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Abstract
Typical engineering design problems, such as designing an aeroplane engine or
testing an automated driving system, often involve multiple design constraints
that define feasible solutions in the design space. Modern data-driven approaches
allow for the effective characterisation of the (corresponding) feasible region(s),
often by exploring the trade-off in regions of the design space with high expected
performance and high uncertainty. Bayesian active learning is a data-efficient
method that iteratively learns a surrogate model based on limited input-output
data. Acquisition functions select samples based on a trade-off between explo-
ration of the design space and exploitation of the feasible region. In this work,
we consider this trade-off as a bi-objective maximization problem and show that
existing acquisition functions choose samples on this Pareto front. We introduce
two novel acquisition functions based on multi-objective scalarization methods
for identifying the feasible region. The acquisition functions are compared against
the state-of-the-art on several engineering benchmarks, as well as for testing an
automated driving system. The results show that the novel acquisition methods
are generally at least as effective as the state-of-the-art, while they select more
feasible designs than boundary-focused acquisition functions.
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1 Introduction
Data-driven design space exploration (DSE) has shown remarkable performance in
modern design and optimization tasks (Forrester, Sobester, & Keane, 2008), for exam-
ple in additive manufacturing (Flores Ituarte, Panicker, Nagarajan, Coatanea, &
Rosen, 2023; Xiong et al., 2019; Young, Vondrasek, & Czabaj, 2025), automated driv-
ing systems (ADS) such as an Automatic Emergency Braking (AEB) system in a
vehicle (Ariyanto, Haryadi, Munadi, Ismail, & Hendra, 2018), and fracture mechanics
(Carrara, De Lorenzis, Stainier, & Ortiz, 2020). More specifically, engineers are often
confronted with problems such as determining the optimal parameters of a specific
part (e.g., length, width, angle, etc.), testing numerous scenarios to determine safety
levels of operation, or simply minimizing the total production cost.

While the goal of the decision-maker is often to optimize these problems, learn-
ing about the feasibility of the design space is also an important task for engineers
(Azzimonti, Ginsbourger, Chevalier, Bect, & Richet, 2021; Gotovos, Casati, Hitz,
& Krause, 2013; Knudde, Couckuyt, Shintani, & Dhaene, 2019; Qing, Knudde,
Couckuyt, Dhaene, & Shintani, 2020), especially when the design requirements and
constraints are numerous, can change or are highly uncertain. For instance, an engineer
wants to test an AEB system to see which scenarios result in the safe, thus feasible,
behaviour of mitigating a collision between vehicles. There are an infinite number of
real-world scenarios in which a vehicle should operate, and thus the system should be
tested for (e.g., driving in a city centre versus on a highway and in different countries).
Furthermore, in vehicle dynamics (Sobek II, 1996) engineers make critical early deci-
sions about hardpoint locations, which heavily influence chassis design. At this stage,
the design space is often constrained, and the focus is on identifying a layout that
meets handling metrics rather than committing to an optimal design prematurely.
Exploring the feasible region allows flexibility to adapt later when structural analyses
may reveal stress-related issues in the initial design. Thus, testing these systems for
each possible design is theoretically and practically infeasible, due to cost, time, and
computational limits, so there is a need for more intelligent ways of choosing which
simulations to run.

A typical way of gaining insight into the feasibility of the problem is using a
space-filling Design of Experiments (DoE) like a Latin Hypercube (Park, 1994) or a
quasi-random sequence (Lemieux, 2009). However, if the dimensionality of the problem
is high, or the simulation is computationally expensive, running a space-filling DoE
will likely fail in covering the entire feasible space (Santner et al., 2018). Our interest
is not to find an optimum but to identify the feasible region, i.e., the region in the
design space in which all designs satisfy the requirements. Note that the problem
constraints are often analytically intractable; thus, to understand the feasibility of
the problems, data-driven DSE techniques specifically designed for feasible region
identification (FRI) are needed.

Bayesian active learning (AL) is a data-driven adaptive sampling approach that
can be used for FRI. AL is a model-based methodology that extends the data set
intelligently and iteratively (Cohn, Ghahramani, & Jordan, 1996). In the case of
Bayesian AL, the surrogate is a probabilistic model that quantifies model uncertainty
by returning a predictive distribution on the learned function. The most widely used
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probabilistic model for Bayesian AL is a Gaussian process (Rasmussen & Williams,
2008). Note that, if we are interested in finding the optimum of a function, the iter-
ative approach is called Bayesian optimization (BO) (Frazier, 2018). The samples
are selected according to an acquisition function, where the next sampling point is
the maximizer of this function. This function balances a trade-off between explor-
ing regions that can improve the model’s accuracy by sampling where the predicted
uncertainty is high and exploiting regions with high performance in terms of feasibility.

Recently in the field of BO (see e.g., De Ath, Everson, Rahat, and Fieldsend
2021; Leite Richardson, De Ath, and Chugh 2024; Rojas Gonzalez, Branke, and
Van Nieuwenhuyse 2025) researchers have looked at the trade-off between model pre-
diction and uncertainty in well-known acquisition functions. In this work, we follow
this perspective to approach acquisition functions in the field of FRI, where our objec-
tive is to learn the constraint functions that limit the design possibilities. We look at
common AL acquisition functions specifically designed for FRI, and study whether
their maximizer lies on the Pareto front (i.e., the optimal trade-off) of the exploration
and exploitation objectives. Furthermore, we propose a new type of scalarization-
based (Miettinen & Mäkelä, 2002) acquisition functions that explicitly balance said
trade-off. More specifically, our contributions are as follows:
• We break down the building blocks of several state-of-the-art FRI acquisition

functions to the fundamental measures for uncertainty exploration and feasibility
exploitation.

• We investigate the exploration-exploitation trade-off front. This offers a unique
comparison between the acquisition functions and gives more insight into the sample
selection strategy of each acquisition function.

• We propose two novel scalarization-based acquisition functions for FRI, which are
explicitly designed to increase the quality and quantity of feasible designs in the
sampling set (as opposed to traditional boundary-based acquisition functions).

• We emphasize the broad range of use cases that can benefit from these techniques
in an extensive empirical study on multiple real-world engineering examples. These
include the design of two cantilever beam problems, an automated driving system
(ADS) testing problem, a process flow sheeting problem, a spring design, and the
design of a speed reducer in an aeroplane engine.

The rest of the paper is organized as follows. We start by introducing related
work in Section 2, which covers a wide range of acquisition function approaches.
Section 3 defines the constrained problem setting we consider for FRI. Next, Section
4 provides more background information. In Section 5 we focus on the considered
acquisition functions. After, we have a closer look at the exploration-exploitation
trade-off from the bi-objective optimization perspective in Section 6. This leads us to
the introduction of the scalarization-based acquisition functions in Section 6.1. The
engineering problems that are used for the benchmark are highlighted in Section 7,
followed by a discussion of the results in Section 8.
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2 Related Work
In the broad range of contributions to the field of FRI, we predominantly focus on
research about acquisition function design. Acquisition functions can be classified
according to different criteria. While there exist model-independent strategies that
exploit advanced discretization techniques (e.g., Singh, van der Herten, Deschrijver,
Couckuyt, and Dhaene 2017), most often a surrogate model is required for the com-
putation of the acquisition function. The model can either be a classifier (Houlsby,
Huszár, Ghahramani, & Lengyel, 2011), in which case the boundary between one (or
more) classes needs to be identified, or a regression to learn the continuous constraints
(Knudde et al., 2019). Note that classification leads to loss of information about the
decision boundary, that is captured by a regression model.

Acquisition functions can be constructed in a greedy manner where each step gives
immediate improvement (see e.g., Rahat and Wood 2020; Ranjan, Bingham, and
Michailidis 2008), or look-ahead, in which case future acquisitions are taken into con-
sideration (see e.g., Letham, Guan, Tymms, Bakshy, and Shvartsman 2022). There are
two main challenges with look-ahead acquisition functions. Firstly, there is a signifi-
cant part of these functions that are based on integral sampling. Stepwise Uncertainty
Reduction (SUR) (Chevalier et al., 2014) and entropy reduction (Marques, Lam, &
Willcox, 2018) methods typically rely on integration approximation. Hence, these
acquisition functions are computationally more complex, usually not scalable to high
dimensions, and require a set of integral points provided by the user. Secondly, as
future states are approximated, an additional level of uncertainty is introduced, which
can lead to reduced effectiveness.

Although acquisition functions are intended to balance both exploration and
exploitation, the approach to achieving this balance differs. In SUR methods for exam-
ple, the choice of the uncertainty measure guides the search (Chevalier et al., 2014;
Picheny, Ginsbourger, Roustant, Haftka, & Kim, 2010); indeed, as the name suggests,
SUR methods focus on uncertainty measures for exploration, and aim to learn a con-
tour, i.e., boundary. More recently in Booth, Renganathan, and Gramacy (2025), the
trade-off between entropy and (predictive) uncertainty is studied, where the entropy is
seen as exploitative of the boundary region. However, as we discuss further in Section
4.3, entropy can be reduced to a function of model uncertainty, making it inherently
exploratory. While these acquisition functions demonstrate competitive performance,
they do not explicitly address flexibility or changes in the trade-off focus – an aspect
that is often desirable in practical engineering applications. This aspect is incorporated
in the scalarization-based acquisition functions we propose in Section 6.

Another difference among acquisition functions lies in their sampling strategy.
The vast majority focuses on sampling near the boundary of the feasible region, i.e.,
locating the contours of the feasible region (see e.g., Marques et al. 2018). We want to
address this gap because engineers often emphasize the importance of populating the
core of the feasible region rather than its periphery. For example, in the automotive
industry, CAD robustness studies ensure designs remain feasible by identifying valid
ranges for the interdependent geometric variables. This approach prevents error-prone
designs, guides search algorithms to explore only feasible solutions, and improves
design efficiency and accuracy. Thus, we focus on greedy approaches that rely on
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Select N initial
designs {xn}Nn=1

Evaluate G(x) to
create a data set D

Train a set of L
models Ĝ on D

Stopping
criterion
met?

Acquire new design
to add to data set D

Feasible re-
gion F found

no

yes

Fig. 1 Constrained problems and their feasible region can be learned with Bayesian active learning.
Starting with an initial set, new designs are acquired and added to the data set. Models of the
constraints are trained each iteration until the stopping criterion has been met.

regression models, like the ones proposed by Bichon, Eldred, Swiler, Mahadevan, and
McFarland (2008); Kaintura et al. (2018); Knudde et al. (2019); Rahat and Wood
(2020); Ranjan et al. (2008). We examine these in more detail in Section 5, and in
Section 6 we propose to meet the engineers’ request to populate the feasible region
more in a multi-objective fashion.

3 Problem Definition
Consider an engineering problem with L constraints in a design space X ∈ Rd. The
constrained problem G(x) with design vector x can then be defined as:

G(x) = (g1(x), . . . , gL(x))⊤ ≤ t, with t = (t1, . . . , tL)⊤, (1)

where, gl : Rd → R is the l-th constraint function with tl its threshold for feasibility.
In this study, for simplicity, t is chosen to be (0, . . . , 0)⊤. Note that any inequality
constraint can be converted to this form and that equality constraints can also be
converted to two inequality constraints with a small constant ϵ.

Each constraint function gl(x) separates the design space in a feasible Fl ⊆ X and
infeasible Il = X \ Fl space. Thus, the feasible space of the problem G(x) is at the
intersection of the feasible sets for all constraints: F =

⋂L
l=1 Fl. Consequently, the

infeasible set for the problem becomes I =
⋃L

l=1 Il.
Figure 1 illustrates how AL can be used for identifying the feasible region F of

the problem G(x). The first step is to select an initial design set {xn}N
n=1. Often a

space-filling design set is taken. Fuhg, Fau, and Nackenhorst (2021) mention the trade-
off between a small set, where the surrogate models are lacking in knowledge, and a
large set with high computational cost. Although the choice for the initial DoE size
can potentially influence the performance of the surrogates, in practice the number
of points is based on recommendations in the literature based on empirical evidence
(e.g., N = 11d − 1 by Jones, Schonlau, and Welch (1998)). The constraints are then
evaluated on these N initial points; for the l-th constraint function the data set is
defined as Dl = {(xn, gl(xn))}N

n=1 and the full data set is D = {(xn, G(xn))}N
n=1.
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Subsequently, a surrogate model is trained for each constraint. In line with the AL
literature, in this work we use Gaussian process (GP) models as surrogates. Therefore,
in a problem with L constraints, L GP regression models are trained and Dl is the
training data for the l-th model. We denote the set of L models as Ĝ = {ĝ1, . . . , ĝL}.

After the models are trained, there is a check whether the stopping criterion has
been satisfied. There exist various stopping criteria in the literature, which can be
roughly divided into four categories (Fuhg et al., 2021): (i) a performance metric of
the trained models is used, (ii) a certain budget of simulation time is defined, (iii) the
number of maximum designs is constrained, or (iv) the relative correction between
consecutive iterations is used. In this paper, we use the number of designs as the
stopping criterion; this choice is intuitive in our context, as the simulation budget
often determines the extent of the analysis.

In case the stopping criterion is not met, the AL method proceeds with expanding
the data set based on the acquisition function. The acquisition function measures
how informative a new candidate sample is (Qing, Knudde, Couckuyt, Dhaene, &
Shintani, 2020). Once the newly added sample is added to the data set, it needs to
be evaluated. After that, the models are re-trained on the expanded data set, and the
stopping criterion is checked again.

When the stopping criterion is reached, the GP models and respective data set
provide valuable information that can be exploited by the engineer during the post-
processing, for example, to learn more about where the feasible regions are in the
design space. While the surrogate models can be used for further exploration or opti-
mization, the feasible designs can serve as starting points for optimizing a design at
a later stage.

4 Background
4.1 Gaussian Process Regression
A GP is a non-parametric Bayesian model that can be considered as a distribution
over functions f : X → R. A GP is defined by a mean function m : X → R and a
covariance function k : X × X → R. Hence, an unknown function f(x) can be written
in the stochastic form as: f(x) ∼ GP(m(x), k(x, x′)).

While m(·) is often assumed zero, there are many choices for k(·, ·). Common
choices are the squared exponential (Gaussian) kernel and the Matérn kernel (Fra-
zier, 2018), which we will use later in the experiments. The hyperparameters, like
signal variance, and length scales, are optimized using maximum likelihood estimation
(MLE) (Mardia & Marshall, 1984).

Given training samples Dtr = (Xtr, ytr), the posterior belief can be derived. This
posterior belief is Gaussian distributed as follows:

Y∗|Dtr, X∗ ∼ N (K⊤
∗ K−1ytr, K∗∗ − K⊤

∗ K−1K∗), (2)

where X∗ denotes the testing samples and Y∗ the predicted values, K is the correlation
matrix between training samples Dtr, K∗ is the correlation vector calculated for all
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pairs of training and test samples, and K∗∗ is the correlation matrix between the test
samples. Using this posterior, new samples can be drawn.

As the constraints in the constrained problem G(x) (see Equation 1) are assumed
independent, each constraint can be modelled independently with a GP. All constraint
models are considered together (Rahat & Wood, 2020), so the posterior predictive dis-
tribution is a multi-variate Gaussian distribution with mean prediction vector µ(x) =
(µ1(x), . . . , µL(x))⊤ and predictive covariance matrix Σ(x) = diag(σ2

1(x), . . . , σ2
L(x)).

That is:

p(Ĝ|x, D) = N (µ(x), Σ(x)) =
L∏

l=1
p(ĝl|x, Dl), (3)

where,
p(ĝl|x, Dl) = N (µl(x), σ2

l (x)|x, Dl). (4)
To know whether a design vector x is feasible we use the following definition:

x ∈ F ⇐⇒ (µ(x) ≤ t) = 1
⇐⇒ (µ1(x) ≤ t1) ∧ · · · ∧ (µL(x) ≤ tL).

(5)

4.2 Probability of Feasibility
In constrained AL, acquisition functions often measure exploitation by a probability
which answers the question: how likely will my prediction be below the constraint
threshold? In order to know if a point is feasible, the probability of feasibility (PoF)
can be used, and is defined as follows (Forrester & Keane, 2009):

p(x ∈ F) =
L∏

l=1
p(x ∈ Fl) =

L∏
l=1

Φ(τl)

=
L∏

l=1
p(p(ĝl|x, Dl) ≤ tl),

(6)

where τl = tl−µl(x)
σl(x) , and Φ(·) is the cumulative Gaussian distribution function. Then,

the probability of infeasibility p(x ∈ I) = 1 − p(x ∈ F) due to existing symmetry.

4.3 Model Uncertainty
A typical way of quantifying predictive uncertainty in acquisition functions is to
straightforwardly use the predictive variance σ2 (see Equation 2). In the case of
information-theoretic approaches, the differential entropy H(x | ĝl) of a Gaussian
distribution is used. For a single constraint l we have

H(x | ĝl) = 1
2 ln

(
2πeσ2

l (x)
)
. (7)

7



Table 1 Comparing the properties of the different acquisition functions in terms of
sampling, exploration and exploitation strategy.

α Sampling Exploration method Exploitation method

PoFV Feasible region Variance Probability of feasibility
EF Boundary Differential Entropy Log Probability of being at the boundary

PBE Boundary Differential Entropy Probability of being at the boundary
B Boundary Standard Deviation Predictive distance from the boundary
R Boundary Variance Predictive distance from the boundary

Considering the multi-variate Gaussian distribution of Ĝ, the differential entropy
H(x | Ĝ) is defined as (Rahat & Wood, 2020):

H(x | Ĝ) = L

2 ln(2πe) + 1
2 ln

(
det(Σ)

)
∝ ln

(
L∏

l=1
σ2

l (x)
)

. (8)

The entropy can thus be reduced to a function of the predictive variance.
An information-theoretic approach searches for a sample that will lead to the

largest information gain. In other words, we want to find the sample that reduces the
entropy of the posterior distribution the most. This coincides with finding the sample
with the highest uncertainty in terms of the entropy function. So the reduction in
entropy of the quantity of interest θ can then be written as follows (Hernández-Lobato,
Gelbart, Hoffman, Adams, & Ghahramani, 2015):

EntropyLossθ = H[p(θ | Dl)] − Ep(ĝl|Dl,x)(H[p(θ | Dl ∪ {(x, ĝl)})])
= H[p(ĝl | x, Dl)] − Ep(θ|Dl)(H[p(ĝl | x, Dl, θ)]).

(9)

5 Acquisition Functions for FRI
The acquisition function α(x, Ĝ, t) defines which point in the design space is most
promising as the next sample. By optimizing the acquisition function, the optimizer x∗

becomes the next sample. That is x∗ = argmaxx α(x, Ĝ, t). Note that the acquisition
function uses the knowledge of the surrogate models Ĝ to find x∗. It is only after x∗

has been found that the expensive simulations are run to know the actual value G(x∗)
and expand the data set D. Table 1 summarizes the properties of the state-of-the-art
acquisition functions that we consider in this work.

5.1 Probability of Feasibility and Variance
The Probability of Feasibility and Variance (PoFV) used by Kaintura et al. (2018) is
simply the product of the PoF and the predictive variance of the model, as shown in
Equation 10 (for the case of a single constraint). Note that by using PoFV, the sampled
points are also selected inside the feasible region, which in turn leads to a larger
number of feasible designs relative to all the other acquisition functions considered
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here.
αP oF V [l](x, ĝl, tl) = p(x ∈ Fl) σ2

l (x) (10)
To make this acquisition function work for more than one constraint, Nikova,

Dhaene, and Couckuyt (2023) extends Equation 10 as follows:

αP oF V (x, Ĝ, t) = p(x ∈ F) det(Σ) =
(

L∏
l=1

p(x ∈ Fl)
)(

L∏
l=1

σ2
l (x)

)

=
L∏

l=1
p(x ∈ Fl) σ2

l (x) =
L∏

l=1
αP oF V [l](x, ĝl, tl).

(11)

5.2 Probability of Boundary and Entropy
Assuming the boundary is critical for identifying the feasible region accurately, some
acquisition functions focus directly on locating the boundary β ∈ Rd, between feasible
and infeasible solutions. For example, Rahat and Wood (2020) introduce the prob-
ability of being at the boundary which exploits the knowledge about the boundary,
i.e., where the model predictions change from feasible to infeasible values, and thus
the feasible region it encapsulates. The probability provides information both on the
feasible and infeasible regions as given in Equation 12, which uses the PoF.

p(x ∈ β) = p(x ∈ F) p(x ∈ I) (12)

p(x ∈ β) = 0 if a design is certainly feasible (or infeasible). Around the boundary,
where there is more uncertainty about the feasibility of a design, the probability
of being at the boundary becomes greater than zero. Hence, when maximizing this
probability, the maximizer will be close to the predicted boundary.

Rahat and Wood (2020) created the Probability of Boundary and Entropy (PBE)
acquisition function directly with multiple constraints in mind. By simply taking the
product of the probability of being at the boundary and the differential entropy, this
resulted in the following acquisition function:

αP BE(x, Ĝ, t) = p(x ∈ β)H(x|Ĝ)
= p(x ∈ F)p(x ∈ I)H(x|Ĝ)
= p(x ∈ F)(1 − p(x ∈ F))H(x|Ĝ),

(13)

where H(x|Ĝ) is approximated as shown in Equation 8.
By using an acquisition function that jointly considers all constraints, there is no

explicit model selection. PBE looks at the true boundary β instead of considering the
separate constraint boundaries. Thus, this acquisition function is expected to perform
better than acquisition functions that combine single-constraint versions.
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5.3 Entropy Feasible
Entropy Feasible (EF) maximizes the information for both the infeasible and feasible
regions (Knudde et al., 2019; Qing, Knudde, Couckuyt, Dhaene, & Shintani, 2020;
Qing, Knudde, Couckuyt, Spina, & Dhaene, 2020; Qing et al., 2022). The informa-
tion is measured using predictive entropy. This acquisition function has a closed-form
expression as opposed to other information-theoretic approaches commonly used in
BO (Hernández-Lobato et al., 2015). The original form of EF is defined for a lower
and upper boundary per constraint (a < gl(x) < b). Therefore, the acquisition func-
tion computes the entropy loss in each of the three regions gl(x) > b, a < gl(x) < b,
and gl(x) < a. When the acquisition function is adapted to only an upper boundary
(−∞ < gl(x) < tl), it can be simplified to the following formula (Rahat & Wood,
2020):

αEF [l](x, ĝl, tl) =EntropyLossĝl>tl
+ EntropyLoss−∞<ĝl<tl

+ EntropyLossĝl<−∞

= 3H[p(ĝl | x, Dl)]
− H[p(ĝl | x, Dl, ĝl > tl)]
− H[p(ĝl | x, Dl, −∞ < ĝl < tl)]
− H[p(ĝl | x, Dl, ĝl < −∞)]

= 1
2 ln(2πeσ2

l (x)) − ln(Φ(τl)(1 − Φ(τl))),
(14)

where the first term denotes the differential entropy of a Gaussian distribution and
the second term is the natural logarithm of the probability of being at the bound-
ary. To achieve this simplification1, the differential entropy of a truncated Gaussian
distribution is used. Knudde et al. (2019) explain that this acquisition function is
more explorative while the predictive variance is large. When the predictive variance
decreases, there is more exploitation of the boundary region. The derivation for mul-
tiple constraints is shown by Qing et al. (2022) and consists of taking the sum of the
individual logarithmic terms, as shown in Equation 15.

αEF (x, Ĝ, t) =
L∑

l=1
αEF [l](x, ĝl, tl) (15)

5.4 Expected Feasibility
Lastly, we consider two closely related acquisition functions that were originally intro-
duced for reliability studies. The first one is introduced by Bichon et al. (2008), while
the other one is proposed by Ranjan et al. (2008). We will further refer to them as
the Bichon (B) and Ranjan (R) acquisition functions, respectively. Both acquisition
functions choose the next samples in the area of the boundary β of a single constraint
as they calculate an average between the uncertainty and the predictive distance from

1In our implementation EF is computed exactly as in Knudde et al. (2019) and not using the
approximation in Rahat and Wood (2020).
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β. In order for these acquisition functions to work for feasibility, Rahat and Wood
(2020) adapted both functions as follows:

αB[l](x, ĝl, tl) = σ(x)
[
τ+Φ(τ+) + τ−Φ(τ−) + ϕ(τ+)

+ ϕ(τ−) − 2τΦ(τ) − 2ϕ(τ)
]
, (16)

αR[l](x, ĝl, tl) = σ2(x)
[
τ2(Φ(τ−) − Φ(τ+)) + τ+ϕ(τ−) − τ−ϕ(τ+)

]
, (17)

where τ+ = τ + 1, τ− = τ − 1, and ϕ(·) is the probability density function of a
univariate Gaussian distribution.

In the case of multiple constraints, Rahat and Wood (2020) reformulated an
approach where only a single model with the best individual mean prediction is
selected per iteration. This is called a composite criterion approach and is often used
for system failure problems (Yang, Mi, Deng, & Liu, 2019). However, it does not make
sense to use this approach for FRI because of three shortcomings. Firstly, this approach
does not account for the boundary β on the full problem G, but for individual bound-
aries. Although a chosen sample for one constraint is predicted to be feasible, chances
are high that it will violate another constraint. This can lead to redundant samples in
the infeasible space. Secondly, this model selection will not consider prediction uncer-
tainty. Lastly, if the constraints all have a different scale, the relative importance can
be disturbed. Therefore, we opt for using the product of all constraints as follows:

αB/R(x, Ĝ, t) =
L∏

l=1
αB[l]/R[l](x, ĝl, tl) (18)

Thus, the redundancy in the feasible space is reduced, and the prediction uncertainty
captured in the individual acquisition functions is also captured in the product.

6 Bi-Objective Optimization of the
Exploration-Exploitation Trade-Off

Recall that exploration can be reduced to the uncertainty of a model that is repre-
sented by the predictive variance σ2(x), while exploitation is based on the prediction
being below a threshold (i.e., the PoF, see Equation 6). We will further denote this
as a function of x: F (x) = p(x ∈ F). Note that this trade-off forms a bi-objective
optimization problem that needs to be maximized:

maxx∈X (F (x), σ2(x)). (19)

As both exploration and exploitation are important, these can be competing objec-
tives. Only designs that can increase both objectives are preferred. This means we are
searching for the so-called non-dominated or Pareto-optimal designs (i.e., the set of
solutions that reveal the optimal trade-offs). A design x dominates x′, iff F (x) ≥ F (x′)
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and σ2(x) ≥ σ2(x′), and they are not equal on both (Rojas Gonzalez & Van Nieuwen-
huyse, 2020). The Pareto set is the set of non-dominated points, while the Pareto front
consists of the Pareto set in the objective space: {(F (x), σ2(x)) | x non-dominated}. In
what follows, we first introduce the novel acquisition functions based on scalarization,
followed by a description of the proposed sampling policy.

6.1 Scalarization-Based Acquisition Functions
Multi-objective optimization problems can be solved by using scalarization methods
(Miettinen & Mäkelä, 2002). By using such a method, the multiple objectives are
decomposed into multiple single objective problems (i.e., each single-objective scalar-
ization solves for a specific solution on the Pareto front). Often, the scalarization
function depends on a set of weights that will determine the specific single-objective
problem(s) to be solved, depending on the decision-maker preferences. Thus, a single
objective optimization solver can be used to find an optimum of a given scalarization.
Here we employ two well-known scalarization functions: the Augmented Tchebysheff
(Equation 20) and the Augmented Achievement Scalarizing Function (Equation 21).
These functions not only offer adequate convergence guarantees (Miettinen, 1999), but
have also shown excellent empirical performance in the literature (see e.g., Knowles
2006; Rojas Gonzalez, Jalali, and Van Nieuwenhuyse 2020).

maxM
i=1

[
wi(fi − zi)

]
+ γ

M∑
i=1

(
wi(fi − zi)

)
(20)

maxM
i=1

[fi − zi

wi

]
+ γ

M∑
i=1

(fi − zi

wi

)
(21)

Note both equations 20 and 21 are defined for a minimization problem, where f =
(fi, . . . , fM ) is the objective vector of size M . The weight vector w is chosen such that∑M

i=1 wi = 1, while γ is a positive value we set to 10−4. Furthermore, both methods
rely on a reference point z, which is often the ideal point (i.e., the global optimum for
each objective). For minimization this corresponds to z = (0, 0) in a normalized bi-
objective space (as in Equations 20 and 21). For the maximization (see Equation 19),
we reformulate it as follows (see also Mandow, Mart́ın-Albob, and Perez-de-la Cruza
2023):

ATCH(x, f) = minM
i=1

[
wi(fi − zi)

]
+ γ

M∑
i=1

(
wi(fi − zi)

)
, (22)

AASF (x, f) = minM
i=1

[fi − zi

wi

]
+ γ

M∑
i=1

(fi − zi

wi

)
, (23)

with z = (1, 1). The scalarization-based acquisition functions are then defined as:
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αAT CH(x, Ĝ, t) = ATCH
(

x, (F (x), σ2(x))
)

, (24)

αAASF (x, Ĝ, t) = AASF
(

x, (F (x), σ2(x))
)

. (25)

In order to use these acquisition functions for problems with multiple constraints,
the objectives are calculated as follows:

(F (x), σ2(x)) = (p(x ∈ F), σ̄2
L(x)) =

( L∏
l=1

p(x ∈ Fl),
1
L

L∑
l=1

σ2
l (x)

)
. (26)

Hence, the product of PoF for each constraint and the mean predictive variance for
each constraint after using min-max scaling to [0, 1].

The weights w in the scalarization methods drive the selection on the Pareto front
of the two objectives, and are often sampled uniformly distributed in the weight-space
to explicitly show that the method can populate the entire Pareto front (Knowles,
2006). For our scalarization-based acquisition functions, we build a set of uniform
weights a priori which is larger than the number of AL iterations. When the acquisi-
tion function is being optimized at each iteration, the weights are sampled from this
set without repetition, such that we explore different trade-offs on the Pareto front.
Note that uniform weight selection is an automatic procedure that does not require
expert knowledge from the user. Other weight strategies, which can incorporate expert
knowledge and user preference, are left for future research.

6.2 Exploration-Exploitation Trade-Off Front
Figure 2 illustrates how the Pareto front of the exploration-exploitation trade-off looks
like for the cantilever beam (CB) problem (see 7.1 and A.1). The choice for the next
sample depends on the acquisition function. If the acquisition function only considers
one of the objectives (either PoF or VAR), the selection is straightforward: the max-
imum of that objective is taken. This coincides with the two endpoints of the Pareto
front. As mentioned before, only the PoFV method is focused on sampling inside
the feasible region, the other commonly used acquisition functions sample along the
boundary. However, this distinction is not clearly visible in the trade-off plot. PoFV
chooses a point somewhere in the middle range of both objectives as it maximizes their
product. The boundary methods (PBE, B, R) will choose a point with higher variance
and smaller PoF. Only EF chooses a point with higher PoF and lower variance.

The two scalarization-based acquisition functions ATCH and AASF choose a point
depending on the weights. For this plot, we compare two weights with both functions.
Because of the nature of the chosen scalarization methods, where ATCH multiplies by
the weights wi, while AASF divides by these weights, we notice that both acquisition
functions sample opposite of each other. The benefit of using the weights is that the
full range of the Pareto front can be sampled.

Note that this plot looks different at every iteration. When the model is trained
on a larger data set, and thus predicts more accurately, the Pareto front will tend
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Fig. 2 Exploration-exploitation objective space for the cantilever beam problem with one constraint
created with a Halton sampling set of 2000 samples. Depending on which acquisition function is
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on the weights. Two weight vectors were used for this plot: w1 = ( 1

6 , 5
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6 , 1
6 ). By changing

the weight, the reference lines also change, and the point on the front closest to the reference lines is
chosen.

be discontinuous. A better model prediction means the PoF will be closer to the two
extremes for most of the designs. In that case, the front will consist of fewer points in
the middle range of PoF and the various acquisition functions will converge to choose
the same sample as the next one.

7 Experiments
We compare the performance of the proposed scalarization-based acquisition functions
against the state-of-the-art on several real-world engineering design examples. The
problems range from two-dimensional with two constraints up to a seven-dimensional
design space with seven constraints. This selection of problems illustrates the purpose
of AL in the design process of various engineering disciplines with varying complexity.
Furthermore, we evaluate an ADS testing example in which the safety of an AEB sys-
tem is under test. Following the overview of Wotawa et al. (2021), our AL approach
falls under the learning-based methods for finding safety-critical scenarios. By for-
mulating the testing problem as an engineering problem with a safety measure as a
constraint, we can borrow the concepts of FRI to identify scenarios of interest.

Decision-makers either use the surrogate model or rely on the final data set for
further design analysis. As both are influenced by the acquisition function, we evaluate
the acquisition function by looking at the performance of the constraint surrogate
models and the number of acquired feasible designs in the final data set.

7.1 Real-world Engineering Benchmarks
We have chosen five analytically defined real-world engineering problems as the bench-
mark. The diverse selection of applications emphasizes the versatile adoption of the
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AL methods for FRI. Please refer to Appendix A for the analytical formulation of the
problems.
• The first engineering problem is the design of a cantilever beam (CB) (Engineering

Toolbox, 2013) in which the shape of the beam is defined by two parameters while
two constraints are limiting the stress (g1) and displacement (g2) of the beam. g1
is the most restrictive constraint and defines the boundary of the feasible region.
The full problem definition is given in A.1.

• The second problem comes from chemical engineering and is called the process flow
sheeting problem (PFS) (Kumar et al., 2020). Originally the problem consists of
three variables and three constraints, forming a non-convex constrained optimiza-
tion problem. Here we reduce the problem to two variables and two constraints,
which is described in A.2. Both g1 and g2 define the boundary of the feasible region.
Notably, g2 is the most restrictive. The PFS problem has the lowest feasibility ratio
ρ, i.e., the percentage of feasible designs in the final data set, of all considered
problems.

• We use the Nowacki beam (NB) (Nowacki, 2005) problem as adapted to FRI by
Knudde et al. (2019). The complexity of this problem lies in the fact that it has
five constraints. We are interested in finding the breadth and height of the beam
constrained by the area, the tip deflection, and other stresses. Because of all these
constraints, ρ = 11.0%. The complete problem is described in A.3. Experiments
show that constraint g4 and g5 are not crucial for the solution, while g1 is the most
restricting.

• We consider the design of a tension/compression spring (TCS) (Kumar et al., 2020).
It is a three-dimensional problem in which the variables represent the diameter of
the wire, the coil, and the active coils. This problem is restricted by three constraints
as defined in A.4. Of the three constraints, g3 is the most restrictive, followed by g1
and then g2. This brings the feasibility ratio to 33.65%. Although ρ is much higher
compared to the previous two problems, the higher dimensionality and additional
constraints make it more difficult.

• The last real-world problem is taken from aerospace engineering, i.e., a seven-
dimensional speed reducer (SR) (Kumar et al., 2020; Ray, 2003). The problem
focuses on designing a speed reducer situated in a small aircraft engine. This is
an example of a very highly-constrained use case with 11 constraints. However, we
select 7 constraints for our experiments which are given in A.5 like in Nikova et al.
(2023). Preliminary experiments for the test set show that constraints g3, g4, and g5
are not restricting the problem. The most restrictive constraint is g7. Although this
problem has the highest feasibility ratio, namely ρ = 56.54%, the dimensionality
and the number of constraints make this problem difficult to learn.

7.2 Testing Automatic Emergency Braking System
Simulations of driving scenarios generate time-dependent data, also referred to as
parameter trajectories i.e., from the start of the scenario until a collision happens.
Following the testing strategies as proposed by Zhang et al. (2021), identification
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Fig. 3 AEB system testing scenario. The host vehicle is the red one driving on the road to the right.
The host vehicle is the car with the AEB system under test. There are three vehicles parked along the
road. The vehicle that is parked in the middle (blue) is reversing out of the parking spot. Because the
vehicle is occluded by another parked vehicle, the host vehicle is not able to immediately notice the
vehicle reversing. Depending on the velocity of both vehicles, a collision could occur or be avoided.

methods can either make use of the parameter trajectories or not. Often the full tra-
jectory is not needed to know whether a scenario is safe or critical. Learning-based
identification methods, like the ones considered in this work, belong to the category
of exploring logical scenarios without parameter trajectories. This means that the sce-
nario is parametrized, and the trajectories are not considered. Instead, information
is extracted from the trajectories to create meaningful parameters, e.g. the minimum
time to collision or impact velocity at collision time. Consequently, the extracted
parameters can serve as safety-critical measures or are used to calculate other more
complex safety-critical measures.

The input of the simulation is also given by parameters. We choose the inputs to
define the initial state of the scenario. A scenario instance is a concrete combination
of the parameters assigned to the scenario. The way the scenario progresses beyond
the initial state is then defined by models for the host vehicle with the ADS under
test as well as for the other vehicles in the scenario.

We follow the definitions of a functional, logical, and concrete scenario as given
in Menzel, Bagschik, and Maurer (2018) to create the testing environment. The func-
tional scenario of our application is depicted in Figure 3 and consists of a one-lane
road with angled parking spots. The moving objects in this scenario are the host vehi-
cle which includes the system under test and a vehicle reversing from a parking spot
that cuts into the lane of the host vehicle.

For the purpose of the experiments, the logical scenario consists of two-parameter
ranges, namely, the host and reversing velocities: vhost ∈ [5, 15]m/s and vreverse ∈
[0, 5]m/s. The host vehicle keeps a constant speed as defined by vhost, until the AEB
is triggered, while the reversing vehicle follows a trapezoidal speed profile. The vehicle
accelerates when the action is triggered in time until vreverse is reached, at a certain
location on the road the reversing velocity is decelerated until the vehicle is standing
still. By choosing a value for the design parameters, a concrete scenario is simulated.
The design vector, i.e. a sample in the design space, consists of the parameter values
that define the concrete scenario.

The chosen safety-critical constraint is based on the severity of a possible collision
or emergency braking event. If there is no collision and AEB is not activated, the
severity is -1. A severity between -1 and 0 indicates a collision was avoided by the
AEB, where a smaller value means more safety margin. If the severity is above 0 up
to 1, a collision occurred with reduced impact because the AEB was activated. Else
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Table 2 Overview of the real-world problems. d and L stand for the number
of variables and the number of constraints of the problem, respectively. ρ is the
feasibility ratio in the design space. The column depicted by N is the size of
the initial data set. q is the number of AL steps. This is equal to the number of
samples that are selected adaptively after the initial data set.

Problem d L ρ(%) N q

Cantilever Beam (CB) 2 2 9.42 6 20
Process Flow Sheeting (PFS) 2 2 0.28 6 20

Nowacki Beam (NB) 2 5 11.0 6 20
Tension/Compression Spring (TCS) 3 3 33.65 9 30

Speed Reducer (SR) 7 7 56.54 21 70
Automatic Emergency Braking System (AEB) 2 1 43.8 20 100

if a collision happened without the AEB being activated, the severity is 1. Note that,
the AEB not being activated can also be because the impact was outside the sensors’
field of view. Nonetheless, it is a critical scenario.

Although there is only one constraint defined in a two-dimensional design space,
the feasible region, i.e., the region where no collisions occur, is difficult to identify.
Firstly, the severity constraint creates a discontinuous function around the boundary
which is caused by the fact that the severity is calculated differently depending on
whether there was a collision or not. Secondly, the feasible region consists of multiple
regions, and we want to identify all of them and not miss a region.

7.3 Experimental Setup
All experiments on the benchmark problems were conducted in Python. The AEB
problem was set up using Simcenter Prescan2 for the simulation of the scenario and
system under test, and Simcenter HEEDS3 for automating the workflow between the
simulation tool and the AL Python code.

The Bayesian AL framework and the acquisition functions are implemented using
Trieste (Moss et al., 2024), while the GPs are constructed and trained using GPflow
(Matthews et al., 2017). For all experiments the GP is constructed with a Matérn
5/2 kernel. The initial designs are sampled using a Halton sequence of size N . This
size depends on the problem as shown in Table 2. The stopping criterion is set to
the maximum number of iterations q, as given in Table 2. All results are taken from
running the experiments 10 times with different random seeds. The default setup for
optimizing the acquisition functions was used, namely a standard multi-start parallel
L-BFGS-B optimizer. For the scalarization-based acquisition functions a set of uniform
weights of size 50 × d is taken, which is more than the number of iterations.

As more accurate GP predictions lead to better design selection by the acquisition
function, we evaluate the GP performance at each iteration against a test set. The test
sets consist of 5000 data points for all problems, except for the AEB problem where
evaluations are expensive, and a smaller test set of 1000 data points was used. The

2https://plm.sw.siemens.com/en-US/simcenter/autonomous-vehicle-solutions/prescan/
3https://plm.sw.siemens.com/en-US/simcenter/integration-solutions/heeds/
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test set is created using a Halton sequence in the design space. All the methods are
also compared against a baseline method. The baseline uses the predictive variance
as acquisition function. This function only consists of an explorative part and is not
exploitative. We refer to this baseline method as VAR.

The performance of the constraint surrogates will be measured every time a new
design is acquired in order to see how adding the design to the training data influences
the model performance. Although the surrogates are regression models, the classifi-
cation problem with (in)feasible classes is also considered. To obtain the classes, the
predicted values are compared against the thresholds t = (0, . . . , 0)⊤ as shown in
Equation 5. Previous work uses the F1-score (Knudde et al., 2019) and the informed-
ness (Rahat & Wood, 2020) as the performance metric. However, these metrics are
not suitable for feasible regions. Because the number of feasible designs can be much
lower than the number of infeasible designs, there could be a large class imbalance.
Table 2 lists the feasibility ratio ρ which is computed as the ratio of actual feasible
designs in the test set against the full test set. This ratio shows the class imbalance
in the different problems. Luque, Carrasco, Mart́ın, and de las Heras (2019) show
that the F1-score is not suitable for class imbalanced problems, as it is heavily biased
by the class imbalance and is not symmetrical, i.e., the choice for the positive and
negative class influences the result.

Thus, in this study, we use a different metric called Matthews correlation coeffi-
cient (MCC) (Boughorbel, Jarray, & El-Anbari, 2017). MCC is a balanced correlation
coefficient between the observed and predicted binary classifications. It captures the
quality of the classification predictions of the surrogate model. As all four categories
of the confusion matrix (TP , TN , FP , FN) are used in the computations, it can
take both the successes and the classification errors into account. MCC is computed
as follows:

MCC = TP × TN − FP × FN√
(TP + FP )(TP + FN)(TN + FP )(TN + FN)

, (27)

and can take any value in the range [−1, 1], where 1 corresponds with perfect
prediction, 0 is equivalent to a random guess, and −1 is total disagreement.

We propose to use the Negative Log Likelihood (NLL), a measure to capture how
well a model’s predicted probability distribution matches the actual data. For this
we compare the final regression models for each constraint against the actual binary
feasibility label f true. In order to get the predicted feasibility probability fpred, a
softmax activation function is applied to the continuous predicted values. The lower
the NLL value is, the better the model fits the data. For a test set of size Ntest, the
NLL is computed as follows:

NLL = −
Ntest∑
i=1

f true
i ln(fpred

i ) + (1 − f true
i ) ln(1 − fpred

i ). (28)

From an engineer’s perspective, the predictive capability of the surrogate model is
not the sole priority. As the design process progresses, the engineer requires a sufficient
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number of feasible designs that serve as strong candidates for further development
and/or implementation. Consequently, it is crucial to ensure that the dataset obtained
after AL includes an ample selection of feasible designs for the engineer to evaluate and
refine. Therefore, for each problem, we also compare the various acquisition functions
based on how many feasible designs they select. Hence, giving preference to functions
that consistently acquire feasible designs while better learning the feasible region.

8 Results
8.1 Real-world Engineering Examples
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Fig. 4 The 5 acquisition functions (PoFV, EF, PBE, B, R) and 2 scalarization-based acquisition
functions (AASF, ATCH) are compared against the baseline (VAR) for the different real-world engi-
neering problems in terms of model performance. These plots show the mean MCC and one standard
deviation of the 10 runs for all constraints together at each AL steps after initialization.

The main results begin with Figure 4, which depicts the performance of the com-
peting acquisition functions for the five constrained engineering problems; note that
we include supplementary results in the appendix. In this figure, the results are shown
for the full problem, so we are not considering the constraints individually. Every
method, except the baseline VAR, is able to learn the feasible region with a similar
amount of data for the CB problem. For the PFS problem, the scalarization-based
acquisition functions ATCH and AASF show better performance early on. With only
16 samples the MCC has already converged to a nearly perfect score, while VAR has
a lower MCC and much larger variance. As both these two-dimensional problems are
relatively easy to learn, this behaviour is expected.
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We see a larger difference between the acquisition functions when looking at the
plots for the NB, TCS and SR problems. These problems have more constraints (and
dimensions). For the NB problem, EF reaches the highest MCC first. AASF, ATCH
and PoFV follow and reach comparable final performance. In the case of TCS, PoFV
performs the worst, even below VAR. AASF and ATCH have a good start, but their
performance makes a drop to end up in the same range as PoFV. All other methods
have a more stable performance. For the SR problem, the EF method has remarkable
performance. PBE has a similar performance to the baseline VAR method and needs
around 60 iterations to reach the highest MCC.

In general, Figure 4 shows that by increasing dimensionality, not all methods scale
equally well. While for most benchmark problems EF and the proposed scalarization-
based acquisition functions achieve the best average performance, AASF and ATCH
allow more control for the engineer to explore the different trade-offs at a given stage
of the decision-making process.
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Fig. 5 Performance of the individual constraint models ĝl in the tension/compression spring problem
using the EF, PBE and AASF acquisition functions. The figures show the MCC mean score and one
standard deviation of 10 runs at each AL step.

Figures 5 and 6 make a comparison of the MCC for the individual constraints of
the TCS and SR problem, respectively, between the EF, PBE and AASF acquisition
functions. The results with the other four acquisition functions are depicted in Figures
B2 and B3. Figure B1 shows all acquisition functions for the NB problem.

We observe that the most restricting constraint (g3 for TCS and g7 for SR) is
learned first and well, which reflects the good overall performance. The explanation
behind this is that in order to learn and find the feasible region, the constraints
that define the region need to be learned best. Scalarization-based acquisition func-
tions, together with EF, overall lead to the fastest convergence of the most restricting
constraint.

The models for the other constraints take longer to learn or are lacking. For the
TCS problem, constraints g1 and g2 are better learned by some methods (PoFV,
AASF, ATCH), while for others there remains a high uncertainty around them (EF,
PBE, B, R). For the SR problem, EF is able to learn all restricting constraints almost
equally fast. The other acquisition functions also learn all constraints, but there is a
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Fig. 6 Performance of the individual constraint models ĝl in the speed reducer problem depending
on the acquisition function. The figures show the MCC mean score and one standard deviation of 10
runs for the EF, PBE and AASF acquisition functions at each AL step.

clear order: the restrictiveness of the constraint influences the convergence rate. The
slowest convergence is observed for PBE. There are also three constraints that remain
at MCC = 0 for all methods. These are the constraints that are not restricting the
design, and hence always predict feasible, which is correct. This is also visible in Table
B1, which show the mean and standard deviation values of MCC and NLL for each
final constraint model in each problem.

Also from the results in Table B1, we observe that the two-dimensional CB and
PFS problems result in similar performance for all constraints and all methods. Adding
more constraints leads to a selection of designs that improve only the constraint models
that define the boundary of the feasible region. Remarkably, a clear link between the
method performance and the feasibility ratio ρ is not evident. In terms of NLL (see
Table B2), the best method varies for each problem and constraint. Overall, it seems
ATCH and AASF more often lead to better models as the NLL is the lowest.

In Table 3 we look at the number of feasible designs in the final data set without
considering the initial designs. As PoFV is focused on sampling inside the feasible
region, evidently it most often returns the highest number of feasible designs. Inci-
dentally, the boundary methods (EF, PBE, B, R) yield the worst performance on
this metric. The proposed scalarization-based acquisition functions are in between,
but often closer to PoFV. This is a desired aspect and a key feature of the proposed
acquisition functions, as they achieve a good balance between exploiting the feasi-
ble region for competitive samples and exploring the full design space to reach good
model performance.

From the running times in Table 4, it is evident that the best overall performing
methods (i.e., EF, AASF and ATCH) require more computational effort than the other
acquisition functions. However, in practice this trade-off is relative to the underlying
simulation used: if the cost of evaluating the simulation is 102 or 103 times more
expensive than the optimization of the acquisition functions, then the differences
shown in Table 4 become irrelevant. For example, the simulation of the AEB problem
runs for 2 − 3 minutes per design, in which case the acquisition function optimization
runtime can be significant. However, there also exist expensive simulations, like in the
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Table 3 Number of feasible designs (mean ± standard deviation of 10 runs) in the final data
set of size q (listed in Table 2). The initial data set is not considered here. The highest number
of feasible designs for each problem is underlined.

PoFV EF PBE B R AASF ATCH

CB 14.8 ± 1.2 5.1 ± 1.2 4.8 ± 0.7 5.0 ± 0.0 5.0 ± 0.0 9.5 ± 1.3 9.7 ± 2.1
PFS 15.5 ± 0.9 1.1 ± 0.8 1.0 ± 0.9 1.8 ± 0.7 1.3 ± 0.8 7.3 ± 1.6 7.5 ± 1.7
NB 12.3 ± 1.2 8.8 ± 1.6 1.8 ± 1.1 1.7 ± 1.1 1.7 ± 1.1 12.0 ± 1.7 12.7 ± 1.8

TCS 26.4 ± 1.0 15.1 ± 4.1 11.7 ± 2.5 13.1 ± 3.0 13.2 ± 3.2 18.6 ± 1.9 19.1 ± 1.7
SR 57.1 ± 4.6 16.1 ± 5.2 39.9 ± 4.1 39.8 ± 3.2 40.1 ± 3.1 55.4 ± 2.7 53.1 ± 2.3

AEB 68.2 ± 3.1 33.7 ± 2.6 39.5 ± 2.1 37.3 ± 1.9 40.9 ± 2.3 54.1 ± 2.6 54.0 ± 2.6

Table 4 Average running time (in seconds) of acquiring a new data sample
using different acquisition functions. We compare the times for a problem with
one constraint (CB, average of 20 iterations) and a problem with seven
constraints (SR, average of 70 iterations).

Problem L PoFV EF PBE B R AASF ATCH

CB 1 0.19s 0.59s 0.90s 0.10s 0.09s 2.19s 2.71s
SR 7 2.15s 26.49s 6.80s 0.24s 0.22s 23.69s 19.99s

field of computational fluid dynamics, which can run for hours or even days (Aultman,
Wang, Auza-Gutierrez, & Duan, 2022).

8.2 Testing Automatic Emergency Braking System
The results for the AEB problem (Figure 7, Table 3 and Table B1) show that the single
constraint in this problem is actually much more difficult to capture than the other
problems with multiple constraints. The MCC curves depicted in Figure 7 confirm
that, even after 100 steps, convergence is difficult for all acquisition functions, with
EF exhibiting the greatest variance and fluctuation. This lower performance can be
attributed to the increased complexity introduced by the discontinuity in the severity
constraint, which complicates learning for the GP. This discontinuity is evident in the
contour plot in Figure 8, highlighting the fragmented nature of the feasible regions.
There are two disconnected feasible regions: the upper left and a band near the x-
axis. The largest discontinuity is observed near the x-axis. When vreverse is close to
0, AEB is not activated and no collision happens. A slightly higher vreverse, however,
does lead to a collision with a severity larger than 0.5. This behaviour is observed
for all values of vhost. Another area in the design space with a large discontinuity is
around (6, 1.5) where there are sudden peaks.

Overall we observe that considering the exploration-exploitation trade-off explic-
itly, can lead to more feasible designs while maintaining a good model performance.
This is important, because we want to be able to identify as many different states
of the system under test as possible, within the simulation budget. This provides a
clearer understanding of the safety-critical behaviour of the AEB system.
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8.3 Ablation Study
We study the balance of exploration and exploitation of various acquisition functions,
arguably, the most important part of the proposed framework. Hence, besides the
PoFV acquisition function, we also examine the VAR (only exploration) and PoF (only
exploitation) as separate acquisition functions. Lastly, we compare these methods with
the proposed scalarization-based acquisition functions to show the influence of adding
weights and flexibility in the design selection.

Figure 9 shows the MCC performance for all benchmark problems. The VAR
only focuses on exploration and, as expected, shows the overall worst performance;
while PoF can outperform VAR, the proposed scalarization-based acquisition func-
tions remain superior on average. The expected exploitative behaviour of PoF is to
choose designs near known feasible designs. Hence, in the design space the choices
made by PoF create a trail of only feasible designs, which is in general an undesired
behaviour, as it often leads to the discovery of only a very small part of the feasible
region.

We observe the exploitative strategy works well in the case of the PFS prob-
lem due to the very small feasible region. For the higher-dimensional SR problem,
PoF has many directions to choose from, which leads to a more explorative approach
than expected. De Ath et al. (2021) also observe this behaviour and confirm that
for higher dimensional problems exploitative strategies unintentionally become explo-
rative. While these results demonstrate that focusing solely on exploitation or
exploration may work in specific cases, a balanced combination consistently yields
superior outcomes. Moreover, the proposed acquisition functions provide engineers
with greater control over the trade-off between objectives, a critical aspect for practical
decision-making.

In addition to evaluating model performance, we also examine the selections made
by each acquisition function on the Pareto Front. Figure 10 illustrates how the different
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Fig. 9 Comparison of pure exploration (VAR), pure exploitation (PoF), a combination (PoFV) and
the scalarization-based (AASF, ATCH) acquisition functions on the benchmark problems. The MCC
mean and one standard deviation of 10 runs are shown for all constraints. A better balance between
exploration and exploitation leads to faster convergence on all problems.

acquisition functions choose points over 10 iterations for the CB problem with a
single constraint. As anticipated, VAR and PoF consistently remain in the extremes
throughout all iterations. Only acquisition functions that balance both objectives
result in a broader distribution of points along the front, with only AASF and ATCH
achieving full coverage across both objectives.

9 Conclusion and Future Work
We scrutinized several common acquisition functions used in AL for FRI. Most of
them consist of an exploitation part measured by the PoF, and an exploration part,
as quantified by the variance of a GP model. The proposed idea of looking at the
exploration-exploitation trade-off from a multi-objective standpoint provides new
insights and opportunities for acquisition function design in the field of FRI. In con-
trast to existing methods, we propose two novel acquisition functions that explicitly
model this trade-off. By considering exploration and exploitation as a bi-objective
maximization problem, we propose two scalarization-based acquisition functions. The
proposed acquisition functions effectively balance exploiting the feasible region for
competitive samples and exploring the entire design space to enhance model per-
formance. Additionally, they offer engineers greater control over the Pareto-optimal
trade-off between the objectives, a crucial feature desired in practical settings.

We evaluated all methods across multiple engineering design problems to demon-
strate the versatility of intelligent design space exploration. The results show that
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space. Each acquisition function selects 10 designs iteratively on the CB problem with one constraint.
Acquisition functions considering both objectives select designs on a broader range of the objectives.

EF excels as a boundary sampling method, while PoFV generates the most feasible
samples. The proposed scalarization-based acquisition functions strike a desired bal-
ance, achieving competitive performance for most problems, both in terms of MCC
and feasible sample count. The sampling behaviour of the proposed methods, driven
by an explicit trade-off, alternates between exploration and exploitation, resulting in
the best overall NLL performance. Naturally, the experiments also highlight several
limitations. Key issues include the challenges GPs face with discontinuous functions,
poor extrapolation near design space edges, and computational inefficiency in high
dimensions. In this regard, more advanced models should be employed, which can,
for example, handle and visualize high-dimensional problems (van der Maaten & Hin-
ton, 2008; Xiao et al., 2023, 2024). Furthermore, acquisition functions focusing on the
feasible boundary often yield fewer useful designs for engineers, while scalarization-
based methods depend heavily on weight selection, which can impact performance if
not carefully chosen. Additionally, as models improve, the Pareto front can become
more discontinuous, leading to repeated sampling at extremes.

Future work will focus on dealing with the aforementioned limitations. More
specifically, the exploration of methods to enhance acquisition strategies, even in the
presence of dynamic and challenging Pareto fronts. One promising direction in this
regard is optimizing weight selection. The current approach relies on uniformly dis-
tributed weights for scalarizing functions, making the weight selection automatic. This
could be extended to incorporate specific engineer preferences (Gaudrie, Le Riche,
Picheny, Enaux, & Herbert, 2020; González, Dai, Damianou, & Lawrence, 2017; Xin et
al., 2018). For example, if one objective is preferred over the other, weights should be
chosen accordingly without completely disregarding the other objective, as that would
lead to less beneficial behaviour. Further experiments are needed to identify the best
strategy for adding preference through weight control. Nevertheless, preference learn-
ing would be a valuable addition to scalarization-based acquisition functions. These
functions could also be adapted for batch settings, where a set of weights is selected
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per iteration. Furthermore, the trade-off could be expanded to include additional
objectives, such as cost or design diversity, which are critical for engineers.
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Appendix A Benchmark Problem Definitions
The benchmark of constrained engineering problems that were used to illustrate the
Bayesian AL methods are described here.

A.1 Cantilever Beam (CB)

g1(x) = Pλx1

2I
− 5000 ≤ 0,

g2(x) = Pλ3

3EI
− 0.1 ≤ 0,

(A1)

with
I = 1

12b(x1 − 2h)3 + 2( 1
12x2h3 + 1

4x2h(x1 − h)2),

P = 1000, λ = 36, E = 1.0e7, h = 0.1, b = 0.25,

where 3 ≤ x1 ≤ 7 and 2 ≤ x2 ≤ 12.
Note that Figure 2 was created when only considering the g1 constraint.

A.2 Process Flow Sheeting (PFS)
g1(x) = −exp(x1 − 0.2) − x2 ≤ 0,

g2(x) = x2 + 2.1 ≤ 0,
(A2)

where 0.2 ≤ x1 ≤ 1 and −2.22554 ≤ x2 ≤ −1.

A.3 Nowacki Beam (NB)
g1(x) = x1x2 − 2500 ≤ 0,

g2(x) = Pλ3

3EIy
− 5 ≤ 0,

g3(x) = 6Pλ

x1x2
2

− 240 ≤ 0,

g4(x) = 1.5P

x1x2
− 120 ≤ 0,

g5(x) = 2P − 4/λ2
√

GIT EIz

1 − ν2 ≤ 0,

(A3)

with
Iy = x1x3

2
12 , Iz = x3

1x2

12 , IT = Iy + Iz,

λ = 500, P = 5000, E = 216620, G = 86650, ν = 0.27,

where 10 ≤ x1 ≤ 100 and 20 ≤ x2 ≤ 250.
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A.4 Tension/Compression Spring (TCS)

g1(x) = 4x2
2 − x1x2

12566(x2x3
1 − x4

1) + 1
5108x2

1
− 1 ≤ 0,

g2(x) = 1 − 140.45x1

x2
2x3

≤ 0,

g3(x) = x1 + x2

1.5 − 1 ≤ 0,

(A4)

where 0.05 ≤ x1 ≤ 2, 0.25 ≤ x2 ≤ 1.3 and 2 ≤ x3 ≤ 15.

A.5 Speed Reducer (SR)
g1(x) = 27 − x1x2

2x3 ≤ 0,

g2(x) = 1.93 − x2x4
6x3

x3
4

≤ 0,

g3(x) = 1.93 − x2x4
7x3

x3
5

≤ 0,

g4(x) = x2x3 − 40 ≤ 0,

g5(x) = x1

x2
− 12 ≤ 0,

g6(x) = 1.5x6 − x4 + 1.9 ≤ 0,

g7(x) = 1.1x7 − x5 + 1.9 ≤ 0,

(A5)

where 2.6 ≤ x1 ≤ 3.6, 0.7 ≤ x2 ≤ 0.8, 17 ≤ x3 ≤ 28, 7.3 ≤ x4, x5 ≤ 8.3, 2.9 ≤ x6 ≤
3.9, and 5 ≤ x7 ≤ 5.5.
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Appendix B Additional Results
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Fig. B1 Performance of the individual constraint models ĝl in the Nowacki beam problem depending
on the acquisition function. The figures show the MCC mean score and one standard deviation of 10
runs. EF manages to converge for all constraints relatively quickly. PBE, B and R fail to learn that
g5 is restrictive in the design space.
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ĝ1 ĝ2 ĝ3
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Fig. B2 Performance of the individual constraint models ĝl in the tension/compression spring prob-
lem depending on the acquisition function. The figures show the MCC mean score and one standard
deviation of 10 runs for the PoFV, B, R and ATCH acquisition functions. All acquisition functions
converge the fastest on the most restrictive constraint.

30



0 20 40 60

0

0.5

1

AL steps

M
C
C
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Fig. B3 Performance of the individual constraint models ĝl in the speed reducer problem depending
on the acquisition function. The figures show the MCC mean score and one standard deviation of 10
runs for the PoFV, B, R and ATCH acquisition functions. Note that the results for constraints g3,
g4 and g5 coincide.
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ĝ
7

1.
0

±
2e

−
4

1.
0

±
2e

−
4

1.
0

±
2e

−
4

1.
0

±
4e

−
4

1.
0

±
4e

−
4

1.
0

±
3e

−
4

1.
0

±
3e

−
4

A
E

B
ĝ
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ĝ

2
0.

44
±

0.
29

0.
41

±
0.

50
0.

18
±

0.
15

0.
21

±
0.

25
0.

21
±

0.
25

0.
82

±
0.

76
0.

39
±

0.
33

N
B

ĝ
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