AK(X, x¢),
with
A= (KX, X)+o02I) (7

Here, K (X, X) is the matrix constructed by evaluating the
kernel k£ on all pairs of training inputs, and k(x¢, X) is the
vector of covariances between the test point and training inputs.
The noise on the observations is captured by the trainable
hyperparameter o,,, which is multiplied with the identity matrix
I in (7). This hyperparameter allows the model to distinguish
real system fluctuations with random Gaussian noise which
makes it more robust in real-life scenarios compared to e.g.,
vector fitting [13]. The posterior mean serves as the regression
prediction, and the posterior variance quantifies the uncertainty.

This uncertainty-aware modeling approach makes GPs
especially useful in settings where data is expensive or limited,
such as engineering design and simulation-based optimization.
The flexibility in kernel design also allows tailoring the model
to suit the characteristics of the application domain, which will
be explored in the remainder of this work.

B. Complex-Valued Gaussian Process Regression

Frequency-domain responses are complex-valued, so model-
ing them requires extending the real-valued GP to complex-
valued functions. The core concept of complex-valued
GP (CGP) models remains fairly similar. Let now F(x) :
R? — C. The definition of the mean function remains

®)

but the covariance must now capture correlations between
real and imaginary parts. This leads to the definition of the
covariance k£ and pseudo-covariance ¢ functions:

k(z, 2') = E [(F(x) —m(2)) (F(a') — ()] , ©)
&z, 2') = E[(F(2) - m(z)) (F(2') —m('))] ,
where (-)* represents the complex conjugation operator [14].

The mean, together with these two functions then fully specify
the CGP model:

F(z) ~GP (m(z), k(z, '), &z, x')) .

In the remainder of this paper, the tilde symbol will be used
to specify complex-valued variables or functions.

The mathematical framework for CGPs already exists for
quite some time [15], [16]. However, direct implementations
are rare in standard libraries. Instead, we adopt a real-valued
multi-output GP (MOGP) representation [11], [12], where the
real and imaginary parts of F are treated as two correlated
outputs. A MOGP is similar to a GP but models two outputs
simultaneously. This can be more efficient than modeling them
separately when the two outputs are correlated. To convert (10)

(10)



into a MOGP, the covariance and pseudo-covariance functions
are first rewritten as

k= koo + kg + j(kas — koa)
¢ = ko — kg + (ko + kxs)
where k,sz and k55 are the covariances, and kys; and kszs
are the cross-covariances of the real and imaginary parts of F,

respectively. After splitting the observations into their real and
imaginary part, we can construct the MOGP mean,

and

Y

_ (m=(z)
M) = () (12)
and covariance matrix,
N [kes(x, ') kws(x, 2)
K:(LI,‘, € ) - <k39{($7 iL’/) k’jj(l’, ZL’/) ’ (13)
with
Re{k + ¢} Im{—k + &}
kg = —a =5
k - (14)
Im{k + ¢} Re{k — ¢}
kym = 5 WE T,

Conditioning and prediction follow the same equations as in the
real-valued case, applied to the two-output GP. This approach
enables efficient and accurate modeling of complex-valued
S-parameters while leveraging existing GP software.

III. METHODOLOGY
A. Rational Szego Kernel

In this work, we use the physics-informed rational Szego
kernel to model complex-valued S-parameters. The choice
of kernel (and pseudo-kernel) is based on the paper by
Bect et al. [11]. It was shown there that the Szeg6 kernel
is a reproducing kernel for the Hilbert space of complex
holomorphic functions on a right half-plane I',. Consequently,
employing this kernel ensures that the GP output satisfies the
Kramers-Kronig relations, which are inherent to frequency
response functions. Additionally, the Szegd pseudo-kernel was
constructed to incorporate Hermitian symmetry in the GP
output, ensuring it represents a real-valued signal in the time
domain. The Szegd kernel and pseudo-kernel are given by

~ 1
k(s, s'):27,W
a+s+(s) (15)
é(s 5'):71
’ 200+ s+ 8"’

where s = j2x f is the Laplace variable (with f the frequency),
and « is a trainable hyperparameter of the kernel, similar to
the lengthscales mentioned in the previous section. However,
in this context, o has a more physical interpretation, as it
corresponds to the real part of a pole in a rational function.

B. Parametrized Rational Szegé Kernel with Input Warping

Optimizing devices based on their frequency response
requires parametric modeling. The change in response caused
by modifying design parameters p € R? can be captured by the
Matérn kernel k&, (p, p’) described in Section II-A. To include

this parametric dependence in the GP model, a composite
covariance matrix is created by taking the Kronecker product
of (13) and the covariance matrix generated by the Matérn
kernel (4):

Ke(X, X') = K(s, s') @ ku(p,p) (16)

where X = {xij = (fi, pj)} is the extended vector containing
all combinations of frequency and design samples.

Although this method of introducing design parameters is
straightforward to implement, in practice it typically does not
yield significantly better performance. The main reason for this
is twofold. First, the data collection is highly asymmetric: for
each design parameter p, a full frequency sweep is performed,
resulting in many more frequency points than parameter points.
This imbalance indirectly places a bias towards optimizing the
hyperparameters of the Szeg6 kernel rather than those of the
Matérn kernel. Second, the frequency response can change in
a non-stationary manner with respect to the design parameters.
Since the Matérn kernel is stationary, it performs poorly in
capturing these variations.

Ulrick et al. [12] showed that an additional step is required to
significantly improve modeling performance. They introduced
input warping of the frequency variable. The idea behind this
step is to allow the design parameters to directly affect the part
of the kernel that models the frequency response. To capture
a general compression, expansion, or shift of the frequency
response function, a simple linear warping function is sufficient:

o(f.p)=v' p+(1+~"p)f, (17)

where the frequency is shifted by a parameter-dependent term
v . pand scaled by 1+~ " - p. Here, v, v € R? are vectors
of hyperparameters that are trained by maximizing the log
marginal likelihood of the model, similar to the lengthscales
in (4).

This warping function provides a practical trade-off between
modeling flexibility and computational complexity. It allows
the GP model to express linear shifts and scaling (or dilation)
of the frequency axis, which are common in microwave circuits
as their design parameters vary. The approach is inspired
by techniques in parametric macromodeling, particularly in
complex vector fitting, where such transformations have been
shown to effectively align resonant features across different
parameter configurations [17].

While the proposed input warping significantly improves
the problem of asymmetric data collection between frequency
and design parameters, the transformation is still linear in
p. This implies that more complex non-linear interactions or
higher-order distortions in the frequency response induced by
parameter changes are not captured. However, we find this
choice sufficiently general for a wide range of practical devices
and advantageous due to its low number of hyperparameters.

The final, warped composite covariance matrix is then given
by

Kuwe(X, X') = K (j2ro(X), j2mp(X')) © ky (P, P'), (18)
where X is the same vector as in (16), and
(19)

P:(p17p17"' 7pN)T
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Fig. 1. Standard Bayesian optimization (BO) workflow: first some initial
data is gathered. Next, the objective is calculated on that data, eliminating
dependence on frequency. Then the Gaussian process (GP) is trained to model
the objective function. If the stop condition is not met, a new sampling point
is chosen by optimizing an acquisition function (AF).

Build

GP model

Calculate
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End

is the vector of N design samples extended to the number
of frequency samples ny. Note that (18) does not contain
the Kronecker product anymore, but simply uses a Hadamard
product due to the extended vectors.

C. Standard Bayesian Optimization

In our current setup, we want to optimize the frequency
response S(f, p) € C which depends both on frequency
f and design parameters p. When applying BO, we first
start with gatherirll\(jg a small, random initial set of data
D = {(f, pi), Si},_, Here, f and S; are indicated in bold to
denote that they are vectors, since each design configuration p;
yields a full sweep of the S-parameters at ny discrete frequency
points.

A standard BO scheme for MW/RF device optimization
follows the workflow in Fig. 1. After gathering the initial
dataset, an objective function ¢(p) is defined to eliminate the
frequency variable, since the goal is to identify an optimal
design over a specified frequency range. This is typically done
using a scoring function g(S(f, p)) that quantifies the deviation
from a desired response at each frequency point. The overall
objective is then computed as

ny
a(p) = _9(S(fe. p)) - (20)
k=1
such that the optimal design parameters are given by
Pope = argmax{q(p) } 2D

The GP is then trained to model this objective as a function
of the design parameters. Next, an acquisition function (AF)
is optimized to select the next design to sample. The AF acts
as an optimization policy to effectively balance exploration
and exploitation. A fully exploitative algorithm would sample
only near points that the model beliefs maximize the objective,
whilst a purely exploratory algorithm would spread all samples
evenly over the search domain. The AF balances this by
taking the uncertainty of the GP predictions into account.
The choice of AF depends on the type of optimization
and the number of objectives. Common choices for single-
objective optimization are the upper confidence bound (UCB),
expected improvement (EI), and Thompson sampling, while

Optimize
acquisition function

Collect
new sample

Collect Build Sample
initial data GP model objective distribution

Fig. 2. Spectral Bayesian optimization (SBO) workflow. A Gaussian
process (GP) model is trained on the complex-valued frequency response, taking
both frequency and design parameters as inputs. An acquisition function (AF)
selects the next design configuration based on the GP posterior. Unlike standard
BO, the objective function is defined on the output of the GP and can be
updated dynamically without retraining, enabling flexible and efficient design
optimization.

the hypervolume expected improvement (HVEI) is often used
in multi-objective settings [18]-[20]. Details on the selected
AF are provided in Sections IV and V. Once the next design
candidate p;; is identified, the S-parameters are simulated
for this configuration and added to the dataset D. This process
continues until a predefined stopping criterion—such as a
maximum number of simulations—is met.

D. Spectral Bayesian Optimization

In this work, however, we adopt the spectral BO (SBO)
workflow introduced in [8] and illustrated in Fig. 2. In this ap-
proach, the GP model is trained directly on the complex-valued
S-parameters instead of the objective, taking both frequency
and design parameters as inputs—hence the name spectral.
This formulation enables a more flexible and interpretable
optimization process: since the GP captures the full frequency
response, the objective function can be defined or adjusted
dynamically without retraining the model, allowing for efficient
human-in-the-loop (HITL) design iterations.

Moreover, by modeling the complex-valued response directly
rather than separating magnitude and phase into distinct
objectives, the GP can leverage known physical constraints
such as the Kramers-Kronig relations, causality, and Hermitian
symmetry. These relations intrinsically link the real and
imaginary components of the response, and are naturally
enforced through the use of the Szegd kernel. This physics-
informed modeling approach improves data efficiency and
generalization, particularly when the objective depends on both
amplitude and phase characteristics of the device.

However, special care is required when applying SBO in
practice. As discussed earlier, the AF selects new samples
based on the predictive uncertainty of the GP model, which is
characterized by its posterior distribution. While the GP outputs
are, by construction, jointly Gaussian in the complex domain,
this Gaussianity does not hold after nonlinear transformations.
In particular, objective functions are often defined on measur-
able quantities such as magnitude, |S| = /R(5)? + 3(95)2,
and phase, arg(S) = arctan(J(S)/9R(S)). These nonlinear
operations break the Gaussian structure, meaning the resulting
objective no longer has a tractable closed-form distribution.
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Fig. 3. Top view of the 2-port zig-zag microstrip bandpass filter. Gray lines
indicate the metallic conductors, while the green background represents the
dielectric substrate. The design parameters subject to optimization are the gap
width G and the vertical conductor length L.

To address this, we employ Monte Carlo (MC) or Thompson
sampling to approximate the distribution of the objective and
evaluate the AF accordingly.

While the SBO workflow described above provides a
general framework, specific implementation details—such as
the number of initial samples, the definition of the objective
function, and the choice and computation of the acquisition
function—depend on the particular optimization task. Therefore,
these aspects are discussed separately within each application
section (Sections IV and V) to reflect their context-specific
configurations and to ensure reproducibility. In both examples,
the complete algorithm is implemented in Python using the
BoTorch [21] library to optimize the AFs, and GPyTorch [22]
to implement the warped composite kernel (18) and train the
GP models.

IV. APPLICATION I: Z1G-ZAG BANDPASS FILTER

We first evaluate the proposed method on a 2-port zig-zag
microstrip bandpass filter, previously studied in [8]. A top
view of the layout is shown in Fig. 3. The device is fabricated
on a dielectric substrate with a thickness of 0.5 mm, relative
permittivity €, = 2.2, and loss tangent tan§ = 9 x 10~%. The
horizontal conductor sections have a fixed width of 0.4 mm,
and the gaps between them are fixed at 0.3 mm.

The filter’s geometry is parametrized by two design variables:
the width of the vertical conductor gaps G € [0.3, 1.2] mm,
and the length of the vertical conductors L € [5.0, 25.0] mm.
The frequency response for each design is simulated using
the ADS Momentum software [23] over ny = 71 uniformly
spaced frequency points in the range [1.0, 4.5] GHz. To
evaluate the model performance, a separate validation set of 500
randomly selected designs is generated using Latin hypercube
sampling (LHS) and simulated over 141 frequency points.

The objective function is designed to obtain a bandpass
response centered around 2.5 GHz. Specifically, the scoring
function g(S(f, p)) is defined as

9(f, p) = {10(|521(f, p)| —0.708) if feQ

(22)
else

0.01 = [S21(f, p)|
where the passband 2 = [2.45, 2.55] GHz. The values 0.708
and 0.01 correspond to transmission levels of —3 dB and
—40 dB, respectively, thereby encouraging high transmission
within the passband and strong attenuation outside of it. Note
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Fig. 4. Simulated best responses predicted by the standard (red) and Szego
(green) GP models after 15 Bayesian optimization (BO) iterations. Each BO
run was repeated 10 times to ensure statistical robustness, yielding ten distinct
optimized responses per model.

that in this example, the design parameters are given by p =
(G, L), and the objective is based solely on the magnitude of
the transmission coefficient |S21|. No constraints are imposed
on the phase response.

Optimization is initialized with eight design samples selected
to provide broad coverage of the design space: four correspond
to the corners of the (G, L) domain, while the remaining
four are selected via LHS to maximize global exploration. The
choice of optimization policy goes to Thompson sampling (TS).
In this approach, a single sample S response is drawn from
the GP posterior, and the objective is maximized based on this
sample:

S(x, ) ~ GP(f, p),
T4 = arg mzax{q(g(f, p))} .

(23)
(24)

This method effectively optimizes a random AF at each BO
iteration [4], significantly reducing computational complexity as
there is no need for MC sampling. Exploration remains present,
as each sampled output can differ significantly in regions
where the model is uncertain. Consequently, the algorithm
explores the parameter space until it develops a sufficiently
global understanding of the objective behavior.

To benchmark our approach, we compare it against a standard
GP model equipped with a Matérn 5/2 kernel. This baseline
model is trained only on the magnitude response, which is
sufficient for the current objective. In contrast, the proposed
Szegd GP models the complex-valued S-parameters directly and
captures both the real and imaginary components, though only
the magnitude is used in the scoring function. Both methods
are run for 15 optimization iterations under identical starting
conditions.

Performance is assessed using a regret metric that quantifies
the discrepancy between the design predicted to be optimal by
the surrogate model and the true optimal design identified from
evaluation of the reference test set. Specifically, the regret is
defined as
||popt - ﬁopt“

regret =
||pH - pL|

, (25)
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Fig. 5. Comparison of standard (red) and Szeg6 (green) GP models over 10 Bayesian optimization runs. (a) Regret metric as a function of the BO iteration.
(b) Root-mean-square error (RMSE) as a function of the BO iteration. The shaded regions indicate the 1 standard deviation across the runs.

where ||-|| denotes the Euclidean norm, py and py, are the upper
and lower bounds of the design space, and pp is the design
predicted to yield the best objective according to the surrogate
model. The true optimal design, found by evaluating all 500 test

points, is given by popt = (Gopt; Lopt) = (0.808, 18.325) mm.

The regret thus provides a normalized measure of optimization
accuracy, scaled to the size of the search space.

A. Results

BO is repeated ten times for each model to ensure statistical
robustness. Fig. 4 presents the best responses identified by
the standard (red) and Szegd (green) GP models after 15
BO iterations across the ten independent runs. The responses
obtained using the Szeg6 GP consistently cluster around the
desired bandpass response (blue), while those from the standard
GP exhibit significantly more variation. This suggests that the
Szeg6 GP more reliably identifies accurate optima.

This observation is further supported by Fig. 5a, which shows
the average regret over BO iterations, with shaded regions
indicating 1 standard deviation across the ten runs. While both
models are able to converge towards the optimum—reflected by
a zero regret value—the Szegd GP demonstrates consistently
faster and closer convergence.

A more pronounced distinction between the models is
visible in Fig. 5b, which shows the RMSE over the course of
optimization. The Szegé GP achieves an RMSE below —30 dB
after approximately ten iterations, whereas the standard GP does
not improve beyond —24 dB. This result highlights the superior
modeling capability of the Szegd GP. Such improvement is
particularly valuable in applications requiring surrogate model
flexibility—such as re-optimization under modified objectives
or integration into human-in-the-loop frameworks.

To further illustrate this modeling advantage, Fig. 6 shows
several predicted frequency responses for different design
parameters. The GP models in these examples are trained using
71 equidistant frequency samples and 20 design parameter
samples generated via LHS. Due to its lack of physical

awareness, the standard GP is prone to producing unphysical
predictions. For instance, Fig. 6b shows frequency response
predictions from the standard model for various values of L at
a fixed gap G = 1 mm, where it incorrectly predicts negative
values for the magnitude. Such behavior does not occur with
the Szeg6 GP due to its physics-informed construction.

Table I compares the computation times associated with
each model at the beginning and end of the BO process. As
expected, the Szegd GP exhibits significantly longer training
times, primarily due to the increased kernel complexity and the
absence of acceleration features such as lazy tensor evaluation
or GPU training. However, this added cost yields clear gains in
modeling accuracy, as discussed above. Moreover, the Szegd
GP provides physically consistent and accurate surrogates near
the optima, which is particularly valuable in downstream tasks
such as sensitivity analysis, tolerance design, or interactive
design frameworks.

V. APPLICATION II: PASSIVE DIFFERENTIAL EQUALIZER

In this example, we demonstrate the full potential of SBO by
targeting not only the magnitude response but also the phase
response of the device. This task showcases the advantage
of directly modeling the complex-valued frequency response
using a physics-informed GP. The second device under test
is a passive equalizer embedded in a high-speed, differential
interconnect, designed to enhance signal integrity (SI) in high-
speed data transmission systems. At these high data rates, PCB

TABLE I
COMPUTATION TIMES IN SECONDS FOR STANDARD GP AND SZEGO GP AT
ITERATIONS 1 AND 15.

Standard GP Szego GP
Tter 1 Tter 15 Iter 1 Iter 15
Training time 0.812 10.770  137.745  2136.503
Acquisition opt. time ~ 2.177 5.716 14.595 44.060
Simulation time 25.671
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Fig. 6. Comparison of predicted transmission magnitude |S21(f, p)| from the standard and Szegdé GP models against the true response (black) for select
design parameter sweeps. (a) Standard GP predictions (red) as G varies over [0.3, 1.2] mm with L = 21 mm fixed. (b) Standard GP predictions (red) as L

varies over [5.0, 25.0] mm with G = 1.0 mm fixed. (c) Szegé GP predictions (green) under the same G-sweep at L = 21 mm. (d) Szegé GP predictions
(green) under the same L-sweep at G = 1.0 mm.
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Fig. 7. Geometry of the passive differential equalizer: (a) Bottom view of
the slot layout showing metallic layers (gray) and the dielectric substrate
(green). Key features include the open-circuited stubs of length Lo (the design
parameter) and width Wa, transmission-line segments of length L1 and width
W1, shunt resistors R, and the two via connections. (b) Cross-sectional view
of the structure, illustrating the conductor width w, substrate thickness h,
and spacing s. Component dimensions and electrical parameters are listed in
Table II.

traces become electrically long, resulting in a detrimental low-
pass effect caused by several types of frequency-dependent
losses, e.g., the skin-effect, substrate, and radiation losses. This
low-pass effect attenuates higher frequencies more than low
frequencies, causing pulse distortion which limits the maximum
achievable data rate. The equalizer mitigates this behavior by
shaping the differential-mode S-parameters to achieve a flat
magnitude response and a linear phase profile across the useful
signal bandwidth.

Originally introduced by Pattyn et al. [24], the consid-
ered topology offers a passive implementation based on
open-circuited stubs and shunt resistors. It attenuates low-
frequency differential signals while allowing higher-frequency
components to pass with relatively less attenuation, effectively
flattening the overall frequency response. In addition, the
equalizer integrates a common-mode filtering mechanism that
reduces susceptibility to common-mode noise through resistive
attenuation and disruption of the return path via a slot in the
ground plane.

For this study, we optimize the equalizer’s differential-mode
performance over the frequency band 2 = [1.0, 5.0] GHz. Our
dual objectives are to flatten both the magnitude and the group
delay of the differential transmission coefficient Sqq21(f, p). A
flat magnitude response compensates for the channel’s low-pass
characteristics, while a constant group delay—equivalent to
linear phase—minimizes inter-symbolic interference, thereby
preserving high-speed pulse integrity at data rates up to
20 Gbps using a PAM-4 modulation scheme. A schematic
of the equalizer slot layout is shown in Fig. 7. The equalizer
is realized on an FR-4 substrate with a relative permittivity of
€. = 3.9, a loss tangent of tan é = 0.022, and the microstrip
lines at the top of the geometry are of length 220 mm and
width 0.9 mm.

We formalize these goals via the multi-objective function

—Varseco <|de21 (f, p) |)
—Varseq (T(f> P))

b}

) = 1522 -

(26)

Compute Calculate Feed to
Sample GP o L
model objective on mean and acquisition
every sample variance function

Fig. 8. Monte Carlo sampling workflow: first, 100 samples are drawn from
the Gaussian process (GP) posterior. The multi-objective function is then
evaluated for each sample, after which the mean and variance of the resulting
distribution are computed. Finally, the distribution is approximated as Gaussian
and passed to the acquisition function (AF).

where

T(f, p) = _%arg(sddm(fv P)) )

is the group delay, and Varfcq(-) denotes the empirical variance
over the frequency range (). Here, g1 (dem) encourages a
uniform attenuation profile, and go (degl) penalizes delay
fluctuations. The sole design variable is the open-circuited
stub length p = Ly € [1.0, 20.0] mm; all other geometric
parameters are fixed and listed in Table II.

While this example involves only a single design parameter,
it serves as a meaningful test case to validate the proposed
methodology in a multi-objective setting. Despite the low-
dimensional input space, the simultaneous optimization of
magnitude and phase characteristics presents a non-trivial
challenge representative of real-world trade-offs. Extending the
approach to multi-parameter scenarios is a natural next step,
but this 1D case is sufficient to demonstrate the core strengths
of our method, including the ability to model complex-valued
responses accurately inside a design region of interest and
handle multiple objectives effectively.

The initial training dataset comprises five design samples
evaluated at 30 equidistant frequency points. These include
the two boundary values of Lo and three additional samples
generated via LHS. The test dataset consists of 200 design
samples, also generated via LHS, evaluated at 251 equidistant
frequency points.

Since this example involves multi-objective optimization,
a different acquisition function is employed. Specifically, the
expected hypervolume improvement (EHVI) is used. At each
iteration, the EHVI quantifies the expected gain in hypervolume
if a new candidate design were to be evaluated. The hypervol-
ume is a scalar metric representing the portion of the objective
space dominated by the current Pareto front. The Pareto front
comprises all non-dominated objectives—those for which no
other designs exist that improve both objectives simultaneously.
Unlike standard hypervolume improvement, EHVI accounts for
the uncertainty in the surrogate model, enabling a principled
trade-off between exploration and exploitation. Because the
distribution of the predicted objectives is generally not available
in closed form (as explained in Section III-D), MC sampling

27)

TABLE II
DESIGN PARAMETER VALUES FOR PASSIVE EQUALIZER.
H Parameter Value Parameter Value Parameter Value H
Wy 0.35 mm g1 1.0 mm S 0.32 mm
Wo 1.0 mm g2 0.675 mm h 1.0 mm
Ly 18 mm R 45 Q w 0.9 mm




is required to approximate the EHVI. To this end, 100 samples
are drawn from the GP posterior at each iteration. For each
sample, the multi-objective function (26) is evaluated, and the
resulting distribution is summarized by computing the sample
mean and variance. These are then used to construct a Gaussian
approximation of the objective distribution, which is fed to
the EHVI AF. A schematic of this workflow is provided in
Fig. 8. A detailed description of the BoTorch implementation
of EHVI is provided in [25].

To evaluate optimization performance, the log hypervolume
difference (LHVD) is used, analogous to the regret metric in
single-objective settings. LHVD is defined as the common
logarithm of the difference in hypervolume between the region
dominated by the true Pareto front and that dominated by
the approximate front identified during optimization. The true
Pareto front is in this case determined by evaluating all test
samples on (26).

A. Results

Fig. 9 plots the LHVD over 30 BO iterations, averaged across
ten independent runs. The shaded band denotes the minimum
and maximum LHVD observed at each iteration. When
the approximate hypervolume matches the true hypervolume
(evaluated on the test set), the LHVD is clipped to —10 to avoid
undefined logarithms. The rapid decline of LHVD in most runs
indicates that the BO procedure consistently approaches the
true Pareto front.

This convergence is further illustrated in Fig.10, which
overlays the sampled objective values (red markers) on the full
test-set Pareto plot (blue markers). The Pareto front calculated
on the test set is indicated with a green line. The proximity
of the red points to the green line confirms that the algorithm
effectively identifies high-quality trade-off solutions. A zoomed-
in view in Fig.10b focuses on the Pareto set, clearly showing
that the estimated Pareto front closely tracks the true front
with minimal extraneous exploration of the objective space.
Together, these results demonstrate that EHVI-guided sampling
yields an accurate and efficient approximation of the Pareto
boundary.

To illustrate the effectiveness of the optimization, Fig.11
compares the magnitude and group delay of the differential
transmission coefficient Sg421 for an unoptimized design (L =
11.216 mm) and an optimized design on the Pareto front (Ly =
18.189 mm). The optimized sample demonstrates significantly
reduced variation in both magnitude and group delay across
the frequency band of interest, confirming the success of the
SBO procedure in jointly flattening the transmission response
and improving phase linearity.

Table III provides the training and acquisition optimization
times for the Szegd GP model at the first and final optimization
iterations. The average simulation time, approximately 355
seconds per evaluation, reflects the cost of full-wave EM
simulations. Notably, even at iteration 30, the combined cost
of model training and acquisition optimization remains on the
same order of magnitude as the simulation time, underscoring
the practical efficiency of the surrogate model relative to the
high cost of direct evaluations. These values offer a realistic
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Fig. 9. Log hypervolume difference (LHVD) of the Szeg6 GP over 30 Bayesian
optimization iterations. The solid line denotes the mean LHVD across ten
independent runs, and the shaded band spans the minimum to maximum
LHVD values observed. All zero hypervolume improvement values (i.e., when
the approximate front coincides with the true front) are clipped to le — 10 to
avoid undefined logarithms, corresponding to a lower bound of —10.

indication of the computational footprint of the proposed
method when applied to multi-objective design tasks involving
frequency-domain simulations.

VI. CONCLUSIONS

The paper has presented a novel spectral Bayesian op-
timization (SBO) framework for microwave device design,
leveraging a physics-informed Gaussian process (GP) with the
rational complex-valued Szegd kernel and input warping. By
modeling the full complex S-parameter response, the approach
naturally enforces stability, causality, and Hermitian symmetry,
yielding markedly improved accuracy and data efficiency of
the surrogate model over standard (real-valued) GPs.

In the single-objective case of the 2-port zig-zag microstrip
bandpass filter, the Szegd GP consistently converged to the
true optimum in fewer iterations, achieving lower regret and
RMSE than the Matérn 5/2 baseline. In the multi-objective
optimization of a passive differential equalizer, our approach
efficiently approximated the true Pareto front—demonstrated
by rapidly decreasing LHVD trajectories and close alignment
of sampled points with the test-set front.

Together, these results demonstrate that the proposed SBO
framework achieves both faster convergence and higher pre-
dictive accuracy across diverse optimization scenarios.

TABLE III
COMPUTATION TIMES IN SECONDS FOR SZEGO GP AT ITERATIONS 1 AND
30.

ITter 30

9.187  631.806
6.595 19.003

355.280

Iter 1

Training time
Acquisition opt. time

Simulation time
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Fig. 10. Visualization of all sampled designs in the two-objective space during Bayesian optimization. (a) Full overview of all evaluated samples across the
design space. (b) Zoomed-in view near the Pareto front. Blue dots denote the objective values of the 200 test designs, red dots indicate the samples selected

during the optimization process, and the green line represents the Pareto front.
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Fig. 11. Frequency response of the passive equalizer before and after optimization. (a) Magnitude of the differential transmission coefficient for an unoptimized
design (black, Lo = 11.216 mm) and an optimized design located on the Pareto front (green, Lo = 18.189 mm). (b) Corresponding group delay profiles.

Beyond performance gains, the integration of prior physical
knowledge into the GP surrogate offers a principled way to
improve generalization and reduce simulation overhead.

Future work will extend this physics-informed SBO to
feasibility region identification, by which the GP is trained
to map out high-performance regions within the design space
with high confidence. This extension could enable adaptive
design and rapid re-optimization under shifting objectives and
support interactive, human-in-the-loop design workflows across
a wide range of microwave and RF components.
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